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Learning Outcome Statements (LOS)
23.	The	Term	Structure	and	Interest	Rate	Dynamics

The candidate should be able to:

a. describe rela�onships among spot rates, forward rates, yield to maturity, expected
and realized returns on bonds, and the shape of the yield curve.

b. describe how zero-coupon rates (spot rates) may be obtained from the par curve by
bootstrapping.

c. describe the assump�ons concerning the evolu�on of spot rates in rela�on to
forward rates implicit in ac�ve bond por�olio management.

d. describe the strategy of rolling down the yield curve.
e. explain the swap rate curve and why and how market par�cipants use it in

valua�on.
f. calculate and interpret the swap spread for a given maturity.
g. describe short-term interest rate spreads used to gauge  economy-wide credit risk

and liquidity risk.
h. explain tradi�onal theories of the term structure of interest rates and describe the

implica�ons of each theory for forward rates and the shape of the yield curve.
i. explain how a bond’s exposure to each of the factors driving the yield curve can be

measured and how these exposures can be used to manage yield curve risks.
j. explain the maturity structure of yield vola�li�es and their effect on price vola�lity.
k. explain how key economic factors are used to establish a view on benchmark rates,

spreads, and yield curve changes.

24.	The	Arbitrage-Free	Valuation	Framework
The candidate should be able to:

a. explain what is meant by arbitrage-free valua�on of a fixed-income instrument.
b. calculate the arbitrage-free value of an op�on-free, fixed-rate coupon bond.
c. describe a binomial interest rate tree framework.
d. describe the process of calibra�ng a binomial interest rate tree to match a specific

term structure.
e. describe the backward induc�on valua�on methodology and calculate the value of

a fixed-income instrument given its cash flow at each node.
f. compare pricing using the zero-coupon yield curve with pricing using an arbitrage-

free binomial la�ce.
g. describe pathwise valua�on in a binomial interest rate framework and calculate the

value of a fixed-income instrument given its cash flows along each path.
h. describe a Monte Carlo forward-rate simula�on and its applica�on.
i. describe term structure models and how they are used.

25.	Valuation	and	Analysis	of	Bonds	with	Embedded	Options
The candidate should be able to:

a. describe fixed-income securi�es with embedded op�ons.



b. explain the rela�onships between the values of a callable or putable bond, the
underlying op�on-free (straight) bond, and the embedded op�on.

c. describe how the arbitrage-free framework can be used to value a bond with
embedded op�ons.

d. explain how interest rate vola�lity affects the value of a callable or putable bond.
e. explain how changes in the level and shape of the yield curve affect the value of a

callable or putable bond.
f. calculate the value of a callable or putable bond from an interest rate tree.
g. explain the calcula�on and use of op�on-adjusted spreads.
h. explain how interest rate vola�lity affects op�on-adjusted spreads.
i. calculate and interpret effec�ve dura�on of a callable or putable bond.
j. compare effec�ve dura�ons of callable, putable, and straight bonds.
k. describe the use of one-sided dura�ons and key rate dura�ons to evaluate the

interest rate sensi�vity of bonds with embedded op�ons.
l. compare effec�ve convexi�es of callable, putable, and straight bonds.
m. calculate the value of a capped or floored floa�ng-rate bond.
n. describe defining features of a conver�ble bond.
o. calculate and interpret the components of a conver�ble bond’s value.
p. describe how a conver�ble bond is valued in an arbitrage-free framework.
q. compare the risk–return characteris�cs of a conver�ble bond with the risk–return

characteris�cs of a straight bond and of the underlying common stock.

26.	Credit	Analysis	Models
The candidate should be able to:

a. explain expected exposure, the loss given default, the probability of default, and
the credit valua�on adjustment.

b. explain credit scores and credit ra�ngs.
c. calculate the expected return on a bond given transi�on in its credit ra�ng.
d. explain structural and reduced-form models of corporate credit risk, including

assump�ons, strengths, and weaknesses.
e. calculate the value of a bond and its credit spread, given assump�ons about the

credit risk parameters.
f. interpret changes in a credit spread.
g. explain the determinants of the term structure of credit spreads and interpret a

term structure of credit spreads.
h. compare the credit analysis required for securi�zed debt to the credit analysis of

corporate debt.

27.	Credit	Default	Swaps
The candidate should be able to:

a. describe credit default swaps (CDS), single-name and index CDS, and the
parameters that define a given CDS product.

b. describe credit events and se�lement protocols with respect to CDS.
c. Explain the principles underlying and factors that influence the market’s pricing of

CDS.



d. describe the use of CDS to manage credit exposures and to express views regarding
changes in the shape and/or level of the credit curve.

e. describe the use of CDS to take advantage of valua�on dispari�es among separate
markets, such as bonds, loans, equi�es, and equity-linked instruments.

28.	Pricing	and	Valuation	of	Forward	Commitments
The candidate should be able to:

a. describe how equity forwards and futures are priced, and calculate and interpret
their no-arbitrage value.

b. describe the carry arbitrage model without underlying cashflows and with
underlying cashflows.

c. describe how interest rate forwards and futures are priced, and calculate and
interpret their no-arbitrage value.

d. describe how fixed-income forwards and futures are priced, and calculate and
interpret their no-arbitrage value.

e. describe how interest rate swaps are priced, and calculate and interpret their no-
arbitrage value.

f. describe how currency swaps are priced, and calculate and interpret their no-
arbitrage value.

g. describe how equity swaps are priced, and calculate and interpret their no-
arbitrage value.

29.	Valuation	of	Contingent	Claims
The candidate should be able to:

a. describe and interpret the binomial op�on valua�on model and its component
terms.

b. describe how the value of a European op�on can be analyzed as the present value
of the op�on’s expected payoff at expira�on.

c. iden�fy an arbitrage opportunity involving op�ons and describe the related
arbitrage.

d. calculate the no-arbitrage values of European and American op�ons using a two-
period binomial model.

e. calculate and interpret the value of an interest rate op�on using a two-period
binomial model.

f. iden�fy assump�ons of the Black–Scholes–Merton op�on valua�on model.
g. interpret the components of the Black–Scholes–Merton model as applied to call

op�ons in terms of a leveraged posi�on in the underlying.
h. describe how the Black–Scholes–Merton model is used to value European op�ons

on equi�es and currencies.
i. describe how the Black model is used to value European op�ons on futures.
j. describe how the Black model is used to value European interest rate op�ons and

European swap�ons.
k. interpret each of the op�on Greeks.
l. describe how a delta hedge is executed.
m. describe the role of gamma risk in op�ons trading.
n. define implied vola�lity and explain how it is used in op�ons trading.



30.	Introduction	to	Commodities	and	Commodity	Derivatives
The candidate should be able to:

a. compare characteris�cs of commodity sectors.
b. compare the life cycle of commodity sectors from produc�on through trading or

consump�on.
c. contrast the valua�on of commodi�es with the valua�on of equi�es and bonds.
d. describe types of par�cipants in commodity futures markets.
e. analyze the rela�onship between spot prices and futures prices in markets in

contango and markets in backwarda�on.
f. compare theories of commodity futures returns.
g. describe, calculate, and interpret the components of total return for a fully

collateralized commodity futures contract.
h. contrast roll return in markets in contango and markets in backwarda�on.
i. describe how commodity swaps are used to obtain or modify exposure to

commodi�es.
j. describe how the construc�on of commodity indexes affects index returns.

31.	Overview	of	Types	of	Real	Estate	Investment
The candidate should be able to:

a. compare important real estate investment features for valua�on purposes.
b. explain economic value drivers of real estate investments and their role in a

por�olio.
c. discuss the dis�nc�ve investment characteris�cs of commercial property types.
d. explain the due diligence process and valua�on approaches for real estate

investments.
e. discuss real estate investment indexes, including their construc�on and poten�al

biases.

32.	Investments	in	Real	Estate	Through	Publicly	Traded	Securities
The candidate should be able to:

a. discuss types of publicly traded real estate securi�es.
b. jus�fy the use of net asset value per share (NAVPS) in valua�on of publicly traded

real estate securi�es and es�mate NAVPS based on forecasted cash net opera�ng
income.

c. describe the use of funds from opera�ons (FFO) and adjusted funds from
opera�ons (AFFO) in REIT valua�on.

d. calculate and interpret the value of a REIT share using the net asset value, rela�ve
value (price-to-FFO and price-to-AFFO), and discounted cash flow approaches.

e. explain advantages and disadvantages of inves�ng in real estate through publicly
traded securi�es compared to private vehicles.

33.	Hedge	Fund	Strategies
The candidate should be able to:

a. discuss how hedge fund strategies may be classified.
b. discuss investment characteris�cs, strategy implementa�on, and role in a por�olio

of equity-related hedge fund strategies.



c. discuss investment characteris�cs, strategy implementa�on, and role in a por�olio
of event-driven hedge fund strategies.

d. discuss investment characteris�cs, strategy implementa�on, and role in a por�olio
of rela�ve value hedge fund strategies.

e. discuss investment characteris�cs, strategy implementa�on, and role in a por�olio
of opportunis�c hedge fund strategies.

f. discuss investment characteris�cs, strategy implementa�on, and role in a por�olio
of specialist hedge fund strategies.

g. discuss investment characteris�cs, strategy implementa�on, and role in a por�olio
of mul�-manager hedge fund strategies.

h. describe how factor models may be used to understand hedge fund risk exposures.
i. evaluate the impact of an alloca�on to a hedge fund strategy in a tradi�onal

investment por�olio.
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READING	23

THE	TERM	STRUCTURE	AND	INTEREST
RATE	DYNAMICS

EXAM	FOCUS
This topic review discusses the theories and implica�ons of the term structure of interest
rates. In addi�on to understanding the rela�onships between spot rates, forward rates,
yield to maturity, and the shape of the yield curve, be sure you become familiar with
concepts like the Z-spread, the TED spread and the MRR-OIS spread. Interpre�ng the shape
of the yield curve in the context of the theories of the term structure of interest rates is
always important for the exam. Also pay close a�en�on to the concept of key rate
dura�on.

INTRODUCTION
The financial markets both impact and are controlled by interest rates. Understanding the
term structure of interest rates (i.e., the graph of interest rates at different maturi�es) is
one key to understanding the performance of an economy. In this reading, we explain how
and why the term structure changes over �me.

Spot rates are the annualized market interest rates for a single payment to be received in
the future. Generally, we use spot rates for government securi�es (risk-free) to generate
the spot rate curve. Spot rates can be interpreted as the yields on zero-coupon bonds, and
for this reason we some�mes refer to spot rates as zero-coupon rates. A forward rate is an
interest rate (agreed to today) for a loan to be made at some future date.

PROFESSOR’S	NOTE
While most of the LOS in this topic review have describe or explain as the
command words, we will s�ll delve into numerous calcula�ons, as it is difficult
to really understand some of these concepts without ge�ng in to the
mathema�cs behind them.



MODULE	23.1:	SPOT	AND	FORWARD	RATES,	PART	1

LOS 23.a: Describe rela�onships among spot rates, forward rates, yield to
maturity, expected and realized returns on bonds, and the shape of the
yield curve.

Spot	Rates
The price today of $1 par, zero-coupon bond is known as the discount factor, which we will
call PT. Because it is a zero-coupon bond, the spot interest rate is the yield to maturity of
this payment, which we represent as ST. The rela�onship between the discount factor PT
and the spot rate ST for maturity T can be expressed as:

The term structure of spot rates—the graph of the spot rate ST versus the maturity T—is
known as the spot yield curve or spot curve. The shape and level of the spot curve changes
con�nuously with the market prices of bonds.

Forward	Rates
The annualized interest rate on a loan to be ini�ated at a future period is called the
forward rate for that period. The term structure of forward rates is called the forward
curve. (Note that forward curves and spot curves are mathema�cally related—we can
derive one from the other.)

We will use the following nota�on:

Yield	to	Maturity
As we’ve discussed, the yield to maturity (YTM) or yield of a zero-coupon bond with
maturity T is the spot interest rate for a maturity of T. However, for a coupon bond, if the
spot rate curve is not flat, the YTM will not be the same as the spot rate.

EXAMPLE: Spot rates and yield for a coupon bond

Compute the price and yield to maturity of a three-year, 4% annual-pay, $1,000 face
value bond given the following spot rate curve: S1 = 5%, S2 = 6%, and S3 = 7%.



Answer:
1. Calculate the price of the bond using the spot rate curve:

2. Calculate the yield to maturity (y3):

Note that the yield on a three-year bond is a weighted average of three spot rates, so in
this case we would expect S1 < y3 < S3. The yield to maturity y3 is closest to S3 because
the par value dominates the value of the bond and therefore S3 has the highest weight.

Expected	and	Realized	Returns	on	Bonds
Expected return is the ex-ante holding period return that a bond investor expects to earn.

The expected return will be equal to the bond’s yield only when all three of the following
are true:

The bond is held to maturity.
All payments (coupon and principal) are made on �me and in full.
All coupons are reinvested at the original YTM.

The second requirement implies that the bond is op�on-free and there is no default risk.

The last requirement, reinves�ng coupons at the YTM, is the least realis�c assump�on. If
the yield curve is not flat, the coupon payments will not be reinvested at the YTM and the
expected return will differ from the yield.

Realized return on a bond refers to the actual return that the investor experiences over the
investment’s holding period. Realized return is based on actual reinvestment rates.

The	Forward	Pricing	Model
The forward pricing model values forward contracts based on arbitrage-free pricing.

Consider two investors.

Investor A purchases a $1 face value, zero-coupon bond maturing in j+k years at a price of
P(j+k).

Investor B enters into a j-year forward contract to purchase a $1 face value, zero-coupon
bond maturing in k years at a price of F(j,k). Investor B’s cost today is the present value of
the cost: PV[F(j,k)] or PjF(j,k).

Because the $1 cash flows at j+k are the same, these two investments should have the
same price, which leads to the forward pricing model:



Therefore:

EXAMPLE: Forward pricing

Calculate the forward price two years from now for a $1 par, zero-coupon, three-year
bond given the following spot rates.

The two-year spot rate, S2 = 4%.

The five-year spot rate, S5 = 6%.

Answer:

Calculate discount factors Pj and P(j+k).

The forward price of a three-year bond in two years is represented as F(2,3)

In other words, $0.8082 is the price agreed to today, to pay in two years, for a three-year
bond that will pay $1 at maturity.

PROFESSOR’S	NOTE
In the Deriva�ves por�on of the curriculum, the forward price is computed as
the future value (for j periods) of P(j+k). It gives the same result and can be
verified using the data in the previous example by compu�ng the future value
of P5 (i.e., compounding for two periods at S2). FV = 0.7473(1.04)2 = $0.8082.

The	Forward	Rate	Model
The forward rate model relates forward and spot rates as follows:

or

This model is useful because it illustrates how forward rates and spot rates are interrelated.

This equa�on suggests that the forward rate f(2,3) should make investors indifferent
between buying a five-year zero-coupon bond versus buying a two-year zero-coupon bond
and at maturity reinves�ng the principal for three addi�onal years.



EXAMPLE: Forward rates

Suppose that the two-year and five-year spot rates are S2 = 4% and S5 = 6%.

Calculate the implied three-year forward rate for a loan star�ng two years from now
[i.e., f(2,3)].

Answer:

Note that the forward rate f(2,3) > S5 because the yield curve is upward sloping.

If the yield curve is upward sloping, [i.e., S(j+k) > Sj], then the forward rate corresponding to
the period from j to k [i.e., f(j,k)] will be greater than the spot rate for maturity j+k [i.e.,
S(j+k)]. The opposite is true if the curve is downward sloping.

LOS 23.b: Describe how zero-coupon rates (spot rates) may be obtained
from the par curve by bootstrapping.

A par rate is the yield to maturity of a bond trading at par. Par rates for bonds with
different maturi�es make up the par rate curve or simply the par curve. By defini�on, the
par rate will be equal to the coupon rate on the bond. Generally, par curve refers to the par
rates for government or benchmark bonds.

By using a process called bootstrapping, spot rates or zero-coupon rates can be derived
from the par curve. Bootstrapping involves using the output of one step as an input to the
next step. We first recognize that (for annual-pay bonds) the one-year spot rate (S1) is the
same as the one-year par rate. We can then compute S2 using S1 as one of the inputs.
Con�nuing the process, we can compute the three-year spot rate S3 using S1 and S2
computed earlier. Let’s clarify this with an example.

EXAMPLE: Bootstrapping spot rates

Given the following (annual-pay) par curve, compute the corresponding spot rate curve:

Answer:

S1 = 1.00% (given directly).

If we discount each cash flow of the bond using its yield, we get the market price of the
bond. Here, the market price is the par value. Consider the 2-year bond.
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Alterna�vely, we can also value the 2-year bond using spot rates:

Mul�plying both sides by , we get (1 + S2)2 = 1.0252.

Taking square roots, we get (1 + S2) = 1.01252. S2 = 0.01252 or 1.252%

Using the values of S1 and S2 computed earlier,

MODULE	QUIZ	23.1

1. When the yield curve is downward sloping, the forward curves are most	likely to lie:
A. above the spot curve.
B. below the spot curve.
C. either above or below the spot curve.

2. The model that equates buying a long-maturity zero-coupon bond to entering into a forward
contract to buy a zero-coupon bond that matures at the same time is known as the:

A. forward rate model.
B. forward pricing model.
C. forward arbitrage model.



MODULE	23.2:	SPOT	AND	FORWARD	RATES,	PART	2

LOS 23.c: Describe the assump�ons concerning the evolu�on of spot rates
in rela�on to forward rates implicit in ac�ve bond por�olio management.

Relationships	Between	Spot	and	Forward	Rates
For an upward-sloping spot curve, the forward rate rises as j increases. (For a downward-
sloping yield curve, the forward rate declines as j increases.) For an upward-sloping spot
curve, the forward curve will be above the spot curve as shown in Figure 23.1. Conversely,
when the spot curve is downward sloping, the forward curve will be below it.

Figure 23.1 shows spot and forward curves as of July 2013. Because the spot yield curve is
upward sloping, the forward curves lie above the spot curve.

Figure	23.1:	Spot	Curve	and	Forward	Curves

From the forward rate model:

which can be expanded to:

In other words, the spot rate for a long-maturity security will equal the geometric mean of
the one period spot rate and a series of one-year forward rates.

Forward	Price	Evolution
If the future spot rates actually evolve as forecasted by the forward curve, the forward
price will remain unchanged. Therefore, a change in the forward price indicates that the
future spot rate(s) did not conform to the forward curve. When spot rates turn out to be
lower (higher) than implied by the forward curve, the forward price will increase



(decrease). A trader expec�ng lower future spot rates (than implied by the current forward
rates) would purchase the forward contract to profit from its apprecia�on.

For a bond investor, the return on a bond over a one-year horizon is always equal to the
one-year risk-free rate if the spot rates evolve as predicted by today’s forward curve. If the
spot curve one year from today is not the same as that predicted by today’s forward curve,
the return over the one-year period will differ, with the return depending on the bond’s
maturity.

An ac�ve por�olio manager will try to outperform the overall bond market by predic�ng
how the future spot rates will differ from those predicted by the current forward curve.

EXAMPLE: Spot rate evolu�on

Jane Dash, CFA, has collected benchmark spot rates as shown here:

The expected spot rates at the end of one year are as follows:

Calculate the one-year holding period return of a:

1. 1-year zero-coupon bond.
2. 2-year zero-coupon bond.
3. 3-year zero-coupon bond.

Answer:

First, note that the expected spot rates provided just happen to be the forward rates
implied by the current spot rate curve.

Recall that:

Hence:

1. The price of a one-year zero-coupon bond given the one-year spot rate of 3% is 1 /
(1.03) or 0.9709.



A�er one year, the bond is at maturity and pays $1 regardless of the spot rates.

Hence the holding period return = 

2. The price of a two-year zero-coupon bond given the two-year spot rate of 4%:

A�er one year, the bond will have one year remaining to maturity, and based on a
one-year expected spot rate of 5.01%, the bond’s price will be 1 / (1.0501) = $0.9523

Hence, the holding period return = 

3. The price of three-year zero-coupon bond given the three-year spot rate of 5%:

A�er one year, the bond will have two years remaining to maturity. Based on a two-
year expected spot rate of 6.01%, the bond’s price will be 1 / (1.0601)2 = $0.8898

Hence, the holding period return = 

Hence, regardless of the maturity of the bond, the holding period return will be the one-
year spot rate if the spot rates evolve consistent with the forward curve (as it existed
when the trade was ini�ated).

If an investor believes that future spot rates will be lower than corresponding forward
rates, then she will purchase bonds (at a presumably a�rac�ve price) because the market
appears to be discoun�ng future cash flows at “too high” of a discount rate.

LOS 23.d: Describe the strategy of rolling down the yield curve.

“Rolling	Down	the	Yield	Curve”
The most straigh�orward strategy for a bond investor is maturity matching—purchasing
bonds that have a maturity equal to the investor’s investment horizon.

However, with an upward-sloping interest rate term structure, investors seeking superior
returns may pursue a strategy called riding the yield curve (also known as rolling down the
yield curve). Under this strategy, an investor will purchase bonds with maturi�es longer
than his investment horizon. In an upward-sloping yield curve, shorter maturity bonds have
lower yields than longer maturity bonds. As the bond approaches maturity (i.e., rolls down
the yield curve), it is valued using successively lower yields and, therefore, at successively
higher prices.

If the yield curve remains unchanged over the investment horizon, riding the yield curve
strategy will produce higher returns than a simple maturity matching strategy, increasing
the total return of a bond por�olio. The greater the difference between the forward rate
and the spot rate, and the longer the maturity of the bond, the higher the total return.
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Consider Figure 23.2, which shows a hypothe�cal upward-sloping yield curve and the price
of a 3% annual-pay coupon bond (as a percentage of par).

Figure	23.2:	Price	of	a	3%,	Annual	Pay	Bond

A bond investor with an investment horizon of five years could purchase a bond maturing
in five years and earn the 3% coupon but no capital gains (the bond can be currently
purchased at par and will be redeemed at par at maturity). However, assuming no change
in the yield curve over the investment horizon, the investor could instead purchase a 30-
year bond for $63.67, hold it for five years, and sell it for $71.81, earning an addi�onal
return beyond the 3% coupon over the same period.

In the a�ermath of the financial crisis of 2007–08, central banks kept short-term rates low,
giving yield curves a steep upward slope. Many ac�ve managers took advantage by
borrowing at short-term rates and buying long maturity bonds. The risk of such a leveraged
strategy is the possibility of an increase in spot rates.

MODULE	QUIZ	23.2

1. If the future spot rates are expected to be lower than the current forward rates for the same
maturities, bonds are most	likely to be:

A. overvalued.
B. undervalued.
C. correctly valued.

2. The strategy of rolling down the yield curve is most	likely to produce superior returns for a
�ixed income portfolio manager investing in bonds with maturity higher than the manager’s
investment horizon when the spot rate curve:

A. is downward sloping.
B. in the future matches that projected by today’s forward curves.
C. is upward sloping.

MODULE	23.3:	THE	SWAP	RATE	CURVE

LOS 23.e: Explain the swap rate curve and why and how market
par�cipants use it in valua�on.

The	Swap	Rate	Curve
In a plain vanilla interest rate swap, one party makes payments based on a fixed rate while
the counterparty makes payments based on a floa�ng rate. The fixed rate in an interest
rate swap is called the swap fixed rate or swap rate.



If we consider how swap rates vary for various maturi�es, we get the swap rate curve,
which has become an important interest-rate benchmark for credit markets.

Market par�cipants prefer the swap rate curve as a benchmark interest rate curve rather
than a government bond yield curve for the following reasons:

Swap rates reflect the credit risk of commercial banks rather than the credit risk of
governments.
The swap market is not regulated by any government, which makes swap rates in
different countries more comparable. (Government bond yield curves addi�onally reflect
sovereign risk unique to each country.)
The swap curve typically has yield quotes at many maturi�es, while the U.S. government
bond yield curve has on-the-run issues trading at only a small number of maturi�es.

Wholesale banks that manage interest rate risk with swap contracts are more likely to use
swap curves to value their assets and liabili�es. Retail banks, on the other hand, are more
likely to use a government bond yield curve.

Given a no�onal principal of $1 and a swap fixed rate SFRT, the value of the fixed rate
payments on a swap can be computed using the relevant (e.g., MRR) spot rate curve. For a
given swap tenor T, we can solve for SFR in the following equa�on.

In the equa�on, SFR can be thought of as the coupon rate of a $1 par value bond given the
underlying spot rate curve.

PROFESSOR’S	NOTE
Prior to the 2023 curriculum, CFA Ins�tute referenced LIBOR (the “London
Interbank Offered Rate”) as the underlying interest rate for deriva�ve
instruments. However, concerns about LIBOR being manipulated have led to
LIBOR being replaced in recent years with other reference rates, such as the
Federal Reserve Bank of New York’s “SOFR” (Secured Overnight Financing Rate),
and the Bank of England’s “SONIA” (Sterling Overnight Index Average).

To reflect this change, the CFA curriculum now uses the generic term MRR
(“market reference rate”) to refer to these various LIBOR replacements.

EXAMPLE: Swap rate curve

Given the following MRR spot rate curve, compute the swap fixed rate for a tenor of 1,
2, and 3 years (i.e., compute the swap rate curve).

Answer:

1. SFR1 can be computed using the equa�on:
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2. SFR2 can be similarly computed:

3. Finally, SFR3 can be computed as:

PROFESSOR’S	NOTE
A different (and be�er) method of compu�ng swap fixed rates is discussed in
detail in the Deriva�ves por�on of the curriculum.

MODULE	QUIZ	23.3

1. Which of the following statements about the swap rate curve is most	accurate?
A. The swap rate re�lects the interest rate for the �loating-rate leg of an interest rate swap.
B. Retail banks are more likely to use the swap rate curve as a benchmark than the

government spot curve.
C. Swap rates are comparable across different countries because the swap market is not

controlled by governments.

MODULE	23.4:	SPREAD	MEASURES

LOS 23.f: Calculate and interpret the swap spread for a given maturity.

Swap spread refers to the amount by which the swap rate exceeds the yield of a
government bond with the same maturity.

For example, if the fixed rate of a one-year fixed-for-floa�ng MRR swap is 0.57% and the
one-year Treasury is yielding 0.11%, the 1-year swap spread is 0.57% − 0.11% = 0.46%, or
46 bps.

Swap spreads are almost always posi�ve, reflec�ng the lower credit risk of governments
compared to the credit risk of surveyed banks that determines the swap rate.

The swap rate curve is arguably the most commonly used interest rate curve. This rate
curve roughly reflects the default risk of a commercial bank with a credit ra�ng of A1/A+.



EXAMPLE: Swap spread

The two-year fixed-for-floa�ng swap rate is 2.02% and the two-year U.S. Treasury bond
is yielding 1.61%. What is the swap spread?

Answer:

LOS 23.g: Describe short-term interest rate spreads used to gauge  economy-
wide credit risk and liquidity risk.

I-Spread
The I-spread, or interpolated spread, for a credit-risky bond is the amount by which the
yield on the risky bond exceeds the swap rate for the same maturity. In a case where the
swap rate for a specific maturity is not available, the missing swap rate can be es�mated
from the swap rate curve using linear interpola�on.

EXAMPLE: I-spread

6% Zinni, Inc., bonds are currently yielding 2.35% and mature in 1.6 years. From the
provided swap curve, compute the I-spread.

Swap curve:

Answer:

Linear interpola�on:

First, recognize that 1.6 years falls in the 1.5-to-2-year interval.

Interpolated rate = rate for lower bound + (# of years for interpolated rate − # of
years for lower bound)(higher bound rate − lower bound rate) / (# of years for upper
bound − # of years for lower bound)

1.6-year swap rate =

I-spread = yield on the bond − swap rate = 2.35% − 1.38% = 0.97% or 97 bps



While a bond’s yield reflects �me value as well as compensa�on for credit and liquidity risk,
I-spread only reflects compensa�on for credit and liquidity risks. The higher the I-spread,
the higher the compensa�on for liquidity and credit risk.

The	Z-Spread
The Z-spread is the spread that, when added to each spot rate on the default-free spot
curve, makes the present value of a bond’s cash flows equal to the bond’s market price.
Therefore, the Z-spread is a spread over the en�re spot rate curve.

For example, suppose the one-year spot rate is 4% and the two-year spot rate is 5%. The
market price of a two-year bond with annual coupon payments of 8% is $104.12. The Z-
spread is the spread that balances the following equality:

In this case, the Z-spread is 0.008, or 80 basis points. (Plug Z = 0.008 into the right-hand-
side of the equa�on just listed to reassure yourself that the present value of the bond’s
cash flows equals $104.12).

The term zero vola�lity in the Z-spread refers to the assump�on of zero interest rate
vola�lity. Z-spread is not appropriate to use to value bonds with embedded op�ons;
without any interest rate vola�lity op�ons are meaningless. If we ignore the embedded
op�ons for a bond and es�mate the Z-spread, the es�mated Z-spread will include the cost
of the embedded op�on (i.e., it will reflect compensa�on for op�on risk as well as
compensa�on for credit and liquidity risk).

EXAMPLE: Compu�ng the price of an op�on-free risky bond using Z-spread

A three-year, 5% annual-pay ABC, Inc., bond trades at a Z-spread of 100 bps over the
benchmark spot rate curve.

The benchmark one-year spot rate, one-year forward rate in one year and one-year
forward rate in year 2 are 3%, 5.051%, and 7.198%, respec�vely.

Compute the bond’s price.

Answer:

First derive the spot rates:

value (with Z-spread) =



TED	Spread
The “TED” in “TED spread” is an acronym that combines the “T” in “T-bill” with “ED” (the
�cker symbol for the Eurodollar futures contract).

Conceptually, the TED spread is the amount by which the MRR exceeds the interest rate on
short-term U.S. government debt of the same maturity.

For example, if three-month MRR is 0.33% and the three-month T-bill rate is 0.03%, then:

Because T-bills are considered to be risk free while MRR reflects the risk of lending to
commercial banks, the TED spread is seen as an indica�on of the credit and liquidity risk in
the banking sector. A rising TED spread indicates that market par�cipants believe banks are
increasingly likely to default on loans and that risk-free T-bills are becoming more valuable
in comparison. The TED spread captures the risk in the banking system more accurately
than does the 10-year swap spread.

MRR-OIS	Spread
OIS stands for overnight indexed swap and represents interest rate on unsecured overnight
lending between banks. The OIS rate roughly reflects the federal funds rate and includes
minimal counterparty credit risk.

The MRR-OIS spread (formerly the LIBOR-OIS spread) is the amount by which the MRR
(which includes some credit risk) exceeds the OIS rate (which includes only minimal credit
risk) and also indicates the level of credit and liquidity risk in the banking system.

MODULE	QUIZ	23.4

1. The swap spread for a default-free bond is least	likely to re�lect the bond’s:
A. mispricing in the market.
B. illiquidity.
C. time value.

2. Which of the following statements about the Z-spread is most	accurate? The Z-spread is the:
A. difference between the yield to maturity of a bond and the linearly interpolated swap

rate.
B. spread over the Treasury spot curve that a bond would trade at if it had zero embedded

options.
C. spread over the Treasury spot curve required to match the value of a bond to its current

market price.
3. The TED spread is calculated as the difference between:

A. the three-month MRR and the three-month T-bill rate.
B. MRR and the overnight indexed swap rate.
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C. the three-month T-bill rate and the overnight indexed swap rate.

MODULE	23.5:	TERM	STRUCTURE	THEORY

LOS 23.h: Explain tradi�onal theories of the term structure of interest
rates and describe the implica�ons of each theory for forward rates and
the shape of the yield curve.

We’ll explain each of the theories of the term structure of interest rates, paying par�cular
a�en�on to the implica�ons of each theory for the shape of the yield curve and the
interpreta�on of forward rates.

Unbiased	Expectations	Theory
Under the unbiased expecta�ons theory or the pure expecta�ons theory, we hypothesize
that it is investors’ expecta�ons that determine the shape of the interest rate term
structure.

Specifically, this theory suggests that forward rates are solely a func�on of expected future
spot rates, and that every maturity strategy has the same expected return over a given
investment horizon. In other words, long-term interest rates equal the mean of future
expected short-term rates. This implies that an investor should earn the same return by
inves�ng in a five-year bond or by inves�ng in a three-year bond and then a two-year bond
a�er the three-year bond matures. Similarly, an investor with a three-year investment
horizon would be indifferent between inves�ng in a three-year bond or in a five-year bond
that will be sold two years prior to maturity. The underlying principle behind the pure
expecta�ons theory is risk neutrality: Investors don’t demand a risk premium for maturity
strategies that differ from their investment horizon.

For example, suppose the one-year spot rate is 5% and the two-year spot rate is 7%. Under
the unbiased expecta�ons theory, the one-year forward rate in one year must be 9%
because inves�ng for two years at 7% yields approximately the same annual return as
inves�ng for the first year at 5% and the second year at 9%. In other words, the two-year
rate of 7% is the average of the expected future one-year rates of 5% and 9%. This is shown
in Figure 23.3.

Figure	23.3:	Spot	and	Future	Rates

No�ce that in this example, because short-term rates are expected to rise (from 5% to 9%),
the yield curve will be upward sloping.



Therefore, the implica�ons for the shape of the yield curve under the pure expecta�ons
theory are:

If the yield curve is upward sloping, short-term rates are expected to rise.
If the curve is downward sloping, short-term rates are expected to fall.
A flat yield curve implies that the market expects short-term rates to remain constant.

Local	Expectations	Theory
The local expecta�ons theory is similar to the unbiased expecta�ons theory with one
major difference: the local expecta�ons theory preserves the risk-neutrality assump�on
only for short holding periods. In other words, over longer periods, risk premiums should
exist. This implies that over short �me periods, every bond (even long-maturity risky
bonds) should earn the risk-free rate.

The local expecta�ons theory can be shown not to hold because the short-holding-period
returns of long-maturity bonds can be shown to be higher than short-holding-period
returns on short-maturity bonds due to liquidity premiums and hedging concerns.

Liquidity	Preference	Theory
The liquidity preference theory of the term structure addresses the shortcomings of the
pure expecta�ons theory by proposing that forward rates reflect investors’ expecta�ons of
future spot rates, plus a liquidity premium to compensate investors for exposure to interest
rate risk. Furthermore, the theory suggests that this liquidity premium is posi�vely related
to maturity: a 25-year bond should have a larger liquidity premium than a five-year bond.

Thus, the liquidity preference theory states that forward rates are biased es�mates of the
market’s expecta�on of future rates because they include a liquidity premium. Therefore, a
posi�ve-sloping yield curve may indicate that either: (1) the market expects future interest
rates to rise or (2) rates are expected to remain constant (or even fall), but the addi�on of
the liquidity premium results in a posi�ve slope. A downward-sloping yield curve indicates
steeply falling short-term rates according to the liquidity preference theory.

The size of the liquidity premiums need not be constant over �me. They may be larger
during periods of greater economic uncertainty when risk aversion among investors is
higher.

Segmented	Markets	Theory
Under the segmented markets theory, yields are not determined by liquidity premiums
and expected spot rates. Rather, the shape of the yield curve is determined by the
preferences of borrowers and lenders, which drives the balance between supply of and
demand for loans of different maturi�es. This is called the segmented markets theory
because the theory suggests that the yield at each maturity is determined independently
of the yields at other maturi�es; we can think of each maturity to be essen�ally unrelated
to other maturi�es.

The segmented markets theory supposes that various market par�cipants only deal in
securi�es of a par�cular maturity because they are prevented from opera�ng at different
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maturi�es. For example, pension plans and insurance companies primarily purchase long-
maturity bonds for asset-liability matching reasons and are unlikely to par�cipate in the
market for short-term funds.

Preferred	Habitat	Theory
The preferred habitat theory also proposes that forward rates represent expected future
spot rates plus a premium, but it does not support the view that this premium is directly
related to maturity.

Instead, the preferred habitat theory suggests that the existence of an imbalance between
the supply and demand for funds in a given maturity range will induce lenders and
borrowers to shi� from their preferred habitats (maturity range) to one that has the
opposite imbalance. However, to en�ce investors to do so, the investors must be offered an
incen�ve to compensate for the exposure to price and/or reinvestment rate risk in the less-
than-preferred habitat. Borrowers require cost savings (i.e., lower yields) and lenders
require a yield premium (i.e., higher yields) to move out of their preferred habitats.

Under this theory, premiums are related to supply and demand for funds at various
maturi�es. Unlike the liquidity preference theory, under the preferred habitat theory a 10-
year bond might have a higher or lower risk premium than the 25-year bond. It also means
that the preferred habitat theory can be used to explain almost any yield curve shape.

MODULE	QUIZ	23.5

1. Which of the following statements regarding the traditional theories of the term structure of
interest rates is most	accurate?

A. The segmented markets theory proposes that market participants have strong
preferences for speci�ic maturities.

B. The liquidity preference theory hypothesizes that the yield curve must always be upward
sloping.

C. The preferred habitat theory states that yields at different maturities are determined
independently of each other.

MODULE	23.6:	YIELD	CURVE	RISKS	AND	ECONOMIC
FACTORS

LOS 23.i: Explain how a bond’s exposure to each of the factors driving the
yield curve can be measured and how these exposures can be used to
manage yield curve risks.

Managing	Yield	Curve	Risks
Yield curve risk refers to risk to the value of a bond por�olio due to unexpected changes in
the yield curve.

To counter yield curve risk, we first iden�fy our por�olio’s sensi�vity to yield curve changes
using one or more measures. Yield curve sensi�vity can be generally measured by effec�ve



dura�on, or more precisely using key rate dura�on, or a three-factor model that
decomposes changes in the yield curve into changes in level, steepness, and curvature.

Effective	Duration
Effec�ve dura�on measures price sensi�vity to small parallel shi�s in the yield curve. It is
important to note that effec�ve dura�on is not an accurate measure of interest rate
sensi�vity to non-parallel shi�s in the yield curve like those described by shaping risk.
Shaping risk refers to changes in por�olio value due to changes in the shape of the
benchmark yield curve. (Note, however, that parallel shi�s explain more than 75% of the
varia�on in bond por�olio returns.)

Key	Rate	Duration
A more precise method used to quan�fy bond price sensi�vity to interest rates is key rate
dura�on. Compared to effec�ve dura�on, key rate dura�on is superior for measuring the
impact of nonparallel yield curve shi�s.

Key rate dura�on is the sensi�vity of the value of a security (or a bond por�olio) to changes
in a single par rate, holding all other par rates constant. In other words, key rate dura�on
isolates price sensi�vity to a change in the yield at a par�cular maturity only.

Numerically, key rate dura�on is defined as the approximate percentage change in the
value of a bond por�olio in response to a 100 basis point change in the corresponding key
par rate, holding all other par rates constant. Conceptually, we could determine the key
rate dura�on for the five-year segment of the yield curve by changing only the five-year par
rate and observing the change in value of the por�olio. Keep in mind that every security or
por�olio has a set of key rate dura�ons—one for each key rate.

For example, a bond por�olio has interest rate risk exposure to only three maturity points
on the par rate curve: the 1-year, 5-year, and 25-year maturi�es, with key rate dura�ons
represented by D1 = 0.7, D5 = 3.5, and D25 = 9.5, respec�vely. The sum total of these key
rate dura�ons is the effec�ve dura�on of the por�olio.

The model for yield curve risk using these key rate dura�ons would be:

Sensitivity	to	Parallel,	Steepness,	and	Curvature	Movements
An alterna�ve to decomposing yield curve risk into sensi�vity to changes at various
maturi�es (key rate dura�on) is to decompose the risk into sensi�vity to the following
three categories of yield curve movements:

Level (ΔxL). A parallel increase or decrease of interest rates.

Steepness (ΔxS). Long-term interest rates increase while short-term rates decrease.

Curvature (ΔxC). Increasing curvature means short- and long-term interest rates increase
while intermediate rates do not change.



It has been found that all yield curve movements can be described using a combina�on of
one or more of these movements.

We can then model the change in the value of our por�olio as follows:

where DL, DS, and DC are respec�vely the por�olio’s sensi�vi�es to changes in the yield
curve’s level, steepness, and curvature.

For example, for a par�cular por�olio, yield curve risk can be described as:

If the following changes in the yield curve occurred: ΔxL = –0.004, ΔxS = 0.001, and ΔxC =
0.002, then the percentage change in por�olio value could be calculated as:

This predicts a +0.5% increase in the por�olio value resul�ng from the yield curve
movements.

LOS 23.j: Explain the maturity structure of yield vola�li�es and their effect
on price vola�lity.

Maturity	Structure	of	Yield	Curve	Volatilities
Interest rate vola�lity is a key concern for bond managers because interest rate vola�lity
drives price vola�lity in a fixed income por�olio. Interest rate vola�lity becomes
par�cularly important when securi�es have embedded op�ons, which are especially
sensi�ve to vola�lity.

The term structure of interest rate vola�lity is the graph of yield vola�lity versus maturity.

Figure 23.4 shows a typical term structure of interest rate vola�lity. Note that, as shown
here, short-term interest rates are generally more vola�le than are long-term rates.

Figure	23.4:	Historical	Volatility	Term	Structure:	U.S.	Treasuries,	August	2005–December
2007

Vola�lity at the long-maturity end is thought to be associated with uncertainty regarding
the real economy and infla�on, while vola�lity at the short-maturity end reflects risks



regarding monetary policy.

Interest rate vola�lity at �me t for a security with maturity of T is denoted as σ(t,T). This
variable measures the annualized standard devia�on of the change in bond yield.

LOS 23.k: Explain how key economic factors are used to establish a view on
benchmark rates, spreads, and yield curve changes.

Macroeconomic factors that affect bond yields include infla�on forecasts, GDP growth, and
monetary policy. Two-thirds of the varia�on in short- and intermediate-term yields is
explained by monetary policy, and the remaining is explained by the other factors. In
contrast, infla�on explains two-thirds of the varia�on in long-term yields, with the
remaining mostly explained by monetary policy.

Bond risk premium is the excess return (over the one-year risk-free rate) earned by
investors for inves�ng in long-term government bonds. Bond risk premium (also known as
the term premium or dura�on premium) is a forward-looking expecta�on. For example,
suppose that the expected one-year holding period return on a 5-year government bond is
4%, while the one-year risk-free rate is 1%. The 5-year bond risk premium in this example
would be 4% – 1% = 3%.

Monetary policy influences the shape of the yield curve. During economic expansions, to
combat rising infla�on, central banks may raise short-term rates, leading to a bearish
fla�ening of the yield curve. During recessionary �mes, central banks may reduce short-
term rates, leading to a bullish steepening. The U.S. Federal Reserve has drama�cally
expanded its balance sheet in recent years, purchasing U.S. Treasuries and mortgage-
backed and municipal securi�es, reducing long-term bond yields.

Other factors affec�ng bond prices include the following:

Fiscal policy. Expansionary (restric�ve) fiscal policies increase (decrease) yields.
Maturity structure. The government’s choice of maturity when issuing new securi�es
affects the supply (and yield) of bonds in those maturity segments. An increase in
offerings in a specific segment of the market increases the supply and increases the yield
in that segment (the market segmenta�on theory).
Investor demand. Domes�c and foreign investor demand and preferences for specific
maturity segments affect the yield in that segment. For example, pension plans and
insurance companies may prefer longer maturity bonds, driving down longer-term
yields. During periods of market turmoil, a flight to safety may reduce long-term
government bond yields, resul�ng in a bullish fla�ening of the yield curve.



Figure	23.5:	Categories	of	Shifts	in	the	Yield	Curve

Investor	Actions
In expecta�on of a rise (fall) in rates, investors will lower (extend) the dura�on of their
bond por�olios. Expecta�ons of a steepening of the yield curve may lead to investors going
long short-term bonds and short longer-term bonds. Trades may be designed to be
dura�on-neutral so that a change in the level of interest rates does not affect the value of
the por�olio. Investors with long-only mandates may rotate between a bullet por�olio (a
por�olio concentrated in a single maturity) and a barbell por�olio (a por�olio with short
and long maturi�es). An investor that expects a bullish fla�ening of the yield curve may
rotate out of a bullet por�olio and into a barbell por�olio.

MODULE	QUIZ	23.6

1. The least	appropriate measure to use to identify and manage “shaping risk” is a portfolio’s:
A. effective duration.
B. key rate durations.
C. sensitivities to level, steepness, and curvature factors.

2. Regarding the volatility term structure, research indicates that volatility in short-term rates
is most	strongly linked to uncertainty regarding:

A. the real economy.
B. monetary policy.
C. in�lation.

3. Restrictive monetary policy is most	likely to be associated with:
A. bearish �lattening.
B. bullish steepening.
C. bullish �lattening.

KEY	CONCEPTS

LOS	23.a

The spot rate for a par�cular maturity is equal to a geometric average of the one-period
spot rate and a series of one-period forward rates.



When the spot curve is flat, forward rates will equal spot rates and yields. When the spot
curve is upward sloping (downward sloping), forward rate curves will be above (below) the
spot curve and the yield for a maturity of T will be less than (greater than) the spot rate ST.

The forward pricing model values forward contracts by using an arbitrage-free framework
that equates buying a zero-coupon bond to entering into a forward contract to buy a zero-
coupon bond in the future that matures at the same �me:

The forward rate model tells us that the investors will be indifferent between buying a
long-maturity zero-coupon bond versus buying a shorter-maturity zero-coupon bond and
reinves�ng the principal at the locked in forward rate f(j,k).

LOS	23.b

By using a process called bootstrapping, spot rates (i.e., zero-coupon rates) can be derived
from the par curve itera�vely—one spot rate at a �me.

LOS	23.c

If spot rates evolve as predicted by forward rates, bonds of all maturi�es will realize a one-
period return equal to the one-period spot rate and the forward price will remain
unchanged.

Ac�ve bond por�olio management is built on the presump�on that the current forward
curve may not accurately predict future spot rates. Managers a�empt to outperform the
market by making predic�ons about how spot rates will change rela�ve to the rates
suggested by forward rate curves.

If an investor believes that future spot rates will be lower than corresponding forward
rates, then the investor will purchase bonds (at a presumably a�rac�ve price) because the
market appears to be discoun�ng future cash flows at “too high” of a discount rate.

LOS	23.d

When the yield curve is upward sloping, bond managers may use the strategy of “rolling
down the yield curve” to chase above-market returns. By holding long-maturity rather than
short-maturity bonds, the manager earns an excess return as the bond “rolls down the
yield curve” (i.e., approaches maturity and increases in price). As long as the yield curve
remains upward sloping and the spot rates con�nue to be lower than previously implied by
their corresponding forward rates, this strategy will add to the return of a bond por�olio.

LOS	23.e

The swap rate curve provides a benchmark measure of interest rates. It is similar to the
yield curve except that the rates used represent the interest rates of the fixed-rate leg in an
interest rate swap.

Market par�cipants prefer the swap rate curve as a benchmark interest rate curve rather
than a government bond yield curve for the following reasons:
1. Swap rates reflect the credit risk of commercial banks rather than that of governments.



2. The swap market is not regulated by any government.
3. The swap curve typically has yield quotes at many maturi�es.

LOS	23.f

We define swap spread as the addi�onal interest rate paid by the fixed-rate payer of an
interest rate swap over the rate of the “on-the-run” government bond of the same
maturity.

swap spread = (swap rate) − (Treasury bond yield)

Investors use the swap spread to separate the �me value por�on of a bond’s yield from the
risk premiums for credit and liquidity risk. The higher the swap spread, the higher the
compensa�on for liquidity and credit risk.

For a default-free bond, the swap spread provides an indica�on of (1) the bond’s liquidity
and/or (2) possible mispricing.

LOS	23.g
The Z-spread is the spread that when added to each spot rate on the yield curve makes the
present value of a bond’s cash flows equal to the bond’s market price. The Z refers to zero
vola�lity—a reference to the fact that the Z-spread assumes interest rate vola�lity is zero.
Z-spread is not appropriate to use to value bonds with embedded op�ons.

TED spreads

TED is an acronym that combines T-bill and ED (“ED” is the �cker symbol for the Eurodollar
futures contract).

TED spread = (MRR) − (T-bill rate)

The TED spread is used as an indica�on of the perceived credit and liquidity risk in the
economy. Because it captures the spread between rates paid by large banks and those paid
by the U.S. Treasury, the TED spread reflects the default risk in the banking sector.

MRR-OIS spread

The MRR-OIS spread is the amount by which the MRR (which includes some credit risk)
exceeds the overnight indexed swap (OIS) rate (which includes only minimal credit risk).

LOS	23.h

There are several tradi�onal theories that a�empt to explain the term structure of interest
rates:

Unbiased expecta�ons theory—Forward rates are an unbiased predictor of future spot
rates. Also known as the pure expecta�ons theory.

Local expecta�ons theory—Bond maturity does not influence returns for short holding
periods.

Liquidity preference theory—Investors demand a liquidity premium that is posi�vely
related to a bond’s maturity.



Segmented markets theory—The shape of the yield curve is the result of the interac�ons
of supply and demand for funds in different market (i.e., maturity) segments.

Preferred habitat theory—Similar to the segmented markets theory, but recognizes that
market par�cipants will deviate from their preferred maturity habitat if compensated
adequately.

LOS	23.i

We can measure a bond’s exposures to the factors driving the yield curve in a number of
ways:
1. Effec�ve dura�on—Measures the sensi�vity of a bond’s price to parallel shi�s in the

benchmark yield curve.
2. Key rate dura�on—Measures bond price sensi�vity to a change in a specific spot rate

keeping everything else constant.
3. Sensi�vity to parallel, steepness, and curvature movements—Measures sensi�vity to

three dis�nct categories of changes in the shape of the benchmark yield curve.

LOS	23.j
The maturity structure of yield vola�li�es indicates the level of yield vola�li�es at different
maturi�es. This term structure thus provides an indica�on of yield curve risk. The vola�lity
term structure usually indicates that short-term rates (which are linked to uncertainty over
monetary policy) are more vola�le than long-term rates (which are driven by uncertainty
related to the real economy and infla�on). Fixed income instruments with embedded
op�ons can be especially sensi�ve to interest rate vola�lity.

LOS	23.k
Infla�on forecasts, GDP growth, and monetary policy affect bond yields. Bond risk premium
is the excess return (over the one-year risk-free rate) from inves�ng in longer-term
government bonds. Addi�onally, fiscal policy, maturity structure, and investor demand all
affect yields.

In expecta�on of a rise (fall) in rates, investors will lower (extend) the dura�on of their
bond por�olios. An investor will rotate out of a bullet por�olio and into a barbell por�olio
in expecta�on of a bullish fla�ening of the yield curve.

ANSWER	KEY	FOR	MODULE	QUIZZES

Module	Quiz	23.1

1. B When the yield curve is upward sloping, the forward curves will lie above the spot
curve. The opposite is true when the yield curve is downward sloping. (LOS 23.a)

2. B The forward pricing model values forward contracts by using an arbitrage argument
that equates buying a zero-coupon bond to entering into a forward contract to buy a
zero-coupon bond that matures at the same �me:



The forward rate model tells us that the forward rate f(j,k) should make investors
indifferent between buying a long-maturity zero-coupon bond versus buying a
shorter-maturity zero-coupon bond and reinves�ng the principal. (LOS 23.a)

Module	Quiz	23.2

1. B If an investor believes that future spot rates will be lower than the current forward
rates, then the investor will perceive an opportunity to purchase bonds at an
a�rac�ve price, as the market is discoun�ng future cash flows at “too high” a
discount rate. The bonds are thus undervalued in the market. (LOS 23.c)

2. C Fixed income managers will earn an extra return through rolling down the yield curve
if the spot rate curve is upward sloping and remains unchanged over �me. (LOS 23.d)

Module	Quiz	23.3

1. C The swap market is not controlled by governments, which makes swap rates more
comparable across different countries. The swap rate is the interest rate for the fixed-
rate leg of an interest rate swap. Wholesale banks frequently use the swap curve to
value their assets and liabili�es, while retail banks with li�le exposure to the swap
market are more likely to use the government spot curve as their benchmark. (LOS
23.e)

Module	Quiz	23.4

1. C The swap spread of a default free bond should provide an indica�on of the bond’s
illiquidity—or, alterna�vely, that the bond is mispriced. Time value is reflected in the
government bond yield curve; the swap spread is an addi�onal amount of interest
above this benchmark. (LOS 23.f)

2. C The Z-spread is the constant spread that must be added to the default-free spot curve
to match the valua�on of a risky bond to its market price. A higher Z-spread implies a
riskier bond. (LOS 23.g)

3. A The TED spread (from T-bill and Eurodollar) is computed as the difference between
the three-month MRR and the three-month T-bill rate. The MRR-OIS spread is the
difference between MRR and the overnight indexed swap rate (OIS) rates. (LOS 23.g)

Module	Quiz	23.5

1. A The segmented markets theory (and the preferred habitat theory) propose that
borrowers and lenders have strong preferences for par�cular maturi�es. The liquidity
preference theory argues that there are liquidity premiums that increase with
maturity; however, the liquidity preference theory does not preclude the existence of
other factors that could lead to an overall downward-sloping yield curve. The
segmented markets theory—not the preferred habitat theory—proposes that yields
at different maturi�es are determined independently of each other. (LOS 23.h)



Module	Quiz	23.6

1. A Effec�ve dura�on is an inappropriate measure for iden�fying and managing shaping
risk. Shaping risk refers to risk to por�olio value from changes in the shape of the
benchmark yield curve. Effec�ve dura�on can be used to accurately measure the risk
associated with parallel yield curve changes but is not appropriate for measuring the
risk from other changes in the yield curve. (LOS 23.i)

2. B It is believed that short-term vola�lity reflects uncertainty regarding monetary policy
while long-term vola�lity is most closely associated with uncertainty regarding the
real economy and infla�on. Short-term rates in the vola�lity term structure tend to
be more vola�le than long-term rates. (LOS 23.j)

3. A During economic expansions, restric�ve monetary policy to control infla�on leads to
an increase in short-term rates and a bearish fla�ening of the yield curve. (LOS 23.k)
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THE	ARBITRAGE-FREE	VALUATION
FRAMEWORK

EXAM	FOCUS
This topic review discusses valua�on of fixed-income securi�es using spot rates as well as
using the backward induc�on methodology in a binomial interest rate tree framework.
Understand how embedded op�ons impact the suitability of the binomial model or the
Monte Carlo simula�on method.
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MODULE	24.1:	BINOMIAL	TREES,	PART	1

LOS 24.a: Explain what is meant by arbitrage-free valua�on of a fixed-
income instrument.

The arbitrage-free valua�on framework is used extensively in the pricing of
securi�es. The basic principle of the “law of one price” in freely func�oning markets drives
this analy�cal framework.

Arbitrage-free valua�on methods value securi�es such that no market par�cipant can earn
an arbitrage profit in a trade involving that security. An arbitrage transac�on involves no
ini�al cash outlay but a posi�ve riskless profit (cash flow) at some point in the future.

There are two types of arbitrage opportuni�es: value addi�vity (when the value of whole
differs from the sum of the values of parts) and dominance (when one asset trades at a
lower price than another asset with iden�cal characteris�cs).

If the principle of value addi�vity does not hold, arbitrage profits can be earned by
stripping or recons�tu�on. A five-year, 5% Treasury bond should be worth the same as a
por�olio of its coupon and principal strips. If the por�olio of strips is trading for less than
an intact bond, one can purchase the strips, combine them (recons�tu�ng), and sell them
as a bond. Similarly, if the bond is worth less than its component parts, one could purchase
the bond, break it into a por�olio of strips (stripping), and sell those components.

EXAMPLE: Arbitrage opportuni�es

The following informa�on has been collected:

Securi�es A and B are iden�cal in every respect other than as noted. Similarly, securi�es
C and D are iden�cal in every other respect.

Demonstrate the exploita�on of any arbitrage opportuni�es.

Answer:
1. Arbitrage due to viola�on of the value addi�vity principle:

2. Arbitrage due to the occurrence of dominance:



LOS 24.b: Calculate the arbitrage-free value of an op�on-free, fixed-rate
coupon bond.

Arbitrage-free valua�on of a fixed-rate, op�on-free bond entails discoun�ng each of the
bond’s future cash flows (i.e., each coupon payment and the par value at maturity) using
the corresponding spot rate.

EXAMPLE: Arbitrage-free valua�on

Sam Givens, a fixed income analyst at GBO Bank, has been asked to value a three-year,
3% annual pay, €100 par bond with the same liquidity and risk as the benchmark. What
is the value of the bond using the spot rates provided in the following?

€ Benchmark Spot Rate Curve:

Answer:

While we can value op�on-free bonds with a simple spot rate curve, for bonds with
embedded op�ons, changes in future rates will affect the probability of the op�on being
exercised and the underlying future cash flows. Thus, a model that allows both rates and
the underlying cash flows to vary should be used to value bonds with embedded op�ons.
One such model, the binomial interest rate tree framework, is discussed next.

LOS 24.c: Describe a binomial interest rate tree framework.

The binomial interest rate tree framework assumes that interest rates have an equal
probability of taking one of two possible values in the next period (hence the term
binomial).

Over mul�ple periods, the set of possible interest rate paths that are used to value bonds
with a binomial model is called a binomial interest rate tree. The diagram in Figure 24.1
depicts a binomial interest rate tree.



Figure	24.1:	Binomial	Interest	Rate	Tree

The star�ng point i0 in this tree is the current 1-period spot rate and is called the root of
the tree. The future nodes are indicated with the bold dots (♦). A node is a point in �me
when interest rates can take one of two possible paths, an upper path, U, or a lower path,
L. Now, consider the node on the right side of the diagram where the interest rate i2,LU
appears. This is the rate that will occur if the ini�al rate, i0, follows the lower path from
node 0 to node 1 to become i1,L, then follows the upper of the two possible paths to node
2, where it takes on the value i2,LU. At the risk of sta�ng the obvious, the upper path from a
given node leads to a higher rate than the lower path. In fact,

Note that an upward move followed by a downward move, or a down-then-up move,
produces the same result: i2,LU = i2,UL (the math term for this is la�ce).

The interest rates at each node in this interest rate tree are one-period forward rates
corresponding to the nodal period. Each forward rate is related to (i.e., is a mul�ple of) the
other forward rates in the same nodal period. Adjacent forward rates (at the same period)
are two standard devia�ons apart. For the first period, there are two forward rates and
hence:

PROFESSOR’S	NOTE
Consistent with the curriculum, I use the term “forward rates” to denote the
“future one-period expected spot rates,” even though they are not the same.

Beyond the first nodal period, non-adjacent forward rates are a mul�ple of the two
standard devia�ons (depending on how separated the forward rates are).

For example,

The rela�onship among the set of rates associated with each individual nodal period is a
func�on of the interest rate vola�lity assumed to generate the tree. Vola�lity es�mates can
be based on historical data or can be implied vola�lity derived from interest rate
deriva�ves.



The binomial interest rate tree framework is a lognormal random walk model with two
proper�es: (1) higher vola�lity at higher rates and (2) non-nega�ve interest rates.

LOS 24.e: Describe the backward induc�on valua�on methodology and
calculate the value of a fixed-income instrument given its cash flow at each
node.

Valuing	an	Option-Free	Bond	with	the	Binomial	Model
Backward induc�on refers to the process of valuing a bond using a binomial interest rate
tree. The term “backward” is used because in order to determine the value of a bond today
at Node 0, you need to know the values that the bond can take at the Year 1 node. But to
determine the values of the bond at the Year 1 nodes, you need to know the possible
values of the bond at the Year 2 nodes. Thus, for a bond that has N compounding periods,
the current value of the bond is determined by compu�ng the bond’s possible values at
Period N and working backwards to Node 0.

Because the probabili�es of an up move and a down move are both 50%, the value of a
bond at a given node in a binomial tree is the average of the present values of the two
possible values from the next period. The appropriate discount rate is the forward rate
associated with the node.

The following example should make this all clear.

EXAMPLE: Valuing an op�on-free bond with the binomial model

A 7% annual coupon bond has two years to maturity. The interest rate tree is shown in
the following figure. Fill in the tree and calculate the value of the bond today.

Valuing a 2-Year, 7.0% Coupon, Op�on-Free Bond

Answer:

Consider the value of the bond at the upper node for Period 1 (V1,U ):



Similarly, the value of the bond at the lower node for Period 1 (V1,L ) is:

Now calculate V0, the current value of the bond at Node 0.

The completed binomial tree is shown as follows:

Valuing a 2-Year, 7.0% Coupon, Op�on-Free Bond

MODULE	QUIZ	24.1

Use	the	following	information	to	answer	Questions	1	through	5.

Dan Green, CFA, is currently working for FIData, a company specializing in the provision of price
data for �ixed-income instruments.

Green heads a team that inputs raw data into an instructional area on FIData’s website. FIData
uses these pages to provide hypothetical bond information along with a description of how to
read and interpret the information.

One of FIData’s customers has questioned whether some of the data used to demonstrate
pricing concepts is correct. The customer’s email stated, “The prices of the three bonds used are
not consistent with each other and hence may not be accurate. If they were, I would be able to
make a signi�icant arbitrage pro�it (i.e., I could secure the current risk-free rate of return with
zero net investment).” Green thinks the customer is misinformed regarding arbitrage gains, but



wants to check the data anyway.

The relevant data for three hypothetical risk-free bonds is shown in Figure 1 given that the
benchmark yield curve is �lat at 1.50%. (FFPQ is an annual-pay bond.)
Figure	1:	Bond	Pricing	Data

In another area of the company’s instructional website, FIData has an explanation of the
binomial interest rate tree framework that its analysts use in their valuation process. All of
FIData’s models populate a binomial interest rate tree assuming interest rates follow a
lognormal random walk.

The web page makes two statements regarding the assumptions that underpin the construction
and population of such trees:

Assumption 1: The lognormal model ensures that interest rates are non-negative.

Assumption 2: The lognormal model ensures a constant volatility of interest rates at all levels of
interest rates.

An example of a standard tree used by FIData is given in Figure 2.
Figure	2:	Binomial	Interest	Rate	Tree

FIData’s website uses rates in Figure 2 to value a two-year, 5% annual-pay coupon bond with a
par value of $1,000 using the backward induction method.

1. Green is correct in stating that the customer who sent the email regarding arbitrage gains is
misinformed because:

A. an arbitrage gain always requires a net investment, although this may be small compared
to the potential gains.

B. an arbitrage gain is not constrained by the risk-free rate.
C. arbitrage gains require a net investment in proportion to returns.

2. Given the three bonds in Figure 1, it is possible to make an arbitrage gain by:
A. selling 1 FFPQ bond and simultaneously purchasing 10 DALO and 10 NKDS bonds.
B. selling 10 FFPQ bonds and simultaneously purchasing 1 DALO and 1 NKDS bond.
C. selling 1 DALO bond and 1 NKDS bond and simultaneously purchasing 10 FFPQ bonds.

3. Which of the following statements regarding the FFPQ bond in Figure 1 is most	likely?
A. It is priced above its no arbitrage price.
B. It is priced at its no arbitrage price.
C. It is priced below its no arbitrage price.

4. Which of the assumptions regarding the construction of FIData’s binomial interest rate trees
is most	accurate?

A. Assumption 1 only.
B. Assumption 2 only.
C. Neither assumption is correct.

5. Using the backward induction method, the value of the 5% annual-pay bond using the
interest rate tree given in Figure 2 is closest to:
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A. $900.
B. $945.
C. $993.



MODULE	24.2:	BINOMIAL	TREES,	PART	2

LOS 24.d: Describe the process of calibra�ng a binomial interest rate tree to
match a specific term structure.

The construc�on of a binomial interest rate tree is a tedious process. In prac�ce, the
interest rate tree is usually generated using specialized computer so�ware. The underlying
process conforms to three rules:

1. The interest rate tree should generate arbitrage-free values for the benchmark security.
This means that the value of bonds produced by the interest rate tree must be equal to
their market price, which excludes arbitrage opportuni�es. This requirement is very
important because without it, the model will not properly price more complex callable
and putable securi�es, which is the intended purpose of the model.

2. As stated earlier, adjacent forward rates (for the same period) are two standard
devia�ons apart (calculated as e2σ). Hence, knowing one of the forward rates (out of
many) for a par�cular nodal period allows us to compute the other forward rates for
that period in the tree.

3. The middle forward rate (or mid-point in case of even number of rates) in a period is
approximately equal to the implied (from the benchmark spot rate curve) one-period
forward rate for that period.

EXAMPLE: Binomial interest rate tree

Xi Nguyen, CFA, has collected the following informa�on on the par rate curve, spot rates,
and forward rates. Nguyen had asked a colleague, Alok Nath, to generate a binomial
interest rate tree consistent with this data and an assumed vola�lity of 20%. Nath
completed a par�al interest rate tree shown as follows:

Binomial Tree With σ = 20% (One-Year Forward Rates)

1. Calculate the forward rate indicated by A.
2. Es�mate the forward rate indicated by C.
3. Es�mate forward rates B and D.

Answer:
1. Forward rate i1,L is indicated by A and is related to forward rate i1,U given as 5.7883%.



i1,L = i1,U e–2σ = (0.057883)e–(2 × 0.20) = 0.0388 or 3.88%

2. Forward rate C is the middle rate for Period 3 and hence the best es�mate for that
rate is the one-year forward rate in two years f(2,1).

Using the spot rates, we can bootstrap the forward rate:

(1 + S3)3 = (1 + S2)2(1 + f(2,1)) → (1.05069)3 = (1.0402)2(1 + f(2,1)) → f(2,1) = 7.199%
1. The forward rates B and D are related to C as follows (note that C = i2,LU):

D = i2,LL = i2,LUe–2σ = (0.07199) e–0.40 = 0.0483 or 4.83%

B = i2,UU = i2,LUe+2σ = (0.07199) e+0.40 = 0.1074 or 10.74%

PROFESSOR’S	NOTE

To calculate the value of e–0.40 on your TI BA II PLUS calculator, use the following
keystrokes: 0.4 [+|–] [2ND] [LN]

LOS 24.f: Compare pricing using the zero-coupon yield curve with pricing
using an arbitrage-free binomial la�ce.

We have already discussed arbitrage-free valua�on of benchmark op�on-free bonds using
the zero-coupon yield curve (also known as the spot rate curve). Each known future cash
flow is discounted at the underlying spot rate (also known as the zero-coupon yield).

EXAMPLE: Valua�on of op�on-free bond

Samuel Favre is interested in valuing a three-year, 3% annual-pay Treasury bond. He has
compiled the following informa�on on Treasury spot rates:

Treasury Spot Rate Curve

Compute the value of the $100 face value op�on-free bond.

Answer:

For bonds with embedded op�ons, the future cash flows are uncertain as they depend on
whether the embedded op�on will be in the money (and hence exercised). Because the
value of the op�on depends on uncertain future interest rates, the underlying cash flows
are also dependent on the same future interest rates. Hence, to value bonds with
embedded op�ons, we have to allow for rates to fluctuate. One way to accomplish this is to
use the binomial interest rate tree.



PROFESSOR’S	NOTE
The binomial tree approach can value either op�on-free bonds or bonds with
embedded op�ons. Valua�on of bonds with embedded op�ons is covered in
the next topic review.

EXAMPLE: Valua�on of an op�on-free bond using binomial tree

Samuel Favre is interested in valuing the same three-year, 3% annual-pay Treasury bond.
The spot rate curve is as before, but this �me Favre wants to use a binomial interest rate
tree with the following rates:

One-Period Forward Rate in Year

Compute the value of the $100 par op�on-free bond.

Answer:



Note that the underlying interest rate tree in this example was calibrated to generate
arbitrage-free values consistent with the benchmark spot rate curve and hence
produced the same value for the op�on-free bond as in the earlier example.

LOS 24.g: Describe pathwise valua�on in a binomial interest rate framework
and calculate the value of a fixed-income instrument given its cash flows
along each path.

Another mathema�cally iden�cal approach to valua�on using the backward induc�on
method in a binomial tree is the pathwise valua�on approach. For a binomial interest rate
tree with n periods, there will be 2(n–1) unique paths. For example, for a three-period tree,
there will be 22 or four paths comprising one known spot rate and varying combina�ons of
two unknown forward rates. If we use the label of S for the one-period spot rate and U and
L for upper and lower outcomes, respec�vely, for forward rates in our binomial framework,
the four paths would be SUU, SUL, SLU, and SLL.

EXAMPLE: Valua�on of op�on-free bond using pathwise valua�on

Samuel Favre wants to value the same three-year, 3% annual-pay Treasury bond. The
interest rate tree (shown next) is the same as before but this �me, Favre wants to use a
pathwise valua�on approach.

One-Period Forward Rate in Year

Compute the value of the $100 par op�on-free bond.

Answer:

For a three-year bond, there are four poten�al interest rate paths. The value of the bond
for each path is computed as the sum of the present values of each cash flow discounted
at its respec�ve path-specified rate. Pathwise valua�on discounts cash flows one year at
a �me using one-year forward rates (similar to backward induc�on) rather than spot
rates.

For example, the value of the bond in Path 1 is computed as:



LOS 24.h: Describe a Monte Carlo forward-rate simula�on and its
applica�on.

Path	Dependency
Prepayments on underlying residen�al mortgages affect the cash flows of a mortgage-
backed security. Prepayment risk is similar to call risk in a callable bond. However, unlike
call risk, prepayment risk is affected not only by the level of interest rate at a par�cular
point in �me, but also by the path rates took to get there.

Consider a mortgage pool that was formed when rates were 6%, then interest rates
dropped to 4%, rose to 6%, and then dropped again to 4%. Many homeowners will have
refinanced when interest rates dipped the first �me. On the second occurrence of 4%
interest rates, most homeowners in the pool who were able to refinance would have
already taken advantage of the opportunity, leading to lower prepayments than would be
observed had 4% interest rates not occurred previously.

An important assump�on of the binomial valua�on process is that the value of the cash
flows at a given point in �me is independent of the path that interest rates followed up to
that point. In other words, cash flows are not path dependent; cash flows at any node do
not depend on the path rates took to get to that node. Because of path dependency of
cash flows of mortgage-backed securi�es, the binomial tree backward induc�on process
cannot be used to value such securi�es. We instead use the Monte Carlo simula�on
method to value mortgage-backed securi�es.

A Monte Carlo forward-rate simula�on involves randomly genera�ng a large number of
interest rate paths, using a model that incorporates a vola�lity assump�on and an assumed
probability distribu�on. A key feature of the Monte Carlo method is that the underlying
cash flows can be path dependent.

As with pathwise valua�on discussed earlier, the value of the bond is the average of values
from the various paths. The simulated paths should be calibrated so benchmark interest
rate paths value benchmark securi�es at their market price (i.e., arbitrage-free valua�on).
The calibra�on process entails adding (subtrac�ng) a constant to all rates when the value
obtained from the simulated paths is too high (too low) rela�ve to market prices. This
calibra�on process results in a dri� adjusted model.

A Monte Carlo simula�on may impose upper and lower bounds on interest rates as part of
the model genera�ng the simulated paths. These bounds are based on the no�on of mean
reversion; rates tend to rise when they are too low and fall when they are too high.

EXAMPLE: Valua�on of op�on-free bond using Monte Carlo simula�on

Samuel Favre is interested in valuing the same three-year, 3% annual-pay Treasury bond
as discussed before. Favre wants to use Monte Carlo simula�on and has generated the
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following rate paths:

Monte Carlo Simula�on (Dri�-Adjusted)

Answer:

Valua�on using the simulated interest rate paths is shown as follows:

Where, for example:

Note that the interest rates in the example were calibrated to ensure that the valua�on
obtained was consistent with market prices (i.e., arbitrage-free) and hence the value
obtained is the same as before.

MODULE	24.3:	INTEREST	RATE	MODELS

LOS 24.i: Describe term structure models and how they are used.

Term structure models a�empt to capture the sta�s�cal proper�es of interest rate
movements and provide us with quan�ta�vely precise descrip�ons of how interest rates
will change.



Equilibrium	Term	Structure	Models
Equilibrium term structure models a�empt to describe changes in the term structure
through the use of fundamental economic variables that drive interest rates. While
equilibrium term structure models can rely on mul�ple factors, the two famous models
discussed in the curriculum, the Cox-Ingersoll-Ross (CIR) model and the Vasicek model, are
both single-factor models. The single factor in the CIR and Vasicek models is the short-term
interest rate.

The	Cox-Ingersoll-Ross	Model
The Cox-Ingersoll-Ross (CIR) model is based on the idea that interest rate movements are
driven by individuals choosing between consump�on today versus inves�ng and
consuming at a later �me.

Mathema�cally, the CIR model consists of two components: the first part of this expression
is a dri� term, while the second part is the random component:

The a(b – r)dt term forces the interest rate to mean-revert toward its long-run value (b) at a
speed determined by the mean reversion parameter (a).

Under the CIR model, vola�lity increases with the interest rate, as can be seen in the 
term. In other words, at high interest rates the amount of period-over-period fluctua�on in
rates is also high.

The	Vasicek	Model
Like the CIR model, the Vasicek model suggests that interest rates are mean rever�ng to
some long-run value.

The Vasicek model is expressed as:

The difference from the CIR model that you will no�ce is that no interest rate (r) term
appears in the second term σdz, meaning that vola�lity in this model does not increase as
the level of interest rates increases (i.e., vola�lity is constant).

The main disadvantage of the Vasicek model is that the model does not force interest rates
to be nonnega�ve.



Arbitrage-Free	Models
Arbitrage-free models of the term structure of interest rates begin with the assump�on
that bonds trading in the market are correctly priced, and the model is calibrated to value
such bonds consistent with their market price (hence the “arbitrage-free” label). These
models do not try to jus�fy the current yield curve; rather, they take this curve as given.

The ability to calibrate arbitrage-free models to match current market prices is one
advantage of arbitrage-free models over the equilibrium models.

The	Ho-Lee	Model
The Ho-Lee model takes the following form:

Derived using the rela�ve pricing concepts of the Black-Scholes model, this model assumes
that changes in the yield curve are consistent with a no-arbitrage condi�on.

The Ho-Lee model is calibrated by using market prices to find the �me-dependent dri�
term θt that generates the current term structure. The Ho-Lee model can then be used to
price zero-coupon bonds and to determine the spot curve. The model assumes constant
vola�lity and produces a symmetrical (normal) distribu�on of future rates.

The	Kalotay-Williams-Fabozzi	(KWF)	Model
The Kalotay-Williams-Fabozzi (KWF) model does not assume mean reversion and, like the
Ho-Lee model, assumes a constant vola�lity. However, the KWF model assumes that the
short-term rate is lognormally distributed. The model takes the following form:

Note that the right-hand side of the equa�on is the same as that of the Ho-Lee model. The
only difference is that the KWF model assumes lognormal distribu�on of rates while the
Ho-Lee model assumed normal distribu�on.

Other	Models
Gauss+ is a mul�factor model that incorporates short-, medium-, and long-term rates,
where the long-term rate is designed to be mean rever�ng and depends on
macroeconomic variables. Medium-term rates revert to the long-term rate, while the
short-term rate is devoid of a random component—consistent with the role of the central
bank controlling the short-term rate. This results in a hump-shaped vola�lity curve across
tenors, with the vola�lity of the medium term rates being the highest.

MODULE	QUIZ	24.2,	24.3

Use	the	following	information	to	answer	Questions	1	through	6.

Farah Dane, CFA, works for Geodesic Investing, a small hedge fund that offers investment
services for a handful of clients known personally by the owner, Mike DeGrekker. The fund
makes few trades, preferring to wait for what it perceives to be arbitrage opportunities before
investing. Last year, the fund managed a return of more than 45%, thanks largely to a single



transaction on which the company made a pro�it of $9.4 million.

The transaction, which DeGrekker described as a “valuation farming exercise” involved
simultaneously purchasing a government Treasury and selling the corresponding strips for a
higher price than the cost of the Treasury.

Dane is currently using a binomial lattice and a pathwise method to value �ixed-income bonds in
order to identify potential trading opportunities. She has used the binomial lattice shown in
Figure 1 to value a three-year, annual pay, 4% coupon risk-free government bond with a par
value of $1,000. Her pathwise valuation is also shown.
Figure	1:	Binomial	Lattice

Dane is not satis�ied with this method of valuation and has put together a report for DeGrekker
on the use of the Monte Carlo method, which she feels will lead to more accurate valuations. She
quotes the following advantages of using Monte Carlo method:

Advantage 1: The Monte Carlo method will estimate the value of the bond using multiple
interest rate paths and hence there is no need to make an assumption about
volatility of rates.

Advantage 2:The method could be applied to get more accurate valuations for securities that are
interest rate path dependent.

DeGrekker is resistant to the idea as he is concerned about the amount of computing time the
model may require. He accepts, however, that the idea of using many paths is attractive. He
concedes that, “increasing the number of paths used in the model increases the statistical
accuracy of the estimated value and produces a value closer to the true fundamental value of the
security.”

1. Which of the following statements regarding the valuation of an option-free bond using an
arbitrage-free binomial lattice is most	accurate?

A. If the binomial lattice is correctly calibrated, it should give the same value for an option-
free bond as using the par curve used to calibrate the tree.

B. The binomial lattice will only produce the same value for an option-free bond as the par
curve that was used to calibrate it if the bond is priced at par.

C. The binomial lattice will only produce the same value for an option-free bond as the par
curve that was used to calibrate it if the yield curve is �lat.

2. Which of the following statements most	accurately describes the “valuation farming exercise”
undertaken by DeGrekker?

A. DeGrekker used the process of stripping and the law of one price to make an arbitrage
gain.

B. DeGrekker used the process of reconstitution and the principle of no arbitrage to make a
risk-free gain.

C. DeGrekker’s pro�it is not an arbitrage pro�it as the securities involved are risk free.
3. Which of the following is most	accurate regarding the value Dane would obtain using the

backward induction method as opposed to the pathwise valuation method for the bond in
Figure 1?



A. Both methods would produce the same value.
B. The pathwise valuation method will give lower values when interest rates are rising

because the backward induction method places a higher weighting on earlier cash �lows.
C. The backward induction method will give a different value compared to the pathwise

method when the volatility of interest rates is high as the pathwise method uses equal
weights.

4. Dane’s pathwise valuation is:
A. correct.
B. incorrect, as the correct value is lower than $975.17.
C. incorrect, as the correct value is higher than $975.17.

5. Which of the advantages of the Monte Carlo method stated by Dane is most	accurate?
A. Advantage 1 only.
B. Advantage 2 only.
C. Neither advantage is correct.

6. DeGrekker’s comment on increasing the number of paths is most	likely:
A. correct.
B. incorrect in asserting that a larger number of paths will produce an estimate that is

statistically more accurate.
C. incorrect in asserting that a larger number of paths will produce a value closer to the

true fundamental value.
7. When calibrating a binomial interest rate tree to match a speci�ic term structure, which of

the following statements is least	accurate?
A. Interest rates in the tree should produce an arbitrage-free valuation for benchmark

securities.
B. Adjacent spot rates at each node of the tree are related by the multiplier e2σ.
C. The middle forward rate in a period is approximately equal to the implied (from the

benchmark spot rate curve) one-period forward rate for that period.
8. The modern term structure model that is most	likely to precisely generate the current term

structure is the:
A. Cox-Ingersoll-Ross model.
B. Vasicek model.
C. Ho-Lee model.

KEY	CONCEPTS

LOS	24.a

Arbitrage-free valua�on leads to a security value such that no market par�cipant can earn
an arbitrage profit in a trade involving that security. In other words, the valua�on is
consistent with the value addi�vity principle and without dominance of any security
rela�ve to others in the market.

LOS	24.b

Arbitrage-free valua�on of fixed-rate, op�on-free bonds entails discoun�ng each of the
bond’s future cash flows at its corresponding spot rate.



LOS	24.c

The binomial interest rate tree framework is a lognormal model with two equally likely
outcomes for one-period forward rates at each node. A vola�lity assump�on drives the
spread of the nodes in the tree.

LOS	24.d

A binomial interest rate tree is calibrated such that (1) the values of benchmark bonds
using the tree are equal to the bonds’ market prices, (2) adjacent forward rates at any
nodal period are two standard devia�ons apart and (3) the midpoint for each nodal period
is approximately equal to the implied one-period forward rate for that period.

LOS	24.e

Backward induc�on is the process of valuing a bond using a binomial interest rate tree. The
term backward is used because in order to determine the value of a bond at Node 0, we
need to know the values that the bond can take on at nodal period 1, and so on.

LOS	24.f

Valua�on of bonds using a zero-coupon yield curve (also known as the spot rate curve) is
suitable for op�on-free bonds. However, for bonds with embedded op�ons where the
value of the op�on varies with outcome of unknown forward rates, a model that allows for
variability of forward rates is necessary. One such model is the binomial interest rate tree
framework.

LOS	24.g

In the pathwise valua�on approach, the value of the bond is simply the average of the
values of the bond at each path. For a n-period binomial tree, there are 2(n-1) possible
paths.

LOS	24.h

The Monte Carlo simula�on method uses pathwise valua�on and a large number of
randomly generated simulated paths. Mortgage-backed securi�es have path-dependent
cash flows on account of the embedded prepayment op�on. The Monte Carlo simula�on
method should be used for valuing MBS as the binomial tree backward induc�on process is
inappropriate for securi�es with path-dependent cash flows.

LOS	24.i

Two major classes of term structure models are as follows:
1. Equilibrium term structure models—A�empt to model the term structure using

fundamental economic variables that are thought to determine interest rates.
a. Cox-Ingersoll-Ross model: 

Assumes the economy has a natural long-run interest rate (b) that the short-term rate
(r) converges to at a speed of (a). Interest rate vola�lity varies with r and is not
constant. Produces non nega�ve rates only.

b. Vasicek model:drt = a(b - r)dt + σdz



Similar to the CIR model, but assumes that the interest rate vola�lity level is constant
and independent of the level of short-term interest rates. Can produce nega�ve rates.

2. Arbitrage-free models—Begin with observed market prices and the assump�on that
securi�es are correctly priced.
a. Ho-Lee model:drt = θtdt + σdzt

Calibrated by using market prices to find the �me-dependent dri� term θt that
generates the current term structure. Assumes that short-term rates are normally
distributed with a constant vola�lity. Produces a normal distribu�on of rates and rates
can be nega�ve.

b. Kalotay-Williams-Fabozzi (KWF) model:dln(rt)= θtdt + σdzt

Similar to the Ho-Lee model, but assumes that short rate has a lognormal distribu�on.

ANSWER	KEY	FOR	MODULE	QUIZZES

Module	Quiz	24.1

1. B An arbitrage gain is a risk-free profit and hence requires no net investment. The
returns therefore are not simply the risk-free rate. As there is no ini�al investment,
the gains cannot be measures as percentage of ini�al cost. (LOS 24.a)

2. B An up-front arbitrage profit of $38.70 can be earned by selling 10 FFPQ bonds short
and purchasing 1 DALO and 1 NKDS bonds as shown here.

(LOS 24.a)

3. A FFPQ is overpriced. Based on the 1.5% benchmark yield, the other two bonds are
correctly priced.

Arbitrage-free price = (PV Year 1 Cash Flow) + (PV Year 2 Cash Flow)

(LOS 24.a)

4. A A lognormal random walk will ensure non-nega�vity but will lead to higher vola�lity
at higher interest rates. (LOS 24.c)

5. C The value of the 5%, two-year annual pay $1000 par bond is $992.88.



(LOS 24.e)

Module	Quiz	24.2,	24.3

1. A A correctly calibrated tree will value the bond at the same price as the par and spot
curves used to derive it. (Module 24.2, LOS 24.d)

2. A DeGrekker purchased the bonds and stripped them into cons�tuent parts before
selling them. The strategy involved no ini�al net investment and yet results in an
arbitrage profit. (Module 24.1, LOS 24.a)

3. A The two methods are iden�cal and will always give the same result. (Module 24.2,
LOS 24.g)

4. B This is a tricky ques�on. There are only four possible paths that Dane should have
used. The possible paths are UU (Path 1), UD (Path 2), DU (Path 4), and DD (Path 5).
Path 3 isn’t a valid path.

So the value should be the average of the values for Paths 1, 2, 4, and 5. The correct
average value is $972.45. (Module 24.2, LOS 24.g)

5. B Monte Carlo simula�on also requires an assumed level of vola�lity as an input.
(Module 24.2, LOS 24.h)

6. C The larger the number of paths, the more accurate the value in a sta�s�cal sense.
However, whether the value is closer to the true fundamental value depends on the
accuracy of the model inputs. (Module 24.2, LOS 24.h)

7. B The stated mul�plier is correct but it is important to note that the rates given at each
node of the tree are forward rates not spot rates. (Module 24.2, LOS 24.d)

8. C The Ho-Lee model is calibrated by using market prices to find the �me-dependent
dri� term, θt that generates the current term structure. (One of the drawbacks of the
Vasicek and Cox-Ingersoll-Ross models is that the model prices generated by these



models generally do not coincide with observed market prices.) (Module 24.3, LOS
24.i)
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READING	25

VALUATION	AND	ANALYSIS	OF	BONDS	WITH
EMBEDDED	OPTIONS

EXAM	FOCUS
This topic review extends the arbitrage-free valua�on framework to valua�on of bonds
with embedded op�ons. Understand the risk/return dynamics of embedded op�ons,
including their impact on a bond’s dura�on and convexity. You should also know the
adjustment required for the valua�on of credit-risky bonds, including the process to
es�mate an OAS. Finally, understand the terminology and risk/return characteris�cs of
conver�bles.

MODULE	25.1:	TYPES	OF	EMBEDDED	OPTIONS

LOS 25.a: Describe fixed-income securi�es with embedded op�ons.

Embedded op�ons in a bond allow an issuer to (1) manage interest rate risk and/or (2)
issue the bonds at an a�rac�ve coupon rate. The embedded op�ons can be a simple call or
put op�on, or more complex op�ons such as provisions for a sinking fund or an estate put.

Simple	Options
Callable bonds give the issuer the op�on to call back the bond; the investor is short the call
op�on. Most callable bonds have a call protec�on period during which the bond cannot be
called. The call op�on can be a European-style op�on (whereby the op�on can only be
exercised on a single day immediately a�er the protec�on period), an American-style
op�on (whereby the op�on can be exercised at any �me a�er the protec�on period), or
even a Bermudan-style op�on (whereby the op�on can be exercised at fixed dates a�er
the protec�on period).

Putable bonds allow the investor to put (sell) the bond back to the issuer prior to maturity.
The investor is long the underlying put op�on. A related bond is an extendible bond, which
allows the investor to extend the maturity of the bond. An extendible bond can be
evaluated as a putable bond with longer maturity (i.e., the maturity if the bond is
extended). A two-year, 3% bond extendible for an addi�onal year at the same coupon rate
would be valued the same as an otherwise iden�cal three-year putable (European style)
bond with a protec�on period of two years.
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Complex	Options
More complex op�ons include:

An estate put which includes a provision that allows the heirs of an investor to put the
bond back to the issuer upon the death of the investor. The value of this con�ngent put
op�on is inversely related to the investor’s life expectancy; the shorter the life
expectancy, the higher the value.
Sinking fund bonds (sinkers) which require the issuer to set aside funds periodically to
re�re the bond (a sinking fund). This provision reduces the credit risk of the bond.
Sinkers typically have several related issuer op�ons (e.g., call provisions, accelera�on
provisions, and delivery op�ons).

LOS 25.b: Explain the rela�onships between the values of a callable or putable bond, the
underlying op�on-free (straight) bond, and the embedded op�on.

In essence, the holder of a callable bond owns an op�on-free (straight) bond and is also
short a call op�on wri�en on the bond. The value of the embedded call op�on (Vcall) is,
therefore, simply the difference between the value of a straight (Vstraight) bond and the
value of the comparable callable bond (Vcallable):

Vcall = Vstraight − Vcallable

Conversely, investors are willing to pay a premium for a putable bond since its holder
effec�vely owns an op�on-free bond plus a put op�on. The value of a putable bond can be
expressed as:

Vputable = Vstraight + Vput

Rearranging, the value of the embedded put op�on can be stated as:

Vput = Vputable − Vstraight



MODULE	25.2:	VALUING	BONDS	WITH	EMBEDDED	OPTIONS,
PART	1

LOS 25.c: Describe how the arbitrage-free framework can be used to value a bond with
embedded op�ons.

LOS 25.f: Calculate the value of a callable or putable bond from an interest rate tree.

The basic process for valuing a callable (or putable) bond is similar to the process for
valuing a straight bond. However, instead of using spot rates, one-period forward rates are
used in a binomial tree framework. This change in methodology computes the value of the
bond at different points in �me; these checks are necessary to determine whether the
embedded op�on is in-the-money (and exercised).

When valuing a callable bond, the value at any node where the bond is callable must be
either the price at which the issuer will call the bond (i.e., the call price) or the computed
value if the bond is not called, whichever is lower. This is known as the call rule. Similarly,
for a putable bond, the value used at any node corresponding to a put date must be either
the price at which the investor will put the bond (i.e., the put price) or the computed value
if the bond is not put, whichever is higher. This is known as the put rule.

PROFESSOR’S	NOTE
Call date and put date in this context vary depending on whether the op�on is
European-, American-, or Bermudan-style.

EXAMPLE: Valua�on of call and put op�ons

Consider a two-year, 7% annual-pay, $100 par bond callable in one year at $100. Also
consider a two-year, 7% annual-pay, $100 par bond putable in one year at $100.

The interest rate tree at 15% assumed vola�lity is as follows:

Value the embedded call and put op�ons.



Answer:

Value of the straight (op�on-free) bond:

Consider the value of the bond at the upper node for Period 1, V1,U:

Similarly, the value of the bond at the lower node for Period 1, V1,L, is:

Now calculate V0, the current value of the bond at Node 0.

The completed binomial tree is shown as follows:

Valuing a Two-Year, 7.0% Coupon, Op�on-Free Bond

Value of the callable bond:

The call rule (call the bond if the price exceeds $100) is reflected in the boxes in the
completed binomial tree, where the second line of the boxes at the one-year node is the
lower of the call price or the computed value. For example, the value of the bond in one
year at the lower node is $101.594. However, in this case, the bond will be called, and
the investor will only receive $100. Therefore, for valua�on purposes, the value of the
bond in one year at this node is $100.

V1,L = $100

V1,U = (107 / 1.071826) = $99.830

The calcula�on for the current value of the bond at Node 0 (today), assuming the
simplified call rules of this example, is:



The completed binomial tree is shown as follows:

Valuing a Two-Year, 7.0% Coupon, Callable Bond, Callable in One Year at 100

Value of the putable bond:

Similarly, for a putable bond, the put rule is to put the bond if the value falls below $100.
The put op�on would therefore be exercised at the upper-node in Year 1 and hence the
$99.830 computed value is replaced by the exercise price of $100.

Value of the embedded op�ons:

Vcall = Vstraight − Vcallable = $102.999 − $102.238 = $0.76

Vput = Vputable − Vstraight = $103.081 − $102.999 = 0.082

MODULE	QUIZ	25.1,	25.2

1. Which of the following statements concerning the calculation of value at a node in a binomial
interest rate tree is most	accurate? The value at each node is the:

A. present value of the two possible values from the next period.
B. average of the present values of the two possible values from the next period.
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C. sum of the present values of the two possible values from the next period.

Use	the	following	binomial	interest	rate	tree	to	answer	Questions	2	through	4.

2. The value today of an option-free, 12% annual coupon bond with two years remaining until
maturity is closest to:

A. 110.525.
B. 111.485.
C. 112.282.

3. The value of the bond and the value of the embedded call option, assuming the bond in
Question 2 is callable at $105 at the end of Year 1, are closest to:

4. The value of the bond and the value of the embedded put option, assuming the bond in
Question 2 is putable at $105 at the end of Year 1, are closest to:



MODULE	25.3:	VALUING	BONDS	WITH	EMBEDDED	OPTIONS,
PART	2

LOS 25.d: Explain how interest rate vola�lity affects the value of a callable
or putable bond.

Op�on values are posi�vely related to the vola�lity of their underlying. Accordingly, when
interest rate vola�lity increases, the values of both call and put op�ons increase. The value
of a straight bond is affected by changes in the level of interest rates but is unaffected by
changes in the vola�lity of interest rates.

When interest rate vola�lity increases, the value of a callable bond (where the investor is
short the call op�on) decreases and the value of a putable bond (where the investor is long
the put op�on) increases.

LOS 25.e: Explain how changes in the level and shape of the yield curve affect the value
of a callable or putable bond.

Level	of	Interest	Rates
As interest rates decline, the short call in a callable bond limits the bond’s upside, so the
value of a callable bond rises less rapidly than the value of an otherwise-equivalent straight
bond.

As interest rates increase, the long put in a putable bond hedges against the loss in value;
the value of a putable bond falls less rapidly than the value of an otherwise-equivalent
straight bond.

Call op�on value is inversely related to the level of interest rates, while put op�on value
varies directly with the level of interest rates.

Shape	of	the	Yield	Curve
The value of an embedded call op�on increases as interest rates decline. When the yield
curve is upward sloping (i.e., normal), the more distant one-period forward rates are higher
than the one-period forward rates in the near future. Because a higher interest rate
scenario limits the probability of the call op�on being in the money, the value of a call
op�on will be lower for an upward sloping yield curve. As an upward-sloping yield curve
becomes fla�er, the call op�on value increases.

The value of a put op�on increases with interest rates. When the yield curve is upward
sloping, the probability of the put op�on going in the money is higher. Put op�on value
therefore declines as an upward-sloping yield curve fla�ens.
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MODULE	25.4:	OPTION-ADJUSTED	SPREAD

LOS 25.g: Explain the calcula�on and use of op�on-adjusted spreads.

So far our backward induc�on process has relied on the risk-free binomial interest rate
tree; our valua�on assumed that the underlying bond was risk-free. If risk-free rates are
used to discount cash flows of a credit risky corporate bond, the calculated value will be
too high. To correct for this, a constant spread must be added to all one-period rates in the
tree such that the calculated value equals the market price of the risky bond. This constant
spread is called the op�on adjusted spread (OAS).

PROFESSOR’S	NOTE
The OAS is added to the tree a�er the adjustment for the embedded op�on
(i.e., the node values are adjusted according to the call/put rule). Hence the
OAS is calculated a�er the op�on risk has been removed.

EXAMPLE: Computa�on of OAS

A $100-par, three-year, 6% annual-pay ABC, Inc., callable bond trades at $99.95. The
underlying call op�on is a Bermudan-style op�on that can be exercised in one or two
years at par.

The benchmark interest rate tree assuming vola�lity of 20% is provided here:

Compute the OAS on the bond.

Answer:

The value of the bond using the benchmark interest rate tree is $101.77, as shown here:



To force the computed value to be equal to the current market price of $99.95, a
constant spread (OAS) of 100 bps is added to each interest rate in the tree, as shown
here:

PROFESSOR’S	NOTE
The OAS computed using the methodology just listed is the spread implied by
the current market price and hence assumes that the bond is priced correctly.
Note that the actual es�ma�on of OAS is largely an itera�ve process and is
beyond the scope of the exam.

OAS is used by analysts in rela�ve valua�on; bonds with similar credit risk should have the
same OAS. If the OAS for a bond is higher than the OAS of its peers, it is considered to be
undervalued and hence an a�rac�ve investment (i.e., it offers a higher compensa�on for a
given level of risk). Conversely, bonds with low OAS (rela�ve to peers) are considered to be
overvalued.

LOS 25.h: Explain how interest rate vola�lity affects op�on-adjusted spreads.

Consider for a moment the difference between the calculated value of a bond that we
obtain from a tree and the bond’s actual market price. The greater this difference is, the
greater the OAS we would need to add to the rates in the tree to force the calculated bond
value down to the market price.

Suppose that a 7%, 10-year callable bond of XYZ Corp. is trading for $958.

Analyst A assumes a 15% value for future vola�lity in genera�ng her benchmark interest
rate tree and calculates the value of the bond as $1,050. She then computes the OAS (the
increase in discount rate required to lower the calculated bond value to the market price of
$958) for this bond to be 80 bps.

Analyst B assumes a 20% value for future vola�lity, and because of higher assumed
vola�lity, the computed value of the bond turns out to be $992. (Note that this is lower
than the $1,050 calculated by A—the higher the vola�lity, the lower a callable bond’s
value.) The OAS calculated by B is accordingly lower at 54 bps.
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Observe that for the same bond, the OAS calculated varied depending on the vola�lity
assump�on used.

When we use a higher es�mate of vola�lity to value a callable bond, the calculated value of
the call op�on increases, the calculated value of the straight bond is unaffected, and the
computed value (not the market price) of the callable bond decreases (since the
bondholder is short the op�on). Hence when the es�mated (or assumed) vola�lity (of
benchmark rates) used in a binomial tree is higher, the computed value of a callable bond
will be lower—and therefore closer to its true market price. The constant spread that
needs to be added to the benchmark rates to correctly price the bond (the OAS) is
therefore lower.

Figure	25.1:	Relationship	Between	Volatility	and	OAS

To summarize, as the assumed level of vola�lity used in an interest rate tree increases, the
computed OAS (for a given market price) for a callable bond decreases. Similarly, the
computed OAS of a putable bond increases as the assumed level of vola�lity in the
binomial tree increases.

PROFESSOR’S	NOTE
No�ce that the columns for the value of callable and putable bonds in the
preceding figure match the corresponding OAS columns.

MODULE	QUIZ	25.3,	25.4

1. The option adjusted spread (OAS) on a callable corporate bond is 73 basis points using on-
the-run Treasuries as the benchmark rates in the construction of the binomial tree. The best
interpretation of this OAS is the:

A. cost of the embedded option is 73 basis points.
B. cost of the option is 73 basis points over Treasury.
C. spread that re�lects the credit risk is 73 basis points over Treasury.

2. An increase in interest rate volatility increases the value of:
A. bonds with embedded call options.
B. bonds with embedded put options.
C. low-coupon bonds with embedded options, but decreases the value of high-coupon

bonds with embedded options.

MODULE	25.5:	DURATION

LOS 25.i: Calculate and interpret effec�ve dura�on of a callable or
putable bond.

Recall from Level I that:



Modified dura�on measures a bond’s price sensi�vity to interest rate changes, assuming
that the bond’s cash flows do not change as interest rates change.
The standard measure of convexity can be used to improve price changes es�mated
from modified dura�on.

Modified dura�on and convexity are not useful for bonds with embedded op�ons,
however, because the cash flows from these bonds will change if the op�on is exercised. To
overcome this problem, effec�ve dura�on and effec�ve convexity should be used, because
these measures take into account how changes in interest rates may alter cash flows.

The following expressions can be used to compute effec�ve dura�on and effec�ve
convexity for any bond:

Calcula�ng effec�ve dura�on and effec�ve convexity for bonds with embedded op�ons is a
complicated undertaking because we must calculate values of BV+Δy and BV–Δy. Here’s how
it is done:

Step 1: Given assump�ons about benchmark interest rates, interest rate vola�lity, and any
calls and/or puts, calculate the OAS for the issue using the current market price and
the binomial model.

Step 2: Impose a small parallel shi� in the benchmark yield curve by an amount equal to
+Δy.

Step 3: Build a new binomial interest rate tree using the new yield curve.

Step 4: Add the OAS from step 1 to each of the one-year rates in the interest rate tree to
get a “modified” tree.

Step 5: Compute BV+Δy using this modified interest rate tree.

Step 6: Repeat steps 2 through 5 using a parallel rate shi� of –Δy to obtain a value of BV–Δy.

LOS 25.j: Compare effec�ve dura�ons of callable, putable, and straight bonds.

Both call and put op�ons have the poten�al to reduce the life of a bond, so the dura�on of
callable and putable bonds will be less than or equal to the dura�on of their straight
counterparts.

Effec�ve dura�on (callable) ≤ effec�ve dura�on (straight).
Effec�ve dura�on (putable) ≤ effec�ve dura�on (straight).
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Effec�ve dura�on (zero-coupon) ≈ maturity of the bond.
Effec�ve dura�on of fixed-rate coupon bond < maturity of the bond.
Effec�ve dura�on of floater ≈ �me (in years) to next reset.

While effec�ve dura�on of straight bonds is rela�vely unaffected by changes in interest
rates, an increase in rates would increase the effec�ve dura�on of a callable bond, and
decrease the effec�ve dura�on of a putable bond.

MODULE	QUIZ	25.5

1. Ron Hyatt has been asked to do a presentation on how effective duration (ED) and effective
convexity (EC) are calculated with a binomial model. His presentation includes the following
formulas:

Are Hyatt’s formulas for effective duration and effective convexity correctly presented?
A. The formulas are both correct.
B. One formula is correct, the other incorrect.
C. Both formulas are incorrect.

MODULE	25.6:	KEY	RATE	DURATION

LOS 25.k: Describe the use of one-sided dura�ons and key rate dura�ons
to evaluate the interest rate sensi�vity of bonds with embedded op�ons.

One-Sided	Durations
The computa�on of effec�ve dura�on discussed earlier relied on compu�ng the value of
the bond for equal parallel shi�s of the yield curve up and down (by the same amount).
This metric captures interest rate risk reasonably well for small changes in the yield curve
and for op�on-free bonds.

For a callable bond, when the call op�on is at or near the money, the change in price for a
decrease in yield will be less than the change in price for an equal amount of increase in
yield. The value of a callable bond is capped by its call price: the bond’s value will not
increase beyond the call price regardless of how low interest rates fall. Similarly, the value
of a putable bond is more sensi�ve to downward movements in yield curve versus upward
movements.



For bonds with embedded op�ons, one-sided dura�ons—dura�ons that apply only when
interest rates rise (or, alterna�vely, only when rates fall)—are be�er at capturing interest
rate sensi�vity than simple effec�ve dura�on. When the underlying op�on is at-the-money
(or near-the-money), callable bonds will have lower one-sided down-dura�on than one-
sided up-dura�on: the price change of a callable when rates fall is smaller than the price
change for an equal increase in rates. Conversely, a near-the-money putable bond will have
larger one-sided down-dura�on than one-sided up-dura�on.

Key	Rate	Duration
Key rate dura�ons or par�al dura�ons capture the interest rate sensi�vity of a bond to
changes in yields (par rates) of specific benchmark maturi�es. Key rate dura�on is used to
iden�fy the interest rate risk from changes in the shape of the yield curve (shaping risk).

The process of compu�ng key rate dura�on is similar to the process of compu�ng effec�ve
dura�on described earlier, except that instead of shi�ing the en�re benchmark yield curve,
only one specific par rate (key rate) is shi�ed before the price impact is measured.

Figure 25.2 shows the key rate dura�ons for several 15-year op�on-free bonds, each with a
different coupon rate and YTM = 3%.

Figure	25.2:	Key	Rate	Durations	of	Various	15-Year	Option-Free	Bonds	With	Different
Coupon	Rates

PROFESSOR’S	NOTE
In these figures, the market interest rate is not changing; rather we are
considering a number of different bonds that have different coupons.

Figure 25.3 shows the key rate dura�ons for several 15-year European-style callable bonds,
each with a different coupon rate (callable in 10 years at par).

Figure	25.3:	Key	Rate	Durations	of	Various	15-Year	Callable	Bonds	With	Different	Coupon
Rates



Figure 25.4 shows the key rate dura�ons for several 15-year European-style putable bonds,
each with a different coupon rate (putable in 10 years at par).

Figure	25.4:	Key	Rate	Durations	of	Various	15-Year	Putable	Bonds	With	Different	Coupon
Rates

The following generaliza�ons can be made about key rates:
1. If an op�on-free bond is trading at par, the bond’s maturity-matched rate is the only rate

that affects the bond’s value. Its maturity key rate dura�on is the same as its effec�ve
dura�on, and all other rate dura�ons are zero. In Figure 25.2, the 3% bond’s (i.e., the par
bond) 15-year key rate dura�on is same as the bond’s effec�ve dura�on, and all other
rate dura�ons are zero.

2. For an op�on-free bond not trading at par, the maturity-matched rate is s�ll the most
important rate. In Figure 25.2, the 15-year key rate dura�on is highest.

3. A bond with a low (or zero) coupon rate may have nega�ve key rate dura�ons for
horizons other than the bond’s maturity. This is evidenced by some nega�ve key rate
dura�ons for 1% and 2% coupon bonds in all three figures.

4. A callable bond with a low coupon rate is unlikely to be called; hence, the bond’s
maturity-matched rate is the most cri�cal rate (i.e., the highest key rate dura�on
corresponds to the bond’s maturity). For the 1% bond in Figure 25.3, the 15-year key
rate dura�on exceeds all other key rate dura�ons.

5. All else equal, higher coupon bonds are more likely to be called, and therefore the �me-
to-exercise rate will tend to dominate the �me-to-maturity rate. For the 8% coupon
bond in Figure 25.3, the 10-year key rate dura�on is highest.

6. Putable bonds with high coupon rates are unlikely to be put, and thus are most sensi�ve
to their maturity-matched rates. For the 8% bond in Figure 25.4, the 15-year key rate
dura�on is the highest.

7. All else equal, lower coupon bonds are more likely to be put, and therefore the �me-to-
exercise rate will tend to dominate the �me-to-maturity rate. For the 1% coupon bond
in Figure 25.4, the 10-year key rate dura�on is highest.

LOS 25.l: Compare effec�ve convexi�es of callable, putable, and straight bonds.

Straight bonds have posi�ve effec�ve convexity: the increase in the value of an op�on-free
bond is higher when rates fall than the decrease in value when rates increase by an equal
amount. When rates are high, callable bonds are unlikely to be called and will exhibit
posi�ve convexity. When the underlying call op�on is near the money, its effec�ve
convexity turns nega�ve; the upside poten�al of the bond’s price is limited due to the call
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(while the downside is not protected). Putable bonds exhibit posi�ve convexity
throughout.

MODULE	25.7:	CAPPED	AND	FLOORED	FLOATERS

LOS 25.m: Calculate the value of a capped or floored floa�ng-rate bond.

A floa�ng-rate bond (“floater”) pays a coupon that adjusts every period based on an
underlying reference rate. The coupon is typically paid in arrears, meaning the coupon rate
is determined at the beginning of a period but is paid at the end of that period.

A capped floater effec�vely contains an issuer op�on that prevents the coupon rate from
rising above a specified maximum rate known as the cap.

A related floa�ng rate bond is the floored floater, which has a coupon rate that will not fall
below a specified minimum rate known as the floor. In this instance, the embedded op�on
belongs to the investor and offers protec�on from falling interest rates.

We can use the standard backward induc�on methodology in a binomial interest rate tree
to value a capped or floored floater. As with the valua�on of a bond with embedded
op�ons, we must adjust the value of the floater at each node to reflect the exercise of an
in-the-money op�on (in this case, a cap or a floor).

EXAMPLE: Value of a capped and floored floa�ng-rate bond

Susane Albright works as a fixed income analyst with Zedone Banks, NA. She has been
asked to value a $100 par, two-year, floa�ng-rate note that pays MRR (set in arrears).
The underlying bond has the same credit quality as reflected in the swap curve. Albright
has constructed the following two-year binomial MRR tree:

How would we compute the following?

1. The value of the floater, assuming that it is an op�on-free bond.
2. The value of the floater, assuming that it is capped at a rate of 6%. Also compute the

value of the embedded cap.
3. The value of the floater, assuming that it is floored at a rate of 5%. Also compute the

value of the embedded floor.



Answer:
1. An op�on-free bond with a coupon rate equal to the required rate of return will be

worth par value. Hence, the straight value of the floater is $100.
2. The value of the capped floater is $99.47, as shown here:

The upper node in Year 2 shows the exercise of the cap (the coupon is capped at $6.00
instead of rising to $7.18).
Note that when the op�on is not in the money, the floater is valued at par.

V1,U = ($100 + $6) / (1 + 0.071826) = $98.90
V1,L = (100 + 5.3210) / (1 + 0.05321) = $100

The Year 0 value is the average of the Year 1 values (including their adjusted coupons)
discounted for one period. In this case, the Year 1 coupons require no adjustment, as
the coupon rate is below the cap rate.

Thus the value of the embedded cap = $100 – $99.47 = 0.53.
3. The value of the floored floater is $100.41, as shown here:

The nodes for Year 2 show the coupons for that period (none of the rates are below
the floor, and hence the floor is not exercised). Strikethroughs for both nodes in Year 1
indicate that the floor was in the money; we replace the MRR = market reference rate.
Having another rate a�er it is redundant coupon with a coupon based on the floor
strike rate of 5%.
The Year 0 value is the average of the Year 1 values (including their adjusted coupons)
discounted for one period:

Thus the value of the embedded floor = $100.41 – $100 = $0.41.



MODULE	QUIZ	25.6,	25.7

Use	the	following	information	to	answer	Questions	1	through	8.

Vincent Osagae, CFA, is the �ixed income portfolio manager for Alpha Specialists, an institutional
money manager. Vanessa Alwan, an intern, has suggested a list of bonds for Osagae’s
consideration as shown in Figure 1. The benchmark yield curve is currently upward sloping.

Figure	1:	Selected	Bonds	for	Consideration
Bond X, a 3%, 15-year option-free bond.
Bond Y, a 3%, 15-year callable bond.
Bond Z, a 3%, 15-year putable bond.

Osagae then turns his attention to a newly issued 4%, 15-year bond issued by Suni Corp. The
bond has a Bermudan-style call option exercisable annually at any time after Year 4. Osagae
computes an OAS of 145 bps for this bond using a binomial interest rate tree. The tree was
generated with U.S. Treasury rates and an assumed volatility of 15%, which was consistent with
historical data. Option markets are currently pricing interest rate options at an implied volatility
of 19%.

Every week, Alwan meets with Osagae to discuss what she had learned over the week. At one of
their weekly meetings, Alwan makes the following statements about key rate duration:

Statement 1: The highest key rate duration of a low-coupon callable bond corresponds to the
bond’s time-to-exercise.

Statement 2: The highest key rate duration of a high-coupon putable bond corresponds to the
bond’s time-to-maturity.

Beth Grange, a senior analyst reporting to Osagae has generated the following two-year MRR
tree using a 15% volatility assumption:

Figure	2:	MRR	Tree

Grange has also compiled OAS for two very similar callable corporate bonds as shown in Figure
3.

Figure	3:	OAS	at	10%	Volatility

1. In Figure 1, which bond’s embedded option is most	likely to increase in value if the yield
curve �lattens?

A. Bond Y.
B. Bond Z.
C. Neither Bond Y nor Bond Z.

2. If Osagae had used implied volatility from interest rate options to compute the OAS for Suni
Corp bond, the estimated OAS would most	likely have been:

A. lower than 145 bps.
B. higher than 145 bps.
C. equal to 145 bps.

3. Which bond in Figure 1 is most	likely to have the highest effective duration?
A. Bond X.
B. Bond Y.
C. Bond Z.

4. Regarding Alwan’s statements about key rate durations:
A. only one statement is correct.
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B. both statements are correct.
C. neither statement is correct.

5. Which bond in Figure 1 is least	likely to experience the highest increase in value, given a
parallel downward shift of 150 bps in the yield curve?

A. Bond X.
B. Bond Y.
C. Bond Z.

6. Which bond in Figure 1 is most	likely to experience an increase in effective duration due to an
increase in interest rates?

A. Bond X.
B. Bond Y.
C. Bond Z.

7. In Figure 3, relative to Bond A, Bond B is most	likely:
A. overpriced.
B. underpriced.
C. fairly priced.

8. Using the data in Figure 2, the value of a $100 par, two-year, 3% capped �loater is closest to:
A. $0.31.
B. $98.67.
C. $99.78.

MODULE	25.8:	CONVERTIBLE	BONDS

LOS 25.n: Describe defining features of a conver�ble bond.

The owner of a conver�ble bond has the right to convert the bond into a fixed number of
common shares of the issuer during a specified �meframe (conversion period) and at a
fixed amount of money (conversion price). Conver�bles allow investors to enjoy the upside
on the issuer’s stock, although this comes at a cost of lower yield. The issuer of a
conver�ble bond benefits from a lower borrowing cost, but exis�ng shareholders may face
dilu�on if the conversion op�on is exercised.

The conversion ra�o is the number of common shares for which a conver�ble bond can be
exchanged. For example, a conver�ble bond issued at par with an ini�al conversion ra�o of
10 allows its holder to convert one $1,000 par bond into 10 shares of common stock.
Equivalently, the conversion price of the bond is $1,000 / 10 shares = $100. For bonds not
issued at par, the conversion price is the issue price divided by the conversion ra�o. Offer
documents will indicate how the ini�al conversion ra�o would be modified to account for
corporate ac�ons such as stock splits or stock dividends.

Offer documents may also provide a con�ngent put op�on in the event of any change-of-
control events such as mergers. Such a con�ngent put op�on can be exercised for a specific
period of �me a�er the change of control. Alterna�vely, a lower conversion price may be
specified in the event of a change of control. The conversion ra�o may also be adjusted
upward if the company pays a dividend in excess of a specified threshold dividend. This
adjustment protects the conver�ble bondholders in the event that the company pays out
an unusually large dividend (which will cause the ex-dividend price of the stock to decline).
Other put op�ons exercisable during specific periods may also be embedded with a



conver�ble. These put op�ons can be hard puts (i.e., redeemable for cash) or so� puts (i.e.,
the issuer decides whether to redeem the bond for cash, stock, subordinated debentures,
or a combina�on of the three).

LOS 25.o: Calculate and interpret the components of a conver�ble bond’s value.

The conversion value of a conver�ble bond is the value of the common stock into which
the bond can be converted. The conversion ra�o is the number of shares the holder
receives from conversion for each bond. Conversion value is calculated as:

conversion value = market price of stock × conversion ra�o

The straight value, or investment value, of a conver�ble bond is the value of the bond if it
were not conver�ble—the present value of the bond’s cash flows discounted at the return
required on a comparable op�on-free issue.

The minimum value of a conver�ble bond is the greater of its conversion value or its
straight value. This must be the case, or arbitrage opportuni�es would be possible. For
example, if a conver�ble bond were to sell for less than its conversion value, it could be
purchased, immediately converted into common stock, and the stock could be sold for
more than the cost of the bond.

minimum value of a conver�ble bond = max (straight value, conversion value)

EXAMPLE: Calcula�ng the minimum value of a conver�ble bond

Business Supply Company, Inc. operates retail office equipment stores in the United
States and Canada. Consider a BSC conver�ble bond with a 7% coupon that is currently
selling at $985 with a conversion ra�o of 25 and a straight value of $950. Suppose that
the value of BSC’s common stock is currently $35 per share, and that it pays $1 per share
in dividends annually. What is this bond’s minimum value?

Answer:

The conversion value of this bond is 25 × $35 = $875. Since the straight value of $950 is
greater than the conversion value of $875, the bond is worth at least $950.

The market conversion price, or conversion parity price, is the price that the conver�ble
bondholder would effec�vely pay for the stock if she bought the bond and immediately
converted it. The market conversion price is given as:

EXAMPLE: Calcula�ng market conversion price

Compute and interpret the market conversion price of the BSC bond.



Answer:

The market conversion price is: $985 / 25 = $39.40. This can be viewed as the stock price
at which an investor is indifferent between selling the bond and conver�ng it.

The market conversion premium per share is the difference between the market
conversion price and the stock’s current market price:

EXAMPLE: Calcula�ng market conversion premium per share

Compute and interpret the market conversion premium per share of the BSC bond.

Answer:

Since BSC is selling for $35 per share, the market conversion premium per share for the
BSC bond is: $39.40 − $35 = $4.40. This can be interpreted as the premium that investors
are willing to pay for the opportunity to profit should the market price of the stock rise
above the market conversion price. This is done with the assurance that even if the stock
price declines, the value of the conver�ble bond will not fall below its straight value.

Market conversion premium per share is usually expressed as a ra�o, appropriately called
the market conversion premium ra�o. Its formula is:

EXAMPLE: Calcula�ng market conversion premium ra�o

Compute the market conversion premium ra�o of the BSC bond.

Answer:

The BSC bond market conversion premium ra�o is:

The conver�ble bond investor’s downside risk is limited by the bond’s underlying straight
value because the price of a conver�ble bond will not fall below this value regardless of
what happens to the price of the issuer’s common stock.

This downside risk is measured by the premium over straight value, which is calculated as:

EXAMPLE: Calcula�ng premium over straight value

Compute and interpret the BSC bond’s premium over straight value.



Answer:

The premium over straight value for the BSC bond is:

All else equal, the greater the premium over straight value, the less a�rac�ve the
conver�ble bond.

We need to recognize an obvious flaw with the premium over straight value metric—the
straight value is not constant. It varies with changes in interest rate and with the credit
spread of the bond.

LOS 25.p: Describe how a conver�ble bond is valued in an arbitrage-free framework.

Inves�ng in a noncallable/nonputable conver�ble bond is equivalent to buying:

an op�on-free bond, and
a call op�on on an amount of the common stock equal to the conversion ra�o.

The value of a noncallable/nonputable conver�ble bond can be expressed as:

Most conver�ble bonds are callable, giving the issuer the right to call the issue prior to
maturity. Incorpora�ng this feature into the valua�on of a conver�ble bond results in the
following expression:

To further complicate the situa�on (just for fun), consider a conver�ble bond that is both
callable and putable. The expression for value then becomes:

LOS 25.q: Compare the risk–return characteris�cs of a conver�ble bond with the risk–
return characteris�cs of a straight bond and of the underlying common stock.

Buying conver�ble bonds instead of stocks limits downside risk; the price floor set by the
straight bond value provides this downside protec�on. The cost of the downside protec�on
is reduced upside poten�al due to the conversion premium. Keep in mind though, that just
like inves�ng in nonconver�ble bonds, conver�ble bond investors must be concerned with
credit risk, call risk, interest rate risk, and liquidity risk.

Consider the following two examples based on our previous BSC example.



EXAMPLE: Risk and return of a conver�ble bond, part 1

Calculate the return on the conver�ble bond and the common stock if the market price
of BSC common stock increases to $45 per share.

Answer:

The return from inves�ng in the conver�ble bond is:

The return from inves�ng directly in the stock is:

The lower return from the conver�ble bond investment is a�ributable to the fact that
the investor effec�vely bought the stock at the market conversion price of $39.40 per
share.

EXAMPLE: Risk and return of a conver�ble bond, part 2

Calculate the return on the conver�ble bond and on the common stock if the market
price of BSC common stock falls to $30 per share.

Answer:

Recall that the bond will trade at the greater of its straight value or its conversion value.
The conversion value in this scenario is 25 × $30 = $750. Assuming the straight value of
the bond does not change, the bond will trade at $950. So, the return from inves�ng in
the conver�ble bond is:

The return from inves�ng directly in the stock is:

The loss is less for the conver�ble bond investment because we assumed that the
straight value of the bond did not change. Even if it had changed, the loss would
probably s�ll be less than the loss on the straight stock investment, thus emphasizing
how the straight value serves as a floor to cushion a decline, even if it is a moving floor.

The following comparisons can be made between ownership of the underlying stock and
the risk-return characteris�cs of the conver�ble bond:

When the stock’s price falls, the returns on conver�ble bonds exceed those of the stock,
because the conver�ble bond’s price has a floor equal to its straight bond value. As the



stock’s price approaches zero, the conver�ble’s value will move toward the present value
of es�mated recovery.
When the stock’s price rises, the bond will underperform because of the conversion
premium. This is the main drawback of inves�ng in conver�ble bonds versus inves�ng
directly in the stock.
If the stock’s price remains stable, the return on a conver�ble bond may exceed the
stock return due to the coupon payments received from the bond, assuming no change
in interest rates or credit risk of the issuer.

Some�mes the price of the common stock associated with a conver�ble issue is so low that
it has li�le or no effect on the conver�ble’s market price, and the bond trades as though it
is a straight bond. When this happens, the conver�ble security is referred to as a fixed-
income equivalent or a busted conver�ble.

Other �mes, the price of the stock may be high enough that the conver�ble behaves as
though it is an equity security. When this happens, the conver�ble issue is referred to as a
common stock equivalent. Most of the �me, however, the conver�ble behaves as a hybrid
security with the characteris�cs of both equity and a fixed-income security.

MODULE	QUIZ	25.8

1. An analyst has gathered the following information on a convertible bond and the common
equity of the issuer.

Market price of bond: $925.00
Annual coupon: 7.5%
Conversion ratio: 30
Market price of stock: $28.50
Annual stock dividend: $2.15 per share

The market conversion premium ratio for the convertible bond is closest to:
A. 7.56%.
B. 7.77%.
C. 8.18%.

2. Which of the following statements concerning a comparison between the risk and return of
convertible bond investing versus common stock investing is least	accurate, assuming
interest rates are stable?

A. When stock prices fall, the returns on convertible bonds are likely to exceed those of the
stock because the convertible bond’s price has a �loor equal to the straight bond value.

B. The main drawback of investing in convertible bonds versus direct stock purchases is
that when stock prices rise, the convertible bond will likely underperform the stock due
to the conversion premium.

C. Buying convertible bonds instead of direct stock investing limits upside potential to that
of buying a straight bond, at the cost of increased downside risk due to the conversion
premium.

3. Data on two convertible bonds are shown in the following table.



Which factors are most	likely to in�luence the market prices of ABC and XYZ: factors that
affect equity prices, or factors that affect option-free bond prices?

A. Both will be more affected by equity factors.
B. One will be more affected by equity factors, the other by bond factors.
C. Both will be more affected by bond factors.

4. The difference between the value of a callable convertible bond and the value of an otherwise
comparable option-free bond is closest to the value of the:

A. call option on the stock minus value of the call option on the bond.
B. put option on the stock plus value of the call option on the bond.
C. call option on the stock plus value of call option on the bond.

5. With respect to the value of a callable convertible bond, the most	likely effects of a decrease
in interest rate volatility or a decrease in the underlying stock price volatility are:

A. both will result in an increase in value.
B. one will result in an increase in value, the other in a decrease.
C. both will result in a decrease in value.

KEY	CONCEPTS

LOS	25.a

Bonds with embedded op�ons allow issuers to manage their interest rate risk or issue
bonds at a�rac�ve coupon rates. The embedded op�ons can be simple call or put op�ons,
or more complex op�ons such as provisions for sinking fund, estate puts, et cetera.

LOS	25.b

Value of op�on embedded in a callable or putable bond:

Vcall = Vstraight − Vcallable

Vput = Vputable − Vstraight

LOS	25.c
To value a callable or a putable bond, the backward induc�on process and a binomial
interest rate tree framework is used. The benchmark binomial interest rate tree is
calibrated to ensure that it values benchmark bonds correctly (i.e., that it generates prices
equal to their market prices).

LOS	25.d

When interest rate vola�lity increases, the value of both call and put op�ons on bonds
increase. As vola�lity increases, the value of a callable bond decreases (remember that the
investor is short the call op�on) and the value of a putable bond increases (remember that
the investor is long the put op�on).



LOS	25.e

The short call in a callable bond limits the investor’s upside when rates decrease, while the
long put in a putable bond hedges the investor against rate increases.

The value of the call op�on will be lower in an environment with an upward-sloping yield
curve as the probability of the op�on going in the money is low. A call op�on gains value
when the upward-sloping yield curve fla�ens. A put op�on will have a higher probability of
going in the money when the yield curve is upward sloping; the op�on loses value if the
upward-sloping yield curve fla�ens.

LOS	25.f

A backwards induc�on process is used in a binomial interest rate tree framework for
valuing a callable (or putable) bond. In the binomial tree, we use one-period forward rates
for each period. For valuing a callable (putable) bond, the value used at any node
corresponding to a call (put) date must be either the price at which the issuer will call
(investor will put) the bond, or the computed value if the bond is not called (put)—
whichever is lower (higher).

LOS	25.g
The op�on adjusted spread (OAS) is the constant spread added to each forward rate in a
benchmark binomial interest rate tree, such that the sum of the present values of a credit
risky bond’s cash flows equals its market price.

LOS	25.h

Binomial trees generated under an assump�on of high vola�lity will lead to higher values
for a call op�on and a corresponding lower value for a callable bond. Under a high vola�lity
assump�on, we would already have a lower computed value for the callable bond, and
hence, the addi�onal spread (i.e., the OAS) needed to force the discounted value to equal
the market price will be lower.

When an analyst uses a lower-than-actual (higher-than-actual) level of vola�lity, the
computed OAS for a callable bond will be too high (low) and the bond will be erroneously
classified as underpriced (overpriced).

Similarly, when the analyst uses a lower-than-actual (higher-than-actual) level of vola�lity,
the computed OAS for a putable bond will be too low (high) and the bond will be
erroneously classified as overpriced (underpriced).

LOS	25.i

LOS	25.j

effec�ve dura�on (callable) ≤ effec�ve dura�on (straight)

effec�ve dura�on (putable) ≤ effec�ve dura�on (straight)

effec�ve dura�on (zero-coupon) ≈ maturity of the bond

effec�ve dura�on of fixed-rate coupon bond < maturity of the bond



effec�ve dura�on of floater ≈ �me (in years) to next reset

LOS	25.k

For bonds with embedded op�ons, one-sided dura�ons—dura�ons when interest rates
rise versus when they fall—are be�er at capturing interest rate sensi�vity than the more
common effec�ve dura�on. When the underlying op�on is at (or near) the money, callable
(putable) bonds will have lower (higher) one-sided down-dura�on than one-sided up-
dura�on.

Callable bonds with low coupon rates will most likely not be called and hence their
maturity matched rate is their most cri�cal rate (and has the highest key rate dura�on). As
the coupon rate increases, a callable bond is more likely to be called and the �me-to-
exercise rate will start domina�ng the �me-to-maturity rate.

Putable bonds with high coupon rates are unlikely to be put and are most sensi�ve to its
maturity-matched rate. As the coupon rate decreases, a putable bond is more likely to be
put and the �me-to-exercise rate will start domina�ng the �me-to-maturity rate.

LOS	25.l

Straight and putable bonds exhibit posi�ve convexity throughout. Callable bonds also
exhibit posi�ve convexity when rates are high. However, at lower rates, callable bonds
exhibit nega�ve convexity.

LOS	25.m

A capped floater contains an issuer op�on that prevents the coupon rate on a floater from
rising above a specified maximum (i.e., the cap) rate.

A related floa�ng-rate bond is the floored floater where the coupon rate will not fall below
a specified minimum (i.e., the floor).

LOS	25.n

The owner of a conver�ble bond can exchange the bond for the common shares of the
issuer. A conver�ble bond includes an embedded call op�on giving the bondholder the
right to buy the common stock of the issuer.

LOS	25.o

The conversion ra�o is the number of common shares for which a conver�ble bond can be
exchanged.

conversion value = market price of stock × conversion ra�o

market conversion price = market price of conver�ble bond / conversion ra�o

market conversion premium per share = market conversion price − market price

The minimum value at which a conver�ble bond trades is its straight value or its conversion
value, whichever is greater.



LOS	25.p

The value of a bond with embedded op�ons is determined as the value of the straight
bond plus (minus) the value of op�ons that the investor is long (short).

LOS	25.q
The major benefit from inves�ng in conver�ble bonds is the price apprecia�on resul�ng
from an increase in the value of the common stock.
The main drawback of inves�ng in a conver�ble bond versus inves�ng directly in the
stock is that when the stock price rises, the bond will underperform the stock because of
the conversion premium of the bond.
If the stock price remains stable, the return on the bond may exceed the stock returns
due to the coupon payments received from the bond.
If the stock price falls, the straight value of the bond limits downside risk (assuming bond
yields remain stable).

ANSWER	KEY	FOR	MODULE	QUIZZES

Module	Quiz	25.1,	25.2

1. B The value at any given node in a binomial tree is the average of the present values of
the cash flows at the two possible states immediately to the right of the given node,
discounted at the one-period rate at the node under examina�on. (Module 25.2, LOS
25.c)

2. C The tree should look like this:

Consider the value of the bond at the upper node for Period 1, V1,U:



Similarly, the value of the bond at the lower node for Period 1, V1,L is:

Now calculate V0, the current value of the bond at Node 0:

(Module 25.2, LOS 25.f)

3. C The tree should look like this:

Consider the value of the bond at the upper node for Period 1, V1,U:

Similarly, the value of the bond at the lower node for Period 1, V1,L is:

Now calculate V0, the current value of the bond at Node 0:

The value of the embedded call op�on is $112.282 – $111.640 = $0.642. (Module
25.2, LOS 25.f)

4. A The tree should look like this:



Consider the value of the bond at the upper node for Period 1, V1,U:

Similarly, the value of the bond at the lower node for Period 1, V1,L, is:

Now calculate V0, the current value of the bond at Node 0:

The value of the embedded put op�on is $112.523 – $112.282 = $0.241. (Module
25.2, LOS 25.f)

Module	Quiz	25.3,	25.4

1. C Let’s construct a table of the risk differences between the issuer’s callable bond and
on-the-run Treasuries to help us answer this ques�on.

Therefore, the OAS reflects the credit risk of the corporate callable bond over
Treasuries since op�on risk has been removed. (Module 25.4, LOS 25.g)

2. B Like ordinary op�ons, the value of an embedded op�on increases as vola�lity
increases. Furthermore, the arbitrage-free value of an op�on-free bond (Vop�on-free)
is independent of the assumed vola�lity. This implies that the arbitrage-free value of
a callable bond (Vcallable) decreases as vola�lity increases the value of the embedded
call op�on (Vcall). This can be seen from the expression for the value of a callable
bond:

The value of the putable bond (Vputable) increases as the assumed vola�lity
increases the value of the embedded put op�on (Vput).

(Module 25.3, LOS 25.d)

Module	Quiz	25.5

1. B The dura�on formula is presented correctly. The convexity formula is presented
incorrectly; the “2” should not appear in the denominator of the convexity formula.

(LOS 25.i)



Module	Quiz	25.6,	25.7

1. A When an upward sloping yield curve fla�ens, call op�ons increase in value while put
op�ons decrease in value. (Module 25.3, LOS 25.e)

2. A When the assumed vola�lity in a binomial tree increases, the computed value of OAS
will decrease. When an analyst uses a lower-than-actual level of vola�lity like the
15% vola�lity assumed here, the computed OAS for a callable bond will be too high.
Using the 19% implied vola�lity instead would have resulted in an es�mated OAS
lower than 145 bps. (Module 25.4, LOS 25.h)

3. A Straight bonds generally have higher effec�ve dura�ons than bonds with embedded
op�ons. Both call and put op�ons have the poten�al to reduce the life of a bond, so
the dura�on of callable and putable bonds will be less than or equal to that of their
straight counterparts. (Module 25.5, LOS 25.j)

4. A Statement 1 is incorrect. Low-coupon callable bonds are unlikely to be called; hence,
their highest key rate dura�on corresponds to their �me-to-maturity. Statement 2 is
correct. High coupon putable bonds are unlikely to be put and hence, their highest
key rate dura�on corresponds to their �me-to-maturity. (Module 25.6, LOS 25.k)

5. B Straight and putable bonds exhibit posi�ve convexity at all interest rate levels. The
price apprecia�on for a callable bond due to decline in interest rate is limited due to
the call feature; callables exhibit nega�ve convexity at low rates. Hence a decline in
rates is least likely to result in best price performance for a callable bond. (Module
25.6, LOS 25.l)

6. B When interest rates increase, a callable bond becomes less likely to be called (its
dura�on will increase). The put op�on in a putable bond would be more likely to be
exercised in a rising interest rate scenario and hence, the dura�on of a putable bond
would decrease. Dura�on of an op�on-free bond would also decrease as interest
rate increases (but not as significantly). (Module 25.6, LOS 25.k)

7. A Rela�ve to bond A, bond B has lower OAS. Given that the two bonds have similar
credit risk, bond B offers a lower OAS for the same level of risk as bond A and thus
would be considered overpriced. Alterna�vely, bond A is more a�rac�ve
(underpriced) rela�ve to bond B. (Module 25.4, LOS 25.g)

8. C The value of the capped floater is $99.78, as shown here:



The upper node at Year 2 is subject to the 3% cap, and the coupon is adjusted
accordingly.

(Module 25.7, LOS 25.m)

Module	Quiz	25.8

1. C The market conversion premium per share is the market conversion price per share
minus the market price per share. The market conversion price per share is

, so the conversion premium per share is $30.833 – $28.50 = $2.333.

(LOS 25.o)

2. C Buying conver�ble bonds in lieu of direct stock inves�ng limits downside risk to that
of straight bond inves�ng, at the cost of reduced upside poten�al due to the
conversion premium. (Note that this analysis assumes that interest rates remain
stable. Otherwise, the interest rate risk associated with the straight bond inves�ng
must be considered.) When stock prices fall, the returns on conver�ble bonds are
likely to exceed those of the stock, because the conver�ble bond’s price has a floor
equal to the straight bond value. The main drawback of inves�ng in conver�ble
bonds versus direct stock purchases is that when stock prices rise, the conver�ble
bond is likely to underperform due to the conversion premium. If the stock price
remains stable, the return on the bond may exceed the stock’s return if the bond’s
coupon payment exceeds the dividend income of the stock. (LOS 25.q)

3. B ABC has a conversion price much less than the current stock price, so the conversion
op�on is deep in the money. Bond ABC effec�vely trades like equity and is more
likely to be influenced by the same factors that affect equity prices, in general, than
the factors that affect bond prices.

A busted conver�ble like XYZ, with a stock price significantly less than the
conversion price, trades like a bond (that’s why a busted conver�ble is also called a
fixed-income equivalent) and is therefore more likely to be influenced by the factors
that affect bond prices. (LOS 25.q)

4. A A bond that is both callable and conver�ble contains two embedded op�ons: (1) a
call op�on on the stock and (2) a call op�on on the bond. The investor has a short
posi�on in the call op�on on the bond (the issuer has the right to call the bond) and
a long posi�on in the call op�on on the stock (the investor has the right to convert
the bond into shares of stock). Therefore, the difference in value between the
callable conver�ble bond and the value of the comparable op�on-free bond to the



investor is equal to the value of the call op�on on the stock minus the value of the
call op�on on the bond. (LOS 25.p)

5. B A decrease in interest rate vola�lity will decrease the value of the embedded short
call on the bond (but have no effect on the value of the embedded call on the stock)
and increase the value of the conver�ble bond.

A decrease in stock price vola�lity will decrease the value of the embedded call on
the stock (but have no effect on the embedded call on the bond) and decrease the
value of the conver�ble bond. (LOS 25.p)
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READING	26

CREDIT	ANALYSIS	MODELS

EXAM	FOCUS
This topic review augments credit analysis covered at Level I with newer models of credit
analysis including structural models and reduced form models. Be able to differen�ate
between the two and know the merits and drawbacks of both. Be able to compute the
credit valua�on adjustment and expected change in a bond’s price given credit migra�on,
and credit spread given CVA. Finally, understand how credit analysis of ABS differs from
credit analysis of corporate debt.

This topic review provides a broad overview of evalua�on of credit risk. Do note that while
credit risk and default risk are o�en used interchangeably, credit risk is a broader term.
Credit risk includes the risk of default, as well as the risk of worsening credit quality (even if
default does not occur).

MODULE	26.1:	CREDIT	RISK	MEASURES

LOS 26.a: Explain expected exposure, the loss given default, the
probability of default, and the credit valua�on adjustment.

Expected exposure is the amount of money a bond investor in a credit risky bond stands to
lose at a point in �me before any recovery is factored in. The expected exposure is equal to
the present value (based on the risk-free rate) of the bond’s remaining cash flows. A bond’s
expected exposure changes over �me. Recovery rate is the percentage recovered in the
event of a default. Recovery rate is the opposite of loss severity; given a loss severity of
40%, the recovery rate would be 60%. Loss given default (LGD) is equal to loss severity
mul�plied by exposure.

Probability of default is the likelihood of default occurring in a given year. The hazard rate
is the condi�onal probability of default given that default has previously not occurred.
Probability of survival is 1 – the cumula�ve probability of default. If we assume a constant
hazard rate, then the probability of survival for �me period t is given as:

PSt = (1 – hazard rate)t

From this expression, it can be seen that the probability of survival decreases over �me.
PD, the probability of default, depends on the probability of survival from the prior period.

PDt = hazard rate × PS(t–1)



In the first year, the probability of default = hazard rate (because PS = 1 at incep�on). In
subsequent years, PD < hazard rate. The expected loss for any period is the loss given
default (LGD) for that period mul�plied by the PD for that period.

Credit valua�on adjustment (CVA) is the sum of the present value of the expected loss for
each period. CVA is the monetary value of the credit risk in present value terms; it is the
difference in value between a risk-free bond and an otherwise iden�cal risky bond:

CVA = price of risk-free bond – price of risky bond.

We illustrate the computa�on of CVA in the following example.

EXAMPLE: Credit valua�on adjustment (CVA), part 1

A 3-year, $100 par, zero-coupon corporate bond has a hazard rate of 2% per year. Its
recovery rate is 60% and the benchmark rate curve is flat at 3%. Calculate the expected
exposure, probability of survival, probability of default, loss given default, CVA, and the
credit spread on the bond.

Answer:

Exposure at the end of three years is the face value of the bond ($100). Exposure at the
end of Year 2 is the present value of $100 discounted for 1 period at 3% (= $100 / 1.03).
Exposure at the end of Year 1 is the present value discounted for 2 periods (= $100 /
1.032).

Loss given default (LGD) is (1 – recovery rate) or 40% of the exposure.

Probabili�es of survival (PS) for Years 1, 2, and 3 are calculated as (1 – 0.02)1 = 0.98, (1 –
0.02)2 = 0.9604, and (1 – 0.02)3 = 0.9412.

Probability of default is 2% in the first year, and decreases with the PS. PD for Year 2 =
2% of PS for Year 1 = 0.02 × 0.98 = 0.0196 or 1.96%. Similarly, the PD for Year 3 = 0.02 ×
0.9604 = 0.019208 or 1.9208%.

expected loss for each year = LGD × PD.

expected loss for Year 3 = 0.019208 × 40 = 0.7683.

DF is the present value of $1. Year 2 DF = 1 / (1.03)2 = 0.942596.

PV of expected loss = DF × expected loss

CVA = sum of the three PV of expected loss = $2.15



An iden�cal benchmark bond should trade at $100 / 1.033 = $91.51. Therefore, the
value of credit risky bond = 91.50 – CVA = 91.51 – 2.15 = $89.36.

Credit spread calcula�on:

Step 1: YTM on risk-free bond (given): 3%

Step 2: YTM on risky bond:

N = 3, PV = –89.36, PMT = 0, FV = 100, CPT I/Y = 3.82%

Step 3: Credit spread = YTM risky – YTM risk-free = 3.82% – 3% = 0.82%

EXAMPLE: Credit valua�on adjustment (CVA), part 2

Con�nuing the previous example: now suppose that the bond pays a 4% annual coupon
and everything else is the same.

Calculate the expected exposure, probability of survival, probability of default, loss given
default, and CVA.

Answer:

The probability of default and discount factors will remain the same as before, but the
expected exposure changes due to the coupon.

Exposure at the end of three years is the face value of the bond plus the final coupon
($104). Exposure at the end of Year 2 is the present value of $104 discounted at 3% for 1
period ($104 / 1.03 = $100.971), plus the $4 Year 2 coupon ($100.971 + $4.00 =
$104.971). Exposure at the end of Year 1 is the present value of the Year 3 cash flows
discounted for 2 periods, plus the present value of the Year 2 coupon, plus the Year 1
coupon: ($104/1.032 + 4/1.03 + 4 = $105.913).

Other calcula�ons follow the same process.

Risk	Neutral	Probability	of	Default
In the previous example, we used a probability of default that was based on the expected
likelihood of default in any given year. However, in prac�ce, we use the risk neutral
probability of default, which is the probability of default implied in the current market
price.



While the computa�on of risk-neutral probability of default is not needed for the exam,
consider a 1-year, zero-coupon, $100 par bond trading at $95. The benchmark 1-year rate is
3% and the recovery rate is assumed to be 60%. At the end of the year, there are two
possible outcomes: either the bond does not default (pays the promised par value of $100)
or defaults (the cash flow is recovery rate × 100 = $60).

Assuming a probability of default of p, the expected year-end cash flow = 60p + 100 (1 – p)
= 100 – 40p. Using the risk-free (benchmark) rate, the present value of this expected cash
flow = 100 – 40p / (1.03).

Se�ng this value to be equal to the bond’s market price:

implies p = 5.38%.

While calcula�ng the risk neutral probability of default, we assumed a recovery rate of
60%. Using similar mechanics, we can also calculate the implied recovery rate in the market
price given the probability of default. If we had assumed a probability of default greater
than 5.38%, then the implied recovery rate would have been higher (keeping the market
price constant).

In general, given the market price (and hence the credit spread), the es�mated risk neutral
probabili�es of default and recovery rates are posi�vely correlated.

PROFESSOR’S	NOTE
This is an important statement. We need to recognize that there are several
inputs in the bond valua�on model—some are known (such as the bond’s
coupon rate, maturity, and the benchmark term structure), while two of the
inputs are es�mates (probability of default and recovery rate). We have to
assume one to calculate the value of the other implied in the current market
price.

ESG	Considerations
Analysts should also consider environmental, social, and governance factors when
evalua�ng the default risk of the company. For example, polluters may violate
environmental regula�ons, resul�ng in fines or business curtailments. Companies with
poor labor prac�ces may experience loss of reputa�on, customers, and profitability.
Similarly, companies with poor governance systems may resort to fraudulent accoun�ng to
mask debt service problems. On the flip side, some countries provide tax incen�ves for
inves�ng in green bonds (i.e., bonds that fund green projects). The WHO issued pandemic
bonds in 2017 that offered a high interest rate, but in the event of a pandemic, the
principal would be diverted as aid to poor countries. Due to the COVID-19 pandemic, by
July 2020, the en�re principal of these bonds was wiped out.

MODULE	QUIZ	26.1

1. Manny Zeld is evaluating a 5%, annual pay, $100 par, 5-year Barry Corp. bond and has
calculated the CVA as $12.67. Benchmark rates are �lat at 2%. Zeld would most	appropriately
value Barry Corp. bonds at:
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A. $101.47.
B. $110.22.
C. $114.76.

2. If the annual hazard rate for a bond is 1.25%, the probability of default (PD) in Year 1 is:
A. less than 1.25%.
B. equal to 1.25%.
C. greater than 1.25%.

3. If the annual hazard rate for a bond is 1.25%, the probability that the bond does not default
over the next three years is closest to:

A. 94.32%.
B. 95.20%.
C. 96.30%.

4. For a risky bond, the expected loss for a speci�ic year is most	appropriately calculated as:
A. exposure multiplied by the recovery rate multiplied by the hazard rate.
B. loss given default multiplied by the probability of default.
C. exposure multiplied by the probability of default.

5. The CVA for a risky bond is most	likely the:
A. price discount for a credit risky bond compared to an otherwise identical risk-free bond.
B. cumulative amount of expected loss.
C. mean cumulative present value of expected loss.

6. Joel Abramson, CFA, is the �ixed income portfolio manager of VZ Bank. Based on his analysis
of bonds issued by Tinta Corp, including an evaluation of Tinta’s balance sheet, Joel estimates
the hazard rate for the bond. Abramson would most	accurately consider the bond to be an
attractive purchase if the:

A. estimated hazard rate is less than the bond’s risk-neutral probability of default.
B. estimated hazard rate is less than 2%.
C. estimated hazard rate is greater than the risk-neutral probability of default.

7. Given a risky bond’s market price, its risk-neutral probability of default is most	likely to be:
A. positively correlated with the assumed recovery rate.
B. negatively correlated with the assumed recovery rate.
C. independent of the assumed recovery rate.

MODULE	26.2:	ANALYSIS	OF	CREDIT	RISK
Consider our previous example where we were evalua�ng a 3-year, $100
par, zero-coupon corporate bond. Its recovery rate is 60% and benchmark
rates are flat at 3%. We calculated the exposures at the end of Years 1, 2,
and 3 as $94.26, $97.09, and $100, respec�vely. CVA was calculated as $2.15. The bond
price today = value of risk-free bond – CVA = [100 / (1.03)3] – 2.15 = $89.36. Assume that
default only occurs at year-end.

The cash flows on this bond in the event of default and corresponding internal rate of
return (IRR), as well as the IRR if the bond does not default, are shown in Figure 26.1.



Figure	26.1:	Expected	Rates	of	Return

At the end of Year 1, there are two possible outcomes: default or no-default. If default
occurs, a recovery of 60% of exposure or 0.6 × 94.26 = $56.56 occurs. Similarly, in Years 2
and 3, in case of default, the recovery amounts are $58.25 and $60, respec�vely.

If the bond defaults in Year 1, the investor’s IRR is calculated as:

PV = –89.36, N = 1, FV = 56.56, CPT I/Y = –36.71%

Similarly, the IRR in case default occurs in Years 2 and 3 are:

Year 2: PV = –89.36, N = 2, FV = 58.25, CPT I/Y = –19.26%

Year 3: PV = –89.36, N = 3, FV = 60.0, CPT I/Y = –12.43%

If the bond does not default over its life, the investor would earn an IRR of:

PV = –89.36, N = 3, FV = 100.0, CPT I/Y = 3.82%

Relative	Credit	Risk	Analysis
While comparing the credit risk of several bonds, the metric that combines the probability
of default as well as loss severity is the expected loss. Everything else constant, for a given
period, the higher the expected loss, the higher the credit risk.

EXAMPLE: Rela�ve risk evalua�on

Elsa Jaitley is comparing three corporate bonds for inclusion in her fixed-income
por�olio. For the next year, Jaitley has collected the following informa�on on the three
bonds:

On a rela�ve basis, which bond has the highest risk? Based on this informa�on, what
would be an appropriate trading strategy?

Answer:

Credit risk can be evaluated based on the expected loss.



Since the exposure and recovery amounts are given per $100 par,

loss given default (LGD) per $100 par = exposure – recovery

For example, for bond Y, LGD = 88 – 45 = $43.

expected loss = LGD × probability of default

Based on expected loss, Bond Z is the most risky while Bond Y has the least credit risk.

Because we are not given the market price of the three bonds, no trading strategy can
be recommended based on only this informa�on.

MODULE	QUIZ	26.2

1. A 3-year, zero-coupon corporate bond trades at a price of $89.49. The benchmark yield curve
is �lat at 3%. Given a recovery rate of 45%, what is the IRR on the bond if it defaults in Year 2?

A. –24.66%.
B. –27.43%.
C. –30.13%.

2. Given the following information, which bond has the least amount of credit risk?

A. Bond P.
B. Bond Q.
C. Bond R.

3. A bond trader observes a 5% annual-pay, 3-year, corporate bond trading at $103. Benchmark
rates are �lat at 2.50%. The trader has collected the following information on the bond:

Based on the trader’s analysis the bond is most	likely:
A. correctly priced.
B. overvalued.
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C. undervalued.

MODULE	26.3:	CREDIT	SCORES	AND	CREDIT
RATINGS

LOS 26.b: Explain credit scores and credit ra�ngs.

Credit scoring is used for small businesses and individuals. A higher credit score indicates
be�er credit quality. FICO is a well-known example of a credit scoring model used in the
United States. FICO scores are higher for those with (a) longer credit histories (age of oldest
account), (b) absence of delinquencies, (c) lower u�liza�on (outstanding balance divided by
available credit line), (d) fewer credit inquires, and (e) a wider variety of types of credit
used.

Credit ra�ngs are issued for corporate debt, asset-backed securi�es, and government and
quasi-government debt. Similar to credit scores, credit ra�ngs are ordinal ra�ngs (higher =
be�er). Three major global credit ra�ng agencies are Moody’s Investor Service, Standard &
Poor’s, and Fitch Ra�ngs. The issuer ra�ng for a company is typically for its senior
unsecured debt. Ra�ngs on other classes of debt by the same issuer may be notched.
Notching is the prac�ce of lowering the ra�ng by one or more levels for more subordinate
debt of the issuer. Notching accounts for LGD differences between different classes of debt
by the same issuer (higher LGD for issues with lower seniority).

In addi�on to a le�er grade, ra�ng agencies provide an outlook (posi�ve, nega�ve, or
stable). Higher-rated bonds trade at lower spreads rela�ve to their benchmark rates.

LOS 26.c: Calculate the expected return on a bond given transi�on in its
credit ra�ng.

Bond por�olio managers o�en want to evaluate the performance of a bond in the event of
credit migra�on (i.e., change in ra�ng). A change in a credit ra�ng generally reflects a
change in the bond’s credit risk. The change in the price of the bond depends on the
modified dura�on of the bond and the change in spread resul�ng from the change in credit
risk as reflected by the credit migra�on.

Δ%P = – (modified dura�on of the bond) × (Δ spread)

EXAMPLE: Credit migra�on

Suppose a bond with a modified dura�on of 6.32 gets downgraded from AAA to AA. The
typical AAA credit spread is 60 bps, while the typical AA credit spread is 87 bps.
Calculate the percentage change in price of the bond assuming that the bond is priced at
typical spreads.

Answer:

change in spread = (87 – 60) = 27 bps = 0.0027
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Δ%P = – (modified dura�on of the bond) × (Δ spread) = –6.32 × 0.0027 = –0.0171 or –
1.71%

MODULE	QUIZ	26.3

1. Credit ratings incorporate:
A. default probabilities only.
B. loss given default only.
C. both the default probability and the loss given default.

2. Credit scores and credit ratings are:
A. ordinal.
B. cardinal.
C. optimized.

3. In credit rating, the practice of notching accounts for differences in:
A. probability of default.
B. business cycle impact.
C. loss given default.

4. Bjørn Johansen, portfolio manager for Agnes Advisors, is concerned about one of the
holdings in Agnes’s �ixed income portfolio. Beta, Inc., bonds are currently rated A, but with a
negative outlook. Beta bonds have a modi�ied duration of 9.20. Johansen collects the
following information about average spreads by ratings class.

Assuming that the spread on Beta bonds is equal to the average spread in its rating class,
what is the expected change in price of Beta, Inc., bonds if Beta gets downgraded to BBB?

A. –1.01%.
B. –0.82%.
C. –0.92%.

MODULE	26.4:	STRUCTURAL	AND	REDUCED	FORM
MODELS

LOS 26.d: Explain structural and reduced-form models of corporate credit
risk, including assump�ons, strengths, and weaknesses.

Structural	Models
Structural models of corporate credit risk are based on the structure of a company’s
balance sheet and rely on insights provided by op�on pricing theory.

Option	Analogy
Consider a hypothe�cal company with assets that are financed by equity and a single issue
of zero-coupon debt. The value of the assets at any point in �me is the sum of the value of
equity and the value of debt.



Due to the limited liability nature of corporate equity, the shareholders effec�vely have a
European call op�on on the company’s assets with a strike price equal to the face value of
debt. If at the maturity of the debt, the value of the company’s assets is higher than the
face value of debt, shareholders will exercise their call op�on to acquire the assets (and
then pay off the debt and keep the residual). On the other hand, if the value of the
company’s assets is less than the face value of debt, the shareholders will let the op�on
expire worthless (i.e., default on the debt), leaving the company’s assets to the debt
investors.

Hence, at �me T, (corresponding to the maturity of debt):

value of equityT = max (0, AT – K)

value of debt = AT – value of equity = AT – max (0, AT – K)

which means that value of debtT = min (AT, K)

where:

AT = value of company’s assets at �me T (i.e., at maturity of debt)

K = face value of debt

An alternate, but related interpreta�on considers equity investors as long the net assets of
the company (with a �me T value of AT – K) and long a European put op�on, allowing them
to sell the assets at an exercise price of K. Default is then synonymous to exercising the put
op�on.

value of the put op�on = max (0, K – AT)

Under the put op�on analogy, the investors in risky debt can be construed to have a long
posi�on in risk-free debt and a short posi�on in that put op�on.

value of risky debt = value of risk-free debt – value of put op�on

From our earlier discussion on CVA, recall that:

value of risky debt = value of risk-free debt – CVA

Therefore, the value of the put op�on = CVA.

Figure 26.2 shows the distribu�on of asset values at �me T. If the value of assets falls
below the default barrier K, the company defaults. The probability of default is indicated by
the region in the le� tail below the default barrier of K.

Figure	26.2:	Distribution	of	Asset	Value	at	Time	T

Advantages of structural models:



1. Structural models provide an economic ra�onale for default (i.e., AT < K) and explain
why default occurs.

2. Structural models u�lize op�on pricing models to value risky debt.

Disadvantages of structural models:

1. Because structural models assume a simple balance sheet structure, complex balance
sheets cannot be modeled. Addi�onally, when companies have off-balance sheet debt,
the default barrier under structural models (K) would be inaccurate and hence the
es�mated outputs of the model will be inaccurate.

2. One of the key assump�ons of the structural model is that the assets of the company
are traded in the market. This restric�ve assump�on makes the structural model
imprac�cal.

Reduced	Form	Models
Reduced form (RF) models do not rely on the structure of a company’s balance sheet and
therefore do not assume that the assets of the company trade. Unlike the structural model,
reduced form models do not explain why default occurs. Instead, they sta�s�cally model
when default occurs. Default under the RF model is a randomly occurring exogenous
variable. As such, the RF model imposes assump�ons on the output of the structural model
(asset values, recovery rates, etc.).

A key input into the RF model is the default intensity, which is the probability of default
over the next (small) �me period. Default intensity can be es�mated using regression
models. These regression models employ several independent variables including company
specific variables (e.g., leverage, beta, interest coverage ra�o) as well as macro-economic
variables.

Advantages of reduced form models:
1. RF models do not assume that the assets of a company trade.
2. Default intensity is allowed to vary as company fundamentals change, as well as when

the state of the economy changes.

Disadvantages of reduced form models:
1. RF models do not explain why default occurs.
2. Under RF models, default is treated as a random event (i.e., a surprise), but in reality,

default is rarely a surprise (it is o�en preceded by several downgrades).

MODULE	QUIZ	26.4

1. The probability of default under the structural model is most	likely:
A. endogenous.
B. exogenous.
C. estimated using a regression model.

2. Under the structural model, risky debt can be thought of as equivalent to a portfolio
comprising a long position in a risk-free bond and:

A. a short put option on assets of the company, with a strike price equal to the face value of
debt.
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B. a long put option on the assets of the company, with a strike price equal to the face value
of debt.

C. short put option on assets of the company, with a strike price equal to the present value
of debt.

3. Which one of the following is least	likely a disadvantage of structural models?
A. Structural models are not appropriate in the presence of off-balance sheet �inancing.
B. Structural models assume that company assets trade.
C. Structural models do not explain why default occurs.

4. Default intensity is least	likely to be:
A. estimated using company speci�ic and macroeconomic variables.
B. the probability of default over the next time period.
C. constant over the life of the risky bond.

MODULE	26.5:	CREDIT	SPREAD	ANALYSIS

LOS 26.e: Calculate the value of a bond and its credit spread, given
assump�ons about the credit risk parameters.

credit spread on a risky bond = YTM of risky bond – YTM of benchmark

The value of a risky bond, assuming it does not default, is its value given no default (VND).
VND is calculated using the risk-free rate to value the risky bond.

EXAMPLE: Credit spread

Jack Gordon, a fixed income analyst for Omega Bank PLC, is evalua�ng an AA corporate
bond for inclusion in the bank’s por�olio. The $100 par, 3.50%, annual-pay, 5-year bond
is currently priced with a credit spread of 135 bps over the benchmark par rate of 2%.
Calculate the bond’s CVA implied in its market price.

Answer:

VND for the bond = present value of bond’s cash flows using benchmark YTM.

N = 5, PMT = 3.50, I/Y = 2, FV = 100, CPT PV = 107.07

value of the risky bond using credit spread = 2% benchmark rate + 1.35% credit spread =
3.35% as YTM:

FV = 100, N = 5, PMT = 3.5, I/Y = 3.35, CPT PV = 100.68

CVA = VND – value of risky debt = 107.07 – 100.68 = $6.39

In our earlier discussion on the computa�on of CVA, we assumed zero vola�lity for
benchmark rates. We now introduce vola�lity in future 1-period benchmark rates using the
binomial tree framework.

Figure 26.3 shows a three-year benchmark interest rate tree. Numbers in parentheses in
each node indicate the probability for that node (note that probabili�es add up to 100% for
each period).



Figure	26.3:	Benchmark	Interest	Rate	Tree

We use our standard backward induc�on process to value a risky bond given the
benchmark rate tree. Recall that for a binomial interest rate tree, the probability of up =
probability of down = 0.5. Because the rates in the tree are benchmark rates, the value
obtained is the bond’s VND.

We illustrate the computa�on of VND using the following example.

EXAMPLE: Calcula�on of VND

For a 3-year, annual pay, 4% coupon, $100 par corporate bond using the interest rate
tree in Figure 26.3, calculate the VND for the bond and the expected exposure for each
year.

Answer:

The completed tree is shown as follows:

Given a 4% coupon, the cash flow at the end of three years is 104. The value at the
bo�om node in Year 2 = 104 / 1.04825 = $99.21. The value of bo�om node in Year 1 is
calculated as the present value of the average of the two values in Year 2 plus the
coupon.

([(99.21 + 97.02) / 2] + 4) / (1.0388) = 98.30.

Using the same procedure for Year 0, the VND for the bond is $97.24.



Once the expected exposure for each period is calculated, given an es�mated
uncondi�onal probability of default and a recovery rate, we use the same method
discussed earlier to calculate the CVA for the bond.

MODULE	QUIZ	26.5

1. An analyst has completed the following interest rate tree:

The VND for a 3-year, annual-pay, 3.50% corporate bond is closest to:
A. $99.78.
B. $100.70.
C. $101.54.

2. Jill Smith, CFA, is evaluating an annual pay 4%, 3-year corporate bond and has compiled the
following information. Smith has assumed a recovery rate of 60% and a �lat benchmark rate
of 2.50%. Unfortunately, some of the information is missing. Complete the missing
information to answer the question.

The CVA on the bond is closest to:
A. $1.20.
B. $2.58.
C. $2.82.

3. Jill Smith, CFA, is evaluating a 4%, annual-pay, 3-year corporate bond with a CVA of $1.88.
The bond is trading at $103.53. The benchmark par curve is given here.
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Smith is most	likely to conclude that the corporate bond is:
A. overvalued.
B. undervalued.
C. correctly valued.

MODULE	26.6:	CREDIT	SPREAD

LOS 26.f: Interpret changes in a credit spread.

A benchmark yield should be equal to the real risk-free rate plus expected infla�on, as well
as a risk-premium for uncertainty in future infla�on. Credit spreads include compensa�on
for default, liquidity, and taxa�on risks rela�ve to the benchmark. Adjustment to the price
for all these risk factors together is known as the XVA. In this reading, we focus only on the
default risk component (i.e., CVA) as it is the most important and most-commonly-used in
prac�ce.

Credit spreads change as investor percep�ons about the future probability of default and
recovery rates change. These percep�ons depend on expecta�ons about the state of the
economy. Expecta�ons of impending recessions lead to expecta�ons of higher defaults and
lower recovery rates.

EXAMPLE: Changes in probability of default and recovery rates

Joan De Silva, a junior analyst, works for a regional bank. Currently, De Silva is evalua�ng
a 3-year, annual pay, 3% XYZ corporate bond priced at $102. The benchmark yield curve
is flat at 1.75%.

De Silva prepares Table 1 assuming a hazard rate of 1.25% and a recovery rate of 70%.

Table 1: Credit Analysis of 3%, 3-Year Bond With 1.25% PD and 70% RR

Expected exposure is the amount of money a bond investor in a credit risky bond stands
to lose at a point in �me before any recovery is factored in.

The expected exposure for each period is calculated given the coupon of $3 and risk-free
rate of 1.75%:

expected exposure for Year 1 = (104.23 / 1.0175) + 3 = $105.44

expected exposure for Year 2 = (103 / 1.0175) + 3 = $104.23



expected exposure for Year 3 = $103 (no need to calculate)

De Silva prepares a report including Table 1 for Susan Collins, Chief Investment Officer.
Collins states that based on the expecta�ons of a slowdown in the economy, a 1.50%
hazard rate and a recovery rate of 60% would be more appropriate for XYZ.

De Silva updates those es�mates and prepares Table 2.

Table 2: Credit Analysis of 3%, 3-Year Bond With 1.50% PD and 60% RR

1. Using De Silva’s es�mates of hazard rate and recovery rate, XYZ bond is currently most
likely:
A. undervalued.
B. overvalued.
C. fairly priced.

2. Using the market price of the bond, the credit spread on XYZ bond is closest to:
A. 0.44%.
B. 0.49%.
C. 0.55%.

3. Assuming the market price changes to reflect Collins’s expecta�ons of PD and recovery
rate, the new credit spread would be closest to:
A. 0.52%.
B. 0.61%.
C. 0.79%.

Answer:

1. A Using the benchmark rate, XYZ bond’s VND is calculated as:

N = 3, PMT = 3, I/Y = 1.75, FV = 100, CPT PV = 103.62

value of risky bond = VND – CVA = 103.62 – 1.12 = 102.50

The market price of $102 for the bond implies that the bond is undervalued.

2. C YTM for 3-year risk-free bond = 1.75% (given)

YTM for XYZ bond: PV = –102, N = 3, PMT = 3, FV = 100, CPT I/Y = 2.30%

credit spread = 2.30 – 1.75 = 0.55%



3. B Based on the revised PD and recovery rate, CVA = 1.79.

value of risky bond = VND – CVA = 103.62 – 1.79 = 101.83

YTM for XYZ bond: PV = –101.83, N = 3, PMT = 3, FV = 100, CPT I/Y = 2.36%

credit spread = 2.36 – 1.75 = 0.61%

LOS 26.g: Explain the determinants of the term structure of credit spreads and interpret a
term structure of credit spreads.

The term structure of credit spreads shows the rela�onship between credit spreads and
maturity. Term structures can be for different bonds issued by the same issuer (with
varying maturi�es) or different bonds within a sector (e.g., AA term structure). Term
structures can be useful for investors to price a new issue, as well as to determine the
rela�ve valua�on of an exis�ng issue. A credit spread curve displays this rela�onship
graphically. Figure 26.4 shows yields on U.S. Treasury bonds and high-quality (AAA)
corporate bonds. Figure 26.5 shows the resul�ng HQM spread curve.

Figure	26.4:	U.S.	Treasury	and	High-Quality	Corporate	Bond	Yields

Figure	26.5:	Credit	Spread	Curve:	High-Quality	Corporates



The credit spread is inversely related to the recovery rate and posi�vely related to the
probability of default. Recall that credit spread is calculated as the difference between the
yields of a risky security and a benchmark security with the same maturity. However,
o�en�mes a maturity-matched, liquid (i.e., frequently traded) benchmark security is not
available. In such cases, interpola�on from available benchmark securi�es is used. When
such data is not easily available, or when benchmark bonds are thinly traded, a spread
rela�ve to a swap fixed rate (corresponding to the maturity of the bond) may be used.

To create a spread curve, all of the bonds whose spreads are used should have similar
credit characteris�cs. Differences in seniority, first/second lien provisions, and embedded
op�ons distort the computed credit spread. A spread curve using these distorted spreads
would not be an accurate reflec�on of the term structure.

Key determinants of the shape of the credit spread curve include expecta�ons about future
recovery rates and default probabili�es. If default probabili�es are expected to be higher
(or recovery rates lower) in the future, the credit curve would be expected to be posi�vely
sloped. Flat credit curves indicate stable expecta�ons over �me.

Determinants	of	Term	Structure	of	Credit	Spreads
1. Credit quality is an important factor driving term structure; AAA term structures tend to

be flat or slightly upward sloping. Lower-rated sectors tend to have steeper spread
curves, reflec�ng greater uncertainty as well as greater sensi�vity to the business cycle.

2. Financial condi�ons affect the credit spread curve. Spreads narrow during economic
expansions and widen during cyclical downturns. During boom �mes, benchmark yields
tend to be higher while credit spreads tend to be narrower.

3. Market demand and supply influence the shape of the spread curve. Recall that a credit
spread includes a premium for lack of liquidity. Hence, less liquid maturi�es would show
higher spreads (even if the expecta�ons for that �me period are stable). Due to low
liquidity in most corporate issues, the credit curves are most heavily influenced by more
heavily traded bonds. Because newly issued bonds are generally more liquid, when an
issuer refinances a near-dated bond with a longer-term bond, the spread may appear to
narrow for the longer maturity (possibly leading to an inverted credit spread curve).

4. Equity market vola�lity: Company-value models (structural models discussed earlier)
employ a company’s stock price vola�lity and balance sheet structure in determining the
probability of default. Increases in equity vola�lity therefore tend to widen spreads and
influence the shape of the credit spread curve.

MODULE	QUIZ	26.6

1. Mossimo Gulzar is compiling data on spreads for AAA corporate bonds. Mossimo has
compiled the following information from the �irm’s senior economist.

Using a typical 4% coupon AAA bond for each maturity category, Mossimo would most	likely
conclude that the credit spread curve is:

A. upward sloping.
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B. downward sloping.
C. �lat.

2. Credit spreads are most	likely:
A. positively related to probability of default and loss severity.
B. positively related to probability of default and recovery rate.
C. negatively related to probability of default and recovery rate.

3. Credit spread curves of the highest rated bond sectors tend to be:
A. �lat or downward sloping.
B. �lat or slightly upward sloping.
C. steeply upward sloping.

4. Flat credit curves are most	likely indicative of:
A. expectations of economic expansion.
B. expectations of a recession.
C. stable expectations about future recovery rates and default probabilities.

5. The shape of the credit curve is least	likely to be affected by:
A. demand and supply forces in the market.
B. sector quality.
C. the swap rate curve.

MODULE	26.7:	CREDIT	ANALYSIS	OF	SECURITIZED
DEBT

LOS 26.h: Compare the credit analysis required for securi�zed debt to the
credit analysis of corporate debt.

Securi�zed debt entails financing of specific assets (e.g., auto loans, credit card
receivables, and mortgages) without financing the en�re balance sheet (which would be
the case with the general obliga�on nature of corporate and sovereign bonds). Secured
debt is usually financed via a bankruptcy-remote SPE. This isola�on of securi�zed assets
allows for higher leverage and lower cost to the issuer. Investors also benefit from greater
diversifica�on, more stable cash flows and a higher risk premium rela�ve to similarly-rated
general obliga�on bonds (due to higher complexity associated with collateralized debt).

Components	of	Credit	Analysis	of	Secured	Debt
1. Collateral pool: Credit analysis of structured, securi�zed debt begins with the collateral

pool. Homogeneity of a pool refers to the similarity of the assets within the collateral
pool. Granularity refers to the transparency of assets within the pool. A highly granular
pool would have hundreds of clearly defined loans, allowing for use of summary
sta�s�cs as opposed to inves�ga�ng each borrower. A more-discrete pool of a few loans
would warrant examina�on of each obliga�on separately.
Short-term granular and homogenous structured finance vehicles are evaluated using a
sta�s�cal-based approach. Medium-term granular and homogenous obliga�ons are
evaluated using a por�olio-based approach because the por�olio composi�on varies
over �me. Discrete and non-granular por�olios have to be evaluated at the individual
loan level.



2. Servicer quality is important to evaluate the ability of the servicer to manage the
origina�on and servicing of the collateral pool. A�er origina�on, investors in secured
debt face the opera�onal and counterparty risk of the servicer. A servicer’s past history
is o�en used as an indica�on of servicer quality.

3. Structure determines the tranching or other management of credit and other risks in a
collateral pool. One key structural element is credit enhancement, which may be
internal or external.
Examples of internal credit enhancements include tranching of credit risk among classes
with differing seniority (i.e., the distribu�on waterfall), overcollateraliza�on, and excess
servicing spread (whereby such excess collateral or spread becomes the first line of
defense against credit losses). Third party guarantees (e.g., bank, insurance companies,
or loan originators) are an example of external credit enhancements.

A special structure is the case of a covered bond. Issued by a financial ins�tu�on,
covered bonds are senior, secured bonds backed by a collateral pool as well as by the
issuer (i.e., covered bond investors have recourse rights). Originated in Germany,
covered bonds have spread to the rest of Europe, Asia, and Australia. While the
collateral (known as the cover pool) types vary by jurisdic�on, common forms are
commercial and residen�al mortgages and public sector loans. The cover pool is
dynamic; the sponsor has to replace any prepaid or nonperforming asset in the pool so
that the pool generates sufficient cash flow to service the bonds.

In the event the financial ins�tu�on sponsor misses a payment, a so� or a hard bullet
may be triggered. In the case of so�-bullet covered bonds, the maturity date of the
bond is extended up to one year and all payments are not immediately due. In the hard-
bullet covered bonds, the payments are accelerated.

MODULE	QUIZ	26.7

1. Short-term granular and homogenous structured �inance vehicles are most	appropriately
evaluated using a:

A. statistical-based approach.
B. portfolio-based approach.
C. loan level analysis.

2. Medium-term granular and homogenous structured �inance vehicles are most	appropriately
evaluated using a:

A. statistical-based approach.
B. portfolio-based approach.
C. loan level analysis.

3. With respect to the servicer in a secured debt, investors most	likely face:
A. operational and �inancial risk only.
B. �inancial and counterparty risk only.
C. operational and counterparty risk only.

4. Covered bonds are most	likely issued by a �inancial institution and:
A. are backed by the government.
B. are backed by the collateral pool only.



C. have recourse rights as well as backing of the collateral pool.

KEY	CONCEPTS

LOS	26.a

Expected exposure is the amount of money a bond investor in a credit risky bond stands to
lose at a point in �me before any recovery is factored in. Loss given default is equal to loss
severity mul�plied by exposure. Credit valua�on adjustment (CVA) is the sum of the
present values of expected losses for each period.

LOS	26.b

Credit scoring is used for small businesses and individuals. Credit ra�ngs are issued for
corporate debt, asset-backed securi�es, and government and quasi-government debt.
Credit scores and ra�ngs are ordinal rankings (higher = be�er). Notching different issues of
the same issuer based on seniority ensures that credit ra�ngs incorporate the probability
of default as well as loss given default.

LOS	26.c

The change in the price of a bond resul�ng from credit migra�on depends on the modified
dura�on of the bond and the change in spread.

Δ%P = –(modified dura�on of the bond) × (Δ spread)

LOS	26.d

Structural models of corporate credit risk are based on the structure of a company’s
balance sheet and rely on insights provided by op�on pricing theory. Structural models
consider equity as a call op�on on company assets. Alternately, an investment in a risky
bond can be viewed as equivalent to purchasing a risk-free bond and wri�ng a put op�on
on company assets.

Unlike the structural model, reduced-form models do not explain why default occurs.
Instead, they sta�s�cally model when default occurs. Default under a reduced-form model
is a randomly occurring exogenous variable.

LOS	26.e

credit spread on a risky bond = YTM of risky bond – YTM of benchmark

The value of a risky bond, assuming it does not default, is its value given no default (VND).
VND is calculated using the risk-free rate to value the risky bond.

A backward induc�on procedure using a risky bond’s cash flows and a benchmark interest-
rate tree can also be used to calculate the bond’s VND.

LOS	26.f
Credit spreads change as investors’ percep�ons change about the future probability of
default and recovery rates. Expecta�ons of impending recessions lead to expecta�ons of
higher default and lower recovery rates.



LOS	26.g

The term structure of credit spreads shows the rela�onship between credit spreads and
maturity. Term structure depends on credit quality, financial condi�ons, demand and
supply in the bond market, and expected vola�lity in the equity markets.

LOS	26.h

Credit analysis of ABS involves the analysis of the collateral pool, servicer quality, and the
structure of secured debt (i.e., distribu�on waterfall).

ANSWER	KEY	FOR	MODULE	QUIZZES

Module	Quiz	26.1

1. A Value of benchmark 5% annual pay, 5-year bond (using benchmark rate of 2%): N = 5,
PMT = 5, FV = 100, I/Y = 2, CPT PV = 114.14

Value of Barry Corp. bonds would be lower by its CVA = 114.14 – 12.67 = $101.47.
(LOS 26.a)

2. B The hazard rate (the condi�onal probability of default) will be equal to the probability
of default in the first year. The probability of default will be less than the hazard rate
in all years a�er the first. (LOS 26.a)

3. C Probability of survival is the probability that the bond does not default. For Year 3, the
probability of survival is PS = (1 – 0.0125)3 = 96.30%. (LOS 26.a)

4. B expected loss = exposure × (1 – recovery rate) × PD

exposure × (1 – recovery rate) = loss given default (LGD)
Hence, expected loss = LGD × PD. (LOS 26.a)

5. A CVA = price of risk-free bond – price of risky bond

CVA is the sum (not the mean) of the present value of expected loss. (LOS 26.a)

6. A Risk-neutral probability of default is the probability of default that is priced by the
market. If Abramson’s es�mated hazard rate is less than this, the market has priced-
in a higher credit risk in the bond (i.e., the bond is undervalued). (LOS 26.a)

7. A Given the market price, if the assumed recovery rate is increased, risk-neutral
probability of default (that is implied in the current market price) has to be higher to
offset the higher recovery rate. As such, the assumed recovery rate is posi�vely
correlated with the risk-neutral probability of default. (LOS 26.a)

Module	Quiz	26.2

1. C exposure in Year 2 = 100 / 1.03 = 97.09

recovery cash flow = exposure × recovery rate = 97.09 × 0.45 = 43.69
PV = –89.49, N = 2, FV = 43.69, CPT I/Y = –30.13%
(LOS 26.a)

2. B Bond Q has the lowest expected loss and hence the lowest credit risk.



(LOS 26.a)

3. C The value of a comparable risk-free bond (using the benchmark rate of 2.50%) can be
calculated to be $107.41 as follows:

N = 3, PMT = 5, FV = 100, I/Y = 2.50, CPT PV = 107.14.
The sum of the PV of expected loss column is the CVA = 2.41.
Hence, the risky bond value = 107.41 – 2.41 = $104.73, which is greater than the
market price of $103. The bond is undervalued. (LOS 26.a)

Module	Quiz	26.3

1. C Due to the prac�ce of notching (lower ra�ngs for subordinated debt as compared to
senior debt of the same issuer), the loss given default is incorporated into credit
ra�ngs along with the probability of default. (LOS 26.b)

2. A Credit scores and credit ra�ngs are ordinal measures; a higher ra�ng implies be�er
credit risk, but the difference in scores or ra�ngs is not propor�onal to the difference
in risk. (LOS 26.b)

3. C Notching accounts for LGD differences between different classes of debt by the same
issuer (higher LGD for issues with lower seniority). (LOS 26.b)

4. A The change in spread from A to BBB is 0.60% – 0.49% = +0.11%. The percent change
in price = –9.20 × 0.11% = –1.01%. (LOS 26.c)

Module	Quiz	26.4

1. A Probability of default under the structural model is endogenous and hence is not
es�mated using a regression model. It is the probability that the uncertain future
value of the company assets is below the default barrier. (LOS 26.d)

2. A Because of limited liability of equity investors, risky debt investors are effec�vely
short a put op�on on company assets with a strike price equal to the face value of
debt. Hence, a risky debt investment is equivalent to an investment in risk-free debt
as well as a short put op�on on company assets. (LOS 26.d)

3. C Disadvantages of structural models include (1) SMs assume that assets of the
company trade and (2) SMs are inappropriate when the balance sheet is complex or
there are off-balance sheet liabili�es. Structural models explain why default occurs;
reduced form models do not. (LOS 26.d)

4. C Default intensity is the probability of default over the next �me increment. Default
intensity varies over the life of the risky bond as company circumstances and the
state of the economy change. (LOS 26.d)



Module	Quiz	26.5

1. B The completed tree is shown here.

(LOS 26.e)

2. A We need to calculate the expected exposure, LGD, expected loss, and PV of expected
loss for Year 2. The coupon of $4 and risk-free rate of 2.5% give expected exposure in
Year 2 = (104 / 1.025) + 4 = $105.46.

LGD in Year 2 = exposure × (1 – recovery rate) = 105.46 × 0.4 = 42.19

expected loss = LGD × PD = 42.19 × 0.0099 = $0.418

PV of expected loss = expected loss × DF = 0.42 × 0.9518 = $0.40

CVA = sum of PV of expected loss = 0.42 + 0.40 + 0.38 = $1.20

(LOS 26.e)

3. A Using the 3-year par rate, we can calculate the VND for the corporate bond as:

FV = 100, N = 3, PMT = 4, I/Y = 2.50, CPT PV = 104.28

value of the corporate bond = VND – CVA = 104.28 – 1.88 = $102.40

Since the bond is trading at $103.53, it is overvalued. (LOS 26.e)

Module	Quiz	26.6

1. B The coupon rate is given as 4%. The following table shows the results:

VND is calculated using the benchmark par rate. For example, VND for 5-year bond:
N = 5, FV = 100, PMT = 4, I/Y = 1.75, CPT PV = 110.68
value (risky) = VND – CVA

Yield (risky) is computed using the value of risky bond as its price.



Yield (risky) for 3-year bond: N = 3, PV = –105.93, PMT = 4, FV = 100, CPT I/Y =
1.95%
credit spread = yield (risky) – par rate

Credit spreads appear to decline with maturity, resul�ng in a downward sloping
credit spread curve. (LOS 26.f)

2. A Credit spreads are posi�vely related to probability of default and loss severity. Loss
severity = 1 – recovery rate. (LOS 26.g)

3. B The highest rated bond sectors tend to have a flat or slightly upward sloping credit
spread curve. (LOS 26.g)

4. C When expecta�ons about probabili�es of default and recovery rates are stable, credit
spread curves tend to be flat. (LOS 26.g)

5. C The shape of the credit spread curve is determined by sector quality, market demand
and supply forces, company-value models, and financial condi�ons in the economy.
(LOS 26.g)

Module	Quiz	26.7

1. A Short-term granular and homogenous structured finance vehicles are evaluated using
a sta�s�cal-based approach. (LOS 26.h)

2. B Medium-term granular and homogenous obliga�ons are evaluated using a por�olio-
based approach because the por�olio composi�on varies over �me. (LOS 26.h)

3. C A�er origina�on, investors in a secured debt face opera�onal and counterparty risk of
the servicer. (LOS 26.h)

4. C Covered bonds are senior, secured bonds issued by a financial ins�tu�on. Covered
bonds are backed by a collateral pool as well as by the issuer (i.e., covered bond
investors have recourse rights). (LOS 26.h)
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READING	27

CREDIT	DEFAULT	SWAPS

EXAM	FOCUS
A credit default swap (CDS) is a contract between two par�es in which one party purchases
protec�on from another party against losses from the default of a borrower. For the exam,
you should be able to describe CDS, as well as related securi�es like index CDS. You should
know what a credit event is and how the different protocols for se�lement work. You
should be familiar with the principles and factors that drive market pricing of CDS. Be able
to describe how CDS are used to manage credit exposure, and how they can be used to
profit from an�cipated changes in the credit curve. You should understand how CDS are
used for arbitrage to take advantage of rela�ve mispricings of different risky securi�es.

MODULE	27.1:	CDS	FEATURES	AND	TERMS

Credit	Default	Swaps
A credit default swap (CDS) is essen�ally an insurance contract. If a credit
event occurs, the credit protec�on buyer gets compensated by the credit protec�on seller.
To obtain this coverage, the protec�on buyer pays the seller a premium called the CDS
spread. The protec�on seller is assuming (i.e., long) credit risk, while the protec�on buyer
is short credit risk. Note that the CDS does not provide protec�on against market-wide
interest rate risk, only against credit risk. The contract is wri�en on a face value of
protec�on called the no�onal principal (or “no�onal”).

PROFESSOR’S	NOTE
The terminology related to CDS is counterintui�ve: the protec�on buyer is the
short party (short the credit risk of the reference asset), while the seller is the
long party (long the credit risk of the reference asset).

Even though the CDS spread should be based on the underlying credit risk of the reference
obliga�on, standardiza�on in the market has led to a fixed coupon on CDS products: 1% for
investment-grade securi�es and 5% for high-yield securi�es. Hence, the coupon rate on the
CDS and the actual credit spread may be different. The present value of the difference
between the standardized coupon rate and the credit spread on the reference obliga�on is
paid upfront by one of the par�es to the contract. For example, a CDS on an investment-
grade bond with a credit spread of 75 basis points (bps) would require a premium payment
of 100bps (CDS coupon rate) by the protec�on buyer. To compensate the protec�on buyer
(who pays a higher-than-market premium), the protec�on seller would then pay upfront to
the buyer the present value of 25bps of the no�onal principal.



For a protec�on buyer, a CDS has some of the characteris�cs of a put op�on—when the
underlying performs poorly, the holder of the put op�on has a right to exercise the op�on.

The Interna�onal Swaps and Deriva�ves Associa�on (ISDA), the unofficial governing body
of the industry, publishes standardized contract terms and conven�ons in the ISDA Master
Agreement to facilitate smooth func�oning of the CDS market.

LOS 27.a: Describe credit default swaps (CDS), single-name and index CDS,
and the parameters that define a given CDS product.

Single-Name	CDS
In the case of a single-name CDS, the reference obliga�on is the fixed-income security on
which the swap is wri�en, usually a senior unsecured obliga�on (in the case of a senior
CDS). The issuer of the reference obliga�on is called the reference en�ty. The CDS pays off
not only when the reference en�ty defaults on the reference obliga�on but also when the
reference en�ty defaults on any other issue that is ranked pari passu (i.e., same rank) or
higher. The CDS payoff is based on the market value of the cheapest-to-deliver (CTD) bond
that has the same seniority as the reference obliga�on.

PROFESSOR’S	NOTE
The cheapest-to-deliver bond is the debt instrument with the same seniority as
the reference obliga�on but that can be purchased and delivered at the lowest
cost.

EXAMPLE: Cheapest-to-deliver

Party X is a protec�on buyer in a $10 million no�onal principal senior CDS of Alpha, Inc.
There is a credit event (i.e., Alpha defaults) and the market prices of Alpha’s bonds a�er
the credit event are as follows:

Bond P, a subordinated unsecured debenture, is trading at 15% of par.
Bond Q, a five-year senior unsecured debenture, is trading at 25% of par.
Bond R, a three-year senior unsecured debenture, is trading at 30% of par.

What will be the payoff on the CDS?

Answer:

The cheapest-to-deliver senior unsecured debenture (i.e., same seniority as the senior
CDS) is bond Q. The payoff will be the difference between the no�onal principal and
market value of the CTD.



Index	CDS
An index CDS covers mul�ple issuers, allowing market par�cipants to take on an exposure
to the credit risk of several companies simultaneously in the same way that stock indexes
allow investors to take on an equity exposure to several companies at once. In this case,
the protec�on for each issuer is equal (i.e., equally weighted) and the total no�onal
principal is the sum of the protec�on on all the issuers.

EXAMPLE: Index CDS

Party X is a protec�on buyer in a five-year, $100 million no�onal principal CDS for CDX-
IG, which contains 125 en��es. One of the index cons�tuents, company A, defaults and
its bonds trade at 30% of par a�er default.

1. What will be the payoff on the CDS?
2. What will be the no�onal principal of the CDS a�er default?

Answer:
1. The no�onal principal a�ributable to en�ty A is $100 million / 125 = $0.8 million.

Party X should receive payment of $0.8 million – (0.3)($0.8 million) = $560,000.
2. Post the default event, the remainder of the CDS con�nues with a no�onal principal of

$99.2 million.

The pricing of an index CDS is dependent on the correla�on of default (credit correla�on)
among the en��es in the index. The higher the correla�on of default among index
cons�tuents, the higher the spread on the index CDS.

LOS 27.b: Describe credit events and se�lement protocols with respect to
CDS.

A default is defined as the occurrence of a credit event. Common types of credit events
specified in CDS agreements include bankruptcy, failure to pay, and restructuring.

Bankruptcy. A bankruptcy protec�on filing allows the defaul�ng party to work with
creditors under the supervision of the court so as to avoid full liquida�on.
Failure to pay. Occurs when the issuer misses a scheduled coupon or principal payment
without filing for formal bankruptcy.
Restructuring. Occurs when the issuer forces its creditors to accept terms that are
different than those specified in the original issue. Restructuring is less common in the
United States as issuers prefer to go the bankruptcy protec�on route.

A 15-member group of the ISDA called the Determina�ons Commi�ee (DC) declares when
a credit event has occurred. A supermajority vote (at least 12 members) is required for a
credit event to be declared.

When there is a credit event, the swap will be se�led in cash or by physical delivery. With
physical delivery, the protec�on seller receives the reference obliga�on (i.e., the bond or
loan) and pays the protec�on buyer the no�onal amount, as shown in Figure 27.1.
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Figure	27.1:	Physical	Settlement	on	Credit	Default	Swap	After	a	Credit	Event

In the case of a cash se�lement, the payout amount is the payout ra�o �mes the no�onal
principal. The payout ra�o depends on the recovery rate (i.e., the propor�on of par that
the bond trades at a�er default) as shown in Figure 27.2.

Figure	27.2:	Cash	Settlement	on	Credit	Default	Swap	After	a	Credit	Event

MODULE	27.2:	FACTORS	AFFECTING	CDS	PRICING

LOS 27.c: Explain the principles underlying and factors that influence the
market’s pricing of CDS.

The factors that influence the pricing of CDS (i.e., CDS spread) include the probability of
default, the loss given default, and the coupon rate on the swap. The CDS spread is higher
for higher probability of default and for higher loss given default. For this discussion, we
will focus on single-name CDS. However, the principles apply to index CDS as well.

Earlier, we showed the calcula�on of CVA, which is the present value of expected loss. CVA,
therefore, would be the best es�mate of the value of the hedging instrument to cover the
risk of the protec�on seller.

Probability of default (POD) is the likelihood of default by the reference en�ty in a given
year. However, because the CDS typically covers a mul�-year horizon, the probability of
default is not constant; the probability of default usually increases over �me. Hence, the
probability of default in any given year assumes that no default has occurred in the
preceding years. We call the probability of default given that it has not already occurred
the condi�onal probability of default or hazard rate. The credit risk of a reference
obliga�on and hence the cost of protec�on is propor�onal to the hazard rate. The POD in
any year is equal to the probability of survival at the end of the prior year mul�plied by the
hazard rate of that year.

EXAMPLE: Hazard rate

Consider a five-year senior CDS on Xeon Corp. Xeon’s hazard rate is 2% and increases by
1% per year.



Compute the survival rate in five years.

Answer:

The hazard rates for the five years are: 2%, 3%, 4%, 5%, and 6%.

For a single-period CDS, ignoring the �me value of money, we can es�mate the CDS
premium as:

For example, if the recovery rate is 50% and POD is 3%, CDS spread = 0.5 × 0.03 = 0.015 or
150 bps.

The cash payments made by the protec�on buyer on the CDS (i.e., the coupon payments)
cease when there is a default (i.e., when the CDS terminates). Hence, the expected value of
the coupon payments also depends on the hazard rate.

The payments made by the protec�on buyer to the seller are the premium leg. On the
other side of the contract, the protec�on seller must make a payment to the protec�on
buyer in case of a default; these con�ngent payments make up the protec�on leg.

The difference between the present value of the premium leg and the present value of the
protec�on leg determines the upfront payment.

We can approximate the upfront premium as the difference between the CDS spread and
the CDS coupon rate, mul�plied by the dura�on of the CDS. Again, the CDS spread is the
compensa�on for bearing the credit risk of the reference obliga�on.

PROFESSOR’S	NOTE
Be careful here! The formula uses dura�on of the CDS and not the dura�on of
the reference obliga�on.

upfront premium % ≈ (CDS spread – CDS coupon) × dura�on

which means that:

We can also quote the CDS price as:

EXAMPLE: Upfront premium and price of CDS

Aki Mutaro, bond por�olio manager for a regional bank, is considering buying protec�on
on one of the bank’s high-yield holdings: Alpha, Inc., bonds. Ten-year CDS on Alpha
bonds have a coupon rate of 5% while the 10-year Alpha CDS spread is 3.5%. The
dura�on of the CDS is 7.
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Calculate the approximate upfront premium and price of a 10-year Alpha Inc., CDS.

Answer:

Hence, the protec�on seller would pay (approximately) 10.5% of the no�onal to the
protec�on buyer upfront because the CDS coupon is higher than the credit spread.

Valuation	After	Inception	of	CDS
At incep�on of a CDS, the CDS spread (and the upfront premium) is computed based on
the credit quality of the reference en�ty. A�er incep�on, the credit quality of the reference
en�ty (or the credit risk premium in the overall market) may change. This will lead to the
underlying CDS having a nonzero value. For example, if the credit spread declines, the
protec�on seller, having locked in a higher credit spread at ini�a�on, would gain.

The change in value of a CDS a�er incep�on can be approximated by the change in spread
mul�plied by the dura�on of the CDS:

or

Note that the protec�on buyer is short credit risk and hence benefits (i.e., profit is posi�ve)
when credit spreads widen.

The protec�on buyer (or seller) can unwind an exis�ng CDS exposure (prior to expira�on or
default) by entering into an offse�ng transac�on. For example, a protec�on buyer can
remove his exposure to the CDS by selling protec�on with the same terms as the original
CDS and maturity equal to the remaining maturity on the exis�ng CDS. The difference
between the upfront premium paid and received should be (approximately) equal to the
profit for the protec�on buyer. This process of capturing value from an in-the-money CDS
exposure is called mone�zing the gain.

MODULE	27.3:	CDS	USAGE

LOS 27.d: Describe the use of CDS to manage credit exposures and to
express views regarding changes in the shape and/or level of the credit
curve.

Credit	Curve
The credit curve is the rela�onship between credit spreads for different bonds issued by an
en�ty, and the bonds’ maturi�es. The credit curve is similar to the term structure of
interest rates. If the longer maturity bonds have a higher credit spread compared to



shorter maturity bonds, the credit curve will be upward sloping. However, if the hazard rate
is constant, the credit curve will be flat.

CDS can be used to manage credit exposures of a bond por�olio. For example, in
an�cipa�on of declining (increasing) credit spreads, a por�olio manager may increase
(decrease) credit exposure in the por�olio by being a protec�on seller (buyer).

In a naked CDS, an investor with no underlying exposure purchases (or sells)protec�on in
the CDS market. In a long/short trade, an investor purchases protec�on on one reference
en�ty while simultaneously selling protec�on on another (o�en related) reference en�ty.
The investor is be�ng that the difference in credit spreads between the two reference
en��es will change to the investor’s advantage. This is similar to going long (protec�on
seller exposure) in one reference en�ty bond and simultaneously going short (protec�on
buyer exposure) in the other reference en�ty bond.

A curve trade is a type of long/short trade where the investor is buying and selling
protec�on on the same reference en�ty but with a different maturity. If the investor
expects that an upward-sloping credit curve on a specific corporate issuer will fla�en, she
may take the posi�on of protec�on buyer in a short maturity CDS and the posi�on of
protec�on seller in a long maturity CDS.

An investor concerned about the credit risk of an issuer in the near term while being more
confident of the long-term prospects of the issuer might buy protec�on in the short-term
CDS and offset the premium cost by selling protec�on in the long-term CDS. An investor
who believes that the short-term outlook for the reference en�ty is be�er than the long-
term outlook can use a curve-steepening trade; buying protec�on in a long-term CDS and
selling protec�on in a short-term CDS. The investor will profit if the credit curve steepens;
that is, if long-term credit risk increases rela�ve to short-term credit risk. Conversely, an
investor who is bearish about the reference en�ty’s prospects in the short term will enter
into a curve-fla�ening trade.

LOS 27.e: Describe the use of CDS to take advantage of valua�on dispari�es
among separate markets, such as bonds, loans, equi�es, and equity-linked
instruments.

Uses	of	CDS
Earning arbitrage profits is another mo�va�on for trading in the CDS market. Differences in
pricing between asset and deriva�ve markets, or differences in pricing of different products
in the market, may offer poten�al arbitrage profits.

A basis trade is an a�empt to exploit the difference in credit spreads between bond
markets and the CDS market. Basis trades rely on the idea that such mispricing will be
temporary and that disparity should eventually disappear a�er it is recognized. For
example, if a specific bond is trading at a credit spread of 4% over MRR in the bond market
but the CDS spread on the same bond is 3%, a trader can profit by buying the bond and
taking the protec�on buyer posi�on in the CDS market. If the expected convergence
occurs, the trader will make a profit.



Another arbitrage transac�on involves buying and selling debt instruments issued by the
same en�ty based on which instruments the CDS market suggests to be undervalued or
overvalued.

In a leveraged buyout (LBO), the firm will issue a great amount of debt in order to
repurchase all of the company’s publicly traded equity. This addi�onal debt will increase
the CDS spread because default is now more likely. An investor who an�cipates an LBO
might purchase both the stock and CDS protec�on, both of which will increase in value
when the LBO eventually occurs.

In the case of an index CDS, the value of the index should be equal to the sum of the values
of the index components. An arbitrage transac�on is possible if the credit risk of the index
cons�tuents is priced differently than the index CDS spread.

Collateralized debt obliga�ons (CDO) are claims against a por�olio of debt securi�es. A
synthe�c CDO has similar credit risk exposure to that of a cash CDO but is assembled using
CDS rather than debt securi�es. If the synthe�c CDO can be created at a cost lower than
that of the cash CDO, investors can buy the synthe�c CDO and sell the cash CDO, engaging
in a profitable arbitrage.

MODULE	QUIZ	27.1,	27.2,	27.3

Use	the	following	information	to	answer	Questions	1	through	6.

Jamshed Banaji, CFA, manages a $400 million bond portfolio for a large public pension fund.
Banaji is concerned about volatility in the credit markets and expects credit spreads to widen in
the short-term but revert back to current levels over the long-term.

Banaji has �lagged two of his holdings for further scrutiny: IDG Corp. and Zeta Corp.

The portfolio currently has $10 million par value of 6% 10-year senior unsecured IDG Corp.
bonds. Because he is concerned about IDG’s credit risk, Banaji enters into a credit default swap
as a protection buyer. Banaji selects a �ive-year senior CDS for IDG with a coupon rate of 5% and
a duration of 4. IDG bonds have a yield-to-maturity of 6.5%. The MRR yield curve is �lat at 2%.

Banaji is also concerned about the Zeta Corp. bonds that he holds. Zeta’s management is
planning to pursue a recapitalization plan that involves a large stock buyback program �inanced
by new debt.

1. The most appropriate strategy for Banaji, given his expectation about changing credit
spreads, is a:

A. credit curve trade; selling protection in the short-term and purchasing protection in the
long-term.

B. credit curve trade; buying protection in the short-term and selling protection in the long-
term.

C. CDS trade; buying protection in the short-term only.
2. At inception of the CDS for IDG bonds, Banaji is most	likely to:

A. receive a premium of $200,000.
B. pay a premium of $300,000.
C. receive a premium of $400,000.

3. For this question only, suppose that six months after the inception of the swap, IDG declares
bankruptcy. Figure 1 shows the market prices of IDG bonds after the company �iles for



bankruptcy.
Exhibit	1:	Market	Price	of	IDG	Bonds	Post	Bankruptcy	Filing

If Banaji has a choice of settlement procedure, he is most	likely to choose:

A. physical settlement.
B. cash settlement and the payoff would be $6 million.
C. cash settlement and the payoff would be $7 million.

4. Which of the following statements about hazard rate is most accurate? Hazard rate:
A. is the probability of default given that default has already occurred in a previous period.
B. affects both the premium leg as well as the protection leg in a CDS.
C. is higher for higher loss given default.

5. The most	appropriate strategy for Banaji to follow in regard to Zeta Corp. would be to buy Zeta
Corp.:

A. stock and buy CDS protection on Zeta Corp. bonds.
B. bonds and sell CDS protection on Zeta Corp. bonds.
C. stock and sell CDS protection on Zeta Corp. bonds.

6. The statement “credit spreads are positively related to loss given default and to hazard rate”
is:

A. correct.
B. correct regarding loss given default but incorrect regarding hazard rate.
C. correct regarding hazard rate but incorrect regarding loss given default.

KEY	CONCEPTS

LOS	27.a

A credit default swap (CDS) is essen�ally an insurance contract wherein upon occurrence of
a credit event, the credit protec�on buyer gets compensated by the credit protec�on seller.
To obtain this coverage, the protec�on buyer pays the seller a premium called the CDS
spread. In the case of a single-name CDS, the reference obliga�on is the fixed income
security on which the swap is wri�en. An index CDS covers an equally-weighted
combina�on of borrowers.

LOS	27.b

A default is defined as occurrence of a credit event. Common types of credit events
specified in CDS agreements include bankruptcy, failure to pay, and restructuring.

When there is a credit event, the swap will be se�led in cash or by physical delivery.

LOS	27.c

The factors that influence the pricing of CDS (i.e., CDS spread) include the probability of
default, the loss given default, and the coupon rate on the swap. The CDS spread is higher
for a higher probability of default and for a higher loss given default. The condi�onal



probability of default (i.e., the probability of default given that default has not already
occurred) is called the hazard rate.

The upfront premium on a CDS can be computed as:

Or approximately:

The change in value for a CDS a�er incep�on can be approximated by the change in spread
mul�plied by the dura�on of the CDS.

LOS	27.d

In a naked CDS, an investor with no exposure to the underlying purchases protec�on in the
CDS market.

In a long/short trade, an investor purchases protec�on on one reference en�ty while
selling protec�on on another reference en�ty.

A curve trade is a type of long/short trade where the investor is buying and selling
protec�on on the same reference en�ty but with different maturi�es. An investor who
believes the short-term outlook for the reference en�ty is be�er than the long-term
outlook can use a curve-steepening trade (buying protec�on in a long-term CDS and selling
protec�on in a short-term CDS) to profit if the credit curve steepens. Conversely, an
investor who is bearish about the reference en�ty’s prospects in the short term will enter
into a curve-fla�ening trade.

LOS	27.e

A basis trade is an a�empt to exploit the difference in credit spreads between bond
markets and the CDS market. Basis trades rely on the idea that such mispricings will be
temporary and that disparity should eventually disappear a�er it is recognized.

If a synthe�c CDO can be created at a cost lower than that of the equivalent cash CDO,
investors can buy the synthe�c CDO and sell the cash CDO, producing a profitable
arbitrage.

ANSWER	KEY	FOR	MODULE	QUIZZES

Module	Quiz	27.1,	27.2,	27.3

1. B Banaji expects credit spreads to widen in the short-term; therefore, the appropriate
strategy is to buy short-term CDS protec�on. Similarly, long-term credit spreads are
expected to revert back to current levels (narrow) and hence Banaji can sell
protec�on in the long-term CDS. Buying protec�on only would cost more money (the
protec�on buyer premium is not offset by premium income from selling protec�on)



and does not use Banaji’s en�re informa�on set and, therefore, is not most
appropriate. (Module 27.2, LOS 27.c)

2. A credit spread on IDG bonds = yield – MRR = 6.5% – 2% = 4.5%

upfront premium (paid by protec�on buyer) ≈ (CDS spread – CDS coupon) ×
dura�on × no�onal principal
= (0.045 – 0.05) × 4 × $10 million = –$200,000
Because the computed value is nega�ve, $200,000 would be received by Banaji as
the protec�on buyer. (Module 27.2, LOS 27.c)

1. B The CDS in the ques�on is a senior CDS, hence the reference obliga�on is a senior
unsecured bond. The payoff on the CDS is based on the CTD with same seniority as
reference obliga�on. From the three choices given, the five-year 5% senior
unsecured is the cheapest to deliver. Hence, the payoff will be no�onal principal –
market value of the CTD = $10 million – $4 million = $6 million.

Note that physical se�lement would not be advantageous to Banaji; Figure 1
indicates that the IDG bonds that Banaji is currently holding have a market value of
$4.5 million, so the implied payoff of physically delivering these bonds in exchange
for $10 million would be only $5.5 million ($10 million – $4.5 million). (Module
27.2, LOS 27.c)

1. B Hazard rate is the condi�onal probability of default given that default has not
occurred in previous periods. The hazard rate affects the protec�on leg: the higher
the hazard rate, the higher the expected value of payoffs made by the protec�on
seller upon default. Hazard rate also affects the premium leg because once default
occurs, the CDS ceases to exist and premium income would also cease. Loss given
default depends on the recovery rate and not on hazard rate (probability of default).
(Module 27.2, LOS 27.c)

2. A Due to leveraged recapitaliza�on of Zeta Corp., it can be expected that the credit
spread on Zeta bonds would widen leading to increased value for CDS protec�on
buyer. Addi�onally, the increase in stock buyback would be expected to increase the
value of Zeta stock. Banaji should purchase both the stock and CDS protec�on, both
of which will increase in value when the LBO occurs. (Module 27.3, LOS 27.d)

3. A Credit spreads are posi�vely related to hazard rates and loss given default, and
nega�vely related to recovery rates. (Module 27.3, LOS 27.d)



Topic Quiz: Fixed Income
You have now finished the Fixed Income topic sec�on. Please log into your Schweser online
dashboard and take the Topic Quiz on this sec�on. The Topic Quiz provides immediate
feedback on how effec�ve your study has been for this material. Ques�ons are more exam-
like than typical Module Quiz or QBank ques�ons; a score of less than 70% indicates that
your study likely needs improvement. These tests are best taken �med; allow three minutes
per ques�on.
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READING	28

PRICING	AND	VALUATION	OF	FORWARD
COMMITMENTS

EXAM	FOCUS
This topic review covers the calcula�on of price and value for forward and future contracts,
specifically equity forward contracts, bond forward contracts, and forward (interest) rate
agreements. This topic review also covers pricing and valua�on of different swaps,
including interest rate swaps, equity swaps, and currency swaps. Be able to structure
profitable arbitrage transac�ons should the forward price differs from the no-arbitrage
price. There are many formulas in this reading. However, once you realize the fundamental
principles of no-arbitrage pricing, the formulas will start becoming somewhat less
in�mida�ng. There is a lot of testable material from this seven-LOS reading!

MODULE	28.1:	PRICING	AND	VALUATION	CONCEPTS

Warm-Up:	Forward	Contracts
The party to the forward contract that agrees to buy the financial or
physical asset has a long forward posi�on and is called the long. The party to the forward
contract that agrees to sell/deliver the asset has a short forward posi�on and is called the
short.

We will illustrate the basic forward contract mechanics through an example based on the
purchase and sale of a Treasury bill. Note that while forward contracts on T-bills are usually
quoted in terms of a discount percentage from face value, we use dollar prices here to
make the example easy to follow.

Consider a contract under which Party A agrees to buy a $1,000 face value 90-day Treasury
bill from Party B 30 days from now at a price of $990. Party A is the long and Party B is the
short. Both par�es have removed uncertainty about the price they will pay or receive for
the T-bill at the future date. If 30 days from now T-bills are trading at $992, the short must
deliver the T-bill to the long in exchange for a $990 payment. If T-bills are trading at $988
on the future date, the long must purchase the T-bill from the short for $990, the contract
price.

Typically, no money changes hands at the incep�on of the contract, unlike futures contracts
in which each party posts an ini�al deposit called the margin as a guarantee of
performance.



At any point in �me, including the se�lement date, the party to the forward contract with
the nega�ve value will owe money to the other side. The other side of the contract will
have a posi�ve value of equal amount. Following this example, if the T-bill price is $992 at
the (future) se�lement date, and the short does not deliver the T-bill for $990 as promised,
the short has defaulted.

Forward	Contract	Price	Determination

The	No-Arbitrage	Principle
The price of a forward contract is not the price to purchase the contract; in fact, the par�es
to a forward contract typically pay nothing to enter into the contract at its incep�on. Here,
price refers to the forward price of the underlying. This price may be a U.S. dollar or euro
price, but it is o�en expressed as an interest rate or currency exchange rate. For T-bills, the
price will be expressed as an annualized percentage discount from face value; for coupon
bonds, it will usually be expressed as a yield to maturity; for the implicit loan in a forward
rate agreement (FRA), it will be expressed as an annualized MRR; and for a currency
forward, it is expressed as an exchange rate between the two currencies involved. However
it is expressed, this rate, yield, discount, or dollar amount is the forward price in the
contract.

The price that we wish to determine is the forward price that makes the values of both the
long and the short posi�ons zero at contract ini�a�on. We will use the no-arbitrage
principle: there should be no riskless profit to be gained by a combina�on of a forward
contract posi�on with posi�ons in other assets. This principle assumes that (1) transac�ons
costs are zero, (2) there are no restric�ons on short sales or on the use of short sale
proceeds, and (3) both borrowing and lending can be done in unlimited amounts at the
risk-free rate of interest. This concept is so important that we’ll express it in a formula:

forward price = price that prevents profitable riskless arbitrage in fric�onless markets

PROFESSOR’S	NOTE
We cover the first two LOS out of curriculum order for ease of exposi�on.

LOS 28.b: Describe the carry arbitrage model without underlying cashflows and with
underlying cashflows.

A	Simple	Version	of	the	Cost-of-Carry	Model
In order to explain the no-arbitrage condi�on as it applies to the determina�on of forward
prices, we will first consider a forward contract on an asset that costs nothing to store and
makes no payments to its owner over the life of the forward contract. A zero-coupon (pure
discount) bond meets these criteria. Unlike gold or wheat, it has no storage costs; unlike
stocks, there are no dividend payments to consider; and unlike coupon bonds, it makes no
periodic interest payments.

The general form for the calcula�on of the forward contract price can be stated as follows:



EXAMPLE: Calcula�ng the no-arbitrage forward price

Consider a 3-month forward contract on a zero-coupon bond with a face value of $1,000
that is currently quoted at $500, and suppose that the annual risk-free rate is 6%.
Determine the price of the forward contract under the no-arbitrage principle.

Answer:

Now, let’s explore in more detail why $507.34 is the no-arbitrage price of the forward
contract.

Cash	and	Carry	Arbitrage	When	the	Forward	Contract	Is	Overpriced
Suppose the forward contract is actually trading at $510 rather than the no-arbitrage price
of $507.34. A short posi�on in the forward contract requires the delivery of this bond three
months from now. The arbitrage that we examine in this case amounts to borrowing $500
at the risk-free rate of 6%, buying the bond for $500, and simultaneously taking the short
posi�on in the forward contract on the zero-coupon bond so that we are obligated to
deliver the bond at the expira�on of the contract for the forward price of $510.

At the se�lement date, we can sa�sfy our obliga�on under the terms of the forward
contract by delivering the zero-coupon bond for a payment of $510, regardless of its
market value at that �me. We will use the $510 payment we receive at se�lement from the
forward contract (the forward contract price) to repay the $500 loan. The total amount to
repay the loan, since the term of the loan is three months, is:

loan repayment = $500 × (1.06)0.25 = $507.34

The payment of $510 we receive when we deliver the bond at the forward price is greater
than our loan payoff of $507.34, and we will have earned an arbitrage profit of $510 –
$507.34 = $2.66. No�ce that this is equal to the difference between the actual forward
price and the no-arbitrage forward price. The transac�ons are illustrated in Figure 28.1.



Figure	28.1:	Cash	and	Carry	Arbitrage	When	Forward	Is	Overpriced

PROFESSOR’S	NOTE
Here’s a couple hints to help you remember which transac�ons to undertake
for cash and carry arbitrage: (1) always start with nothing (no cash, no
securi�es), (2) buy underpriced assets and sell overpriced assets (“buy low, sell
high”), and (3) take opposite posi�ons in the spot and forward markets.

So, if the futures contract is overpriced, you want to take a short posi�on in
those futures (which obligates you to sell at a fixed price). Because you go short
in the forward market, you take the opposite posi�on in the spot market and
buy the asset. You need money to buy the asset, so you have to borrow.
Therefore, to set up a cash and carry arbitrage:

forward overpriced:

So far, the underlying instrument was a zero-coupon bond, and hence had no associated
cash flows during the forward contract period. If the holder of the underlying receives cash
flows (as coupon or dividends), the present value of those cash flows will be subtracted
from the spot price of the underlying. We will see this later in this reading.

Reverse	Cash	and	Carry	Arbitrage	When	the	Forward	Contract	Is	Underpriced
Suppose the forward contract is actually trading at $502 instead of the no-arbitrage price
of $507.34. We reverse the arbitrage trades from the previous case and generate an
arbitrage profit as follows: We sell the bond short today for $500 and simultaneously take
the long posi�on in the forward contract, which obligates us to purchase the bond in 90
days at the forward price of $502. We invest the $500 proceeds from the short sale at the
6% annual rate for three months.

In this case, at the se�lement date, we receive the investment proceeds of $507.34, accept
delivery of the bond in return for a payment of $502, and close out our short posi�on by
delivering the bond we just purchased at the forward price.

The payment of $502 we make as the long posi�on in the contract is less than the
investment proceeds of $507.34, and we have earned an arbitrage profit of $507.34 – $502
= $5.34. The transac�ons are illustrated in Figure 28.2.
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Figure	28.2:	Reverse	Cash	and	Carry	Arbitrage	When	Forward	Is	Underpriced

In this case, because the forward contract is underpriced, the trades are reversed from
cash and carry arbitrage. To set up the reverse cash-and-carry arbitrage:

forward underpriced:

From the calcula�ons just listed, we can see that the no-arbitrage forward price that yields
a zero value for both the long and short posi�ons in the forward contract at incep�on is the
no-arbitrage price of $507.34.

PROFESSOR’S	NOTE
Day count and compounding conven�ons vary among different financial
instruments. There are three varia�ons used in the CFA curriculum:

All MRR-based contracts such as FRAs, swaps, caps, floors, etc.:
–  360 days per year and simple interest
–  Mul�ply “r” by days/360

Equi�es, bonds, and stock op�ons:
–  365 days per year and periodic compound interest
–  Raise (1 + r) to an exponent of days/365

Equity indexes:
–  365 days per year and con�nuous compounding
–  Raise Euler’s number “e” to an exponent of “r” �mes days/365

MODULE	28.2:	PRICING	AND	VALUATION	OF	EQUITY
FORWARDS

LOS 28.a: Describe how equity forwards and futures are priced, and calculate and
interpret their no-arbitrage value.

Equity	Forward	Contracts	With	Discrete	Dividends
Recall that the no-arbitrage forward price in our earlier example was calculated for an asset
with no periodic payments. A stock, a stock por�olio, or an equity index may have expected



dividend payments over the life of the contract. In order to price such a contract, we must
either adjust the spot price for the present value of the expected dividends (PVD) over the
life of the contract, or adjust the forward price for the future value of the dividends (FVD)
over the life of the contract. The no-arbitrage price of an equity forward contract in either
case is:

For equity contracts, use a 365-day basis for calcula�ng T. For example, if it is a 60-day
contract, T = 60 / 365.

EXAMPLE: Calcula�ng the price of a forward contract on a stock

Calculate the no-arbitrage forward price for a 100-day forward on a stock that is
currently priced at $30.00 and is expected to pay a dividend of $0.40 in 15 days, $0.40 in
85 days, and $0.50 in 175 days. The annual risk-free rate is 5%, and the yield curve is flat.

Answer:

Ignore the dividend in 175 days because it occurs a�er the maturity of the forward
contract.

The �meline of cash flows is shown in the following figure.

Pricing a 100-Day Forward Contract on Dividend-Paying Stock

To calculate the value of the long posi�on in a forward contract on a dividend-paying
stock, we make the adjustment for the present value of the remaining expected discrete
dividends at �me t (PVDt) to get:

PROFESSOR’S	NOTE
This formula s�ll looks like the standard spot price minus present value of
forward price. However, now the “spot price” has been adjusted by subtrac�ng
out the present value of the dividends because the long posi�on in the forward



contract does not receive the dividends paid on the underlying stock. So, now
think adjusted spot price less present value of forward price.

If given the current forward price (FPt) on the same underlying and with the same
maturity:

EXAMPLE: Calcula�ng the value of an equity forward contract on a stock

A�er 60 days, the value of the stock in the previous example is $36.00. Calculate the
value of the equity forward contract on the stock to the long posi�on, assuming the risk-
free rate is s�ll 5% and the yield curve is flat.

Answer:

There’s only one dividend remaining (in 25 days) before the contract matures (in 40
days) as shown here, so:

Valuing a 100-Day Forward Contract A�er 60 Days

Equity	Forward	Contracts	With	Continuous	Dividends
To calculate the price of an equity index forward contract, rather than take the present
value of each dividend on (possibly) hundreds of stocks, we can make the calcula�on as if
the dividends are paid con�nuously (rather than at discrete �mes) at the dividend yield
rate on the index. Using con�nuous �me discoun�ng, we can calculate the no-arbitrage
forward price as:



PROFESSOR’S	NOTE
The rela�onship between the periodically compounded risk-free rate Rf and the
con�nuously compounded rate  is  For example, 5%
compounded annually is equal to ln(1.05) = 0.04879 = 4.879% compounded
con�nuously. The 2-year 5% future value factor can then be calculated as either
1.052 = 1.1025 or e0.04879×2 = 1.1025.

EXAMPLE: Calcula�ng the price of a forward contract on an equity index

The value of the S&P 500 Index is 1,140. The con�nuously compounded risk-free rate is
4.6% and the con�nuous dividend yield is 2.1%. Calculate the no-arbitrage price of a
140-day forward contract on the index.

Answer:

On a TI BA II PLUS calculator, use the following keystrokes:

MODULE	QUIZ	28.1,	28.2

1. A stock is currently priced at $30 and is expected to pay a dividend of $0.30 20 days and 65
days from now. The contract price for a 60-day forward contract when the interest rate is 5%
is closest to:

A. $29.46.
B. $29.70.
C. $29.94.

2. After 37 days, the stock in Question 1 is priced at $21, and the risk-free rate is still 5%. The
value of the forward contract on the stock to the short position is:

A. –$8.85.
B. +$8.85.
C. +$9.00.

3. The forward price of a 200-day stock index futures contract when the spot index is 540, the
continuous dividend yield is 1.8%, and the continuously compounded risk-free rate is 7%
(with a �lat yield curve) is closest to:

A. 545.72.
B. 555.61.
C. 568.08.

4. An analyst who mistakenly ignores the dividends when valuing a short position in a forward
contract on a stock that pays dividends will most	likely:

A. overvalue the position by the present value of the dividends.
B. undervalue the position by the present value of the dividends.
C. overvalue the position by the future value of the dividends.

5. A portfolio manager owns Macrogrow, Inc., which is currently trading at $35 per share. She
plans to sell the stock in 120 days, but is concerned about a possible price decline. She
decides to take a short position in a 120-day forward contract on the stock. The stock will
pay a $0.50 per share dividend in 35 days and $0.50 again in 125 days. The risk-free rate is
4%. The value of the trader’s position in the forward contract in 45 days, assuming in 45 days
the stock price is $27.50 and the risk-free rate has not changed, is closest to:
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A. $7.17.
B. $7.50.
C. $7.92.

MODULE	28.3:	PRICING	AND	VALUATION	OF	FIXED
INCOME	FORWARDS

LOS 28.d: Describe how fixed-income forwards and futures are priced, and calculate and
interpret their no-arbitrage value.

Forwards	and	Futures	on	Fixed	Income	Securities
In order to calculate the no-arbitrage forward price on a coupon-paying bond, we can use
the same formula as we used for a dividend-paying stock or por�olio, simply subs�tu�ng
the present value of the expected coupon payments (PVC) over the life of the contract for
PVD, or the future value of the coupon payments (FVC) for FVD, to get the following
formulas:

The value of the forward contract prior to expira�on is as follows:

If given the current forward price (FPt) on the same underlying and with the same
maturity:

In our examples, we assume that the spot price of the underlying coupon-paying bond
includes accrued interest. For fixed income contracts, use a 365-day basis to calculate T if
the contract maturity is given in days.

EXAMPLE: Calcula�ng the price of a forward on a fixed income security

Calculate the price of a 250-day forward contract on a 7% U.S. Treasury bond with a spot
price of $1,050 (including accrued interest) that has just paid a coupon and will make
another coupon payment in 182 days. The annual risk-free rate is 6%.

Answer:

Remember that U.S. Treasury bonds make semiannual coupon payments, so:



The forward price of the contract is therefore:

EXAMPLE: Calcula�ng the value of a forward on a fixed income security

A�er 100 days, the value of the bond in the previous example is $1,090. Calculate the
value of the forward contract on the bond to the long posi�on, assuming the risk-free
rate is 6.0%.

Answer:

There is only one coupon remaining (in 82 days) before the contract matures (in 150
days), so:

If given the forward price directly, the value (to the long party) is simply the present value
of the difference between the current forward price and the original, locked-in forward
price.

EXAMPLE: Value of a fixed-income forward contract a�er incep�on

Louise Michelle entered into a 250-day forward contract on a 7% U.S. Treasury bond at a
forward price of $1057.37. 100 days later, the forward price has changed to $1081.04.
The risk-free rate is 6%.

Calculate the value to Michelle of the forward contract.

Answer:

Bond futures contracts o�en allow the short an op�on to deliver any of several bonds,
which will sa�sfy the delivery terms of the contract. This is called a delivery op�on and is
valuable to the short. Each bond is given a conversion factor that is used to adjust the
long’s payment at delivery so the more valuable bonds receive a larger payment. These
factors are mul�pliers for the futures price at se�lement. The long pays the futures price at
expira�on, mul�plied by the conversion factor (CF).

Bond prices in some countries are quoted as clean prices. At se�lement, the buyer actually
pays the clean price plus an accrued interest, or the full price.



The futures price can then be calculated as:

The quoted futures price adjusts this price based on the conversion factor (CF) as follows:

EXAMPLE: Calcula�ng the price of a Treasury bond futures contract

Suppose that you need to calculate the quoted futures price of a 1.2-year Treasury bond
futures contract. The cheapest-to-deliver bond is a 7% T-bond with exactly 10 years
remaining to maturity and a quoted price of $1,040 with a conversion factor of 1.13.
There is currently no accrued interest because the bond has just paid a coupon. The
annual risk-free rate is 5%. The accrued interest on the bond at maturity of the futures
contract will be $14.

Answer:

The full price of the bond = $1,040 quoted price + $0 accrued interest = $1,040. The
semiannual coupon on a single, $1,000 face-value 7% bond is $35. A bondholder will
receive one payment 0.5 years from now (when there are 0.7 years le� to maturity of
the futures contract) and one payment 1 year from now (when there are 0.2 years un�l
maturity). The future value of these coupons at the end of 1.2 years (the expira�on
date) is:

The quoted futures price is then:

MODULE	QUIZ	28.3

1. A 6% Treasury bond is trading at $1,044 (including accrued interest) per $1,000 of face
value. It will make a coupon payment 98 days from now. The yield curve is �lat at 5% over the
next 150 days. The forward price per $1,000 of face value for a 120-day forward contract, is
closest to:

A. $1,014.52.
B. $1,030.79.
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C. $1,037.13.

MODULE	28.4:	PRICING	FORWARD	RATE
AGREEMENTS

LOS 28.c: Describe how interest rate forwards and futures are priced, and calculate and
interpret their no-arbitrage value.

Warm-Up:	MRR-Based	Loans	and	Forward	Rate	Agreements
Eurodollar deposit is the term for deposits in large banks outside the United States
denominated in U.S. dollars. The lending rate on dollar-denominated loans between banks
is based on the secured overnight funding rate (SOFR), herea�er referred to generically as
the MRR (“market reference rate”). It is quoted as an annualized rate based on a 360-day
year. In contrast to T-bill discount yields, MRR is an add-on rate, like a yield quote on a
short-term cer�ficate of deposit.

EXAMPLE: MRR-based loans

Compute the amount that must be repaid on a $1 million loan for 30 days if 30-day MRR
is quoted at 6%.

Answer:

The add-on interest is calculated as $1 million × 0.06 × (30 / 360) = $5,000. The borrower
would repay $1,000,000 + $5,000 = $1,005,000 at the end of 30 days.

The long posi�on in a forward rate agreement (FRA) is the party that is effec�vely
borrowing money (long the loan, with the contract price being the interest rate on the
loan). If the floa�ng rate at contract expira�on is above the rate specified in the forward
agreement, the long posi�on in the contract can be viewed as the right to borrow at below-
market rates, and the long will receive a payment. If the floa�ng rate at the expira�on date
is below the rate specified in the forward agreement, the short will receive a cash payment
from the long. (The right to lend at above-market rates has a posi�ve value.)

PROFESSOR’S	NOTE
We say “can be viewed as” because an FRA is se�led in cash, so there is no
requirement to lend or borrow the amount stated in the contract. For this
reason, the creditworthiness of the long posi�on is not a factor in the
determina�on of the interest rate on an FRA. However, to understand the
pricing and calcula�on of value for an FRA, viewing the contract as a
commitment to lend or borrow at a certain interest rate at a future date is
helpful.

The nota�on for FRAs is unique. There are two numbers associated with an FRA: the
number of months un�l the contract expires, and the number of months un�l the
underlying loan is se�led. The difference between these two is the maturity of the



underlying loan. For example, a 2 × 3 FRA is a contract that expires in two months (60
days), and the underlying loan is se�led in three months (90 days). The underlying rate is 1-
month (30-day) MRR on a 30-day loan in 60 days. See Figure 28.3.

Figure	28.3:	Illustration	of	a	2	×	3	FRA

Pricing	FRAs
There are three important things to remember about FRAs when we’re pricing and valuing
them:
1. MRR rates in the Eurodollar market are add-on rates and are always quoted on a 30/360

day basis in annual terms. For example, if the MRR quote on a 30-day loan is 6%, the
actual unannualized monthly rate is 6% × (30/360) = 0.5%.

2. The long posi�on in an FRA is, in effect, long the rate and benefits when the rate
increases.

3. Although the interest on the underlying loan won’t be paid un�l the end of the loan
(e.g., in three months in Figure 28.3, the payoff on the FRA occurs at the expira�on of
the FRA (e.g., in two months). Therefore, the payoff on the FRA is the present value of
the interest savings on the loan (e.g., discounted one month in Figure 28.3).

The forward “price” in an FRA is actually a forward interest rate. The calcula�on of a
forward interest rate is presented in Level I as the computa�on of forward rates from spot
rates. We will illustrate this calcula�on with an example.

EXAMPLE: Calcula�ng the price of an FRA

Calculate the price of a 1 × 4 FRA (i.e., a 90-day loan, 30 days from now). The current 30-
day MRR is 4% and 120-day MRR is 5%.

Answer:

The actual (unannualized) rate on the 30-day loan is:

The actual (unannualized) rate on the 120-day loan is:
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We wish to calculate the actual rate on a 90-day loan from day 30 to day 120:

We can annualize this rate as:

This is the no-arbitrage forward rate—the forward rate that will make the values of the
long and the short posi�ons in the FRA both zero at the ini�a�on of the contract.

The �me line is shown in the following figure.

Pricing a 1 × 4 FRA

MODULE	QUIZ	28.4

1. The contract rate (annualized) for a 3 × 5 FRA if the current 60-day rate is 4%, the current
90-day rate is 5%, and the current 150-day rate is 6%, is closest to:

A. 6.0%.
B. 6.9%.
C. 7.4%.

2. The CFO of Yellow River Company wishes to hedge borrowing costs on a 90-day loan that
starts in 90 days. The current term structure indicates the following: 30-day MRR is 4.5%,
90-day MRR is 4.7%, and 180-day MRR is 4.9%.

The appropriate hedging position to take, and the corresponding fair market rate, would best
be described as:

A. long 3 × 3 FRA at a rate of 4.48%.
B. long 3 × 6 FRA at a rate of 4.48%.
C. long 3 × 6 FRA at a rate of 5.02%.



MODULE	28.5:	VALUATION	OF	FORWARD	RATE	AGREEMENTS

Valuing	an	FRA	at	Maturity
To understand the calcula�on of the value of the FRA a�er the ini�a�on of the contract,
recall that in the previous example the long in the FRA has the “right” to borrow money 30
days from incep�on for a period of 90 days at the forward rate. If interest rates increase
(specifically the 90-day forward contract rate), the long will profit as the contract has fixed
a borrowing rate below the now-current market rate. These “savings” will come at the end
of the loan term, so to value the FRA we need to take the present value of these savings.
An example incorpora�ng this fact will illustrate the cash se�lement value of an FRA at
expira�on.

EXAMPLE: Calcula�ng the value of an FRA at maturity (i.e., cash payment at
se�lement)

Con�nuing the prior example for a 1 × 4 FRA, assume a no�onal principal of $1 million.
Suppose that, at contract expira�on, the 90-day rate has increased to 6%, which is above
the contract rate of 5.32%. Calculate the value of the FRA at maturity, which is equal to
the cash payment at se�lement.

Answer:

The interest savings at the end of the loan term (compared to the market rate of 6%) will
be:

The present value of this amount at the FRA se�lement date (90 days prior to the end of
the loan term) discounted at the current rate of 6% is:

This will be the cash se�lement payment from the short to the long at the expira�on of
the contract. Note that we have discounted the savings in interest at the end of the loan
term by the market rate of 6% that prevails at the contract se�lement date for a 90-day
term, as shown in the following figure.

Valuing a 1 × 4 FRA at Maturity



Valuing	an	FRA	Before	Maturity
To value an FRA before the se�lement date, we need to know the number of days that
have passed since the ini�a�on of the contract. For example, let’s suppose we want to
value the same 1 × 4 FRA 10 days a�er ini�a�on. Originally, it was a 1 × 4 FRA, which
means the FRA now expires in 20 days. The calcula�on of the “savings” on the loan will be
the same as in our previous example, except that we need to use the “new” FRA price that
would be quoted on a contract covering the same period as the original “loan.” In this case
the “new” FRA price is the now-current market forward rate for a 90-day loan made at the
se�lement date (20 days in the future). Also, we need to discount the interest savings
implicit in the FRA back 110 days (i.e., an extra 20 days) instead of 90 days as we did for the
value at the se�lement date.

EXAMPLE: Calcula�ng value of an FRA before se�lement

Value a 5.32% 1 × 4 FRA with a principal amount of $1 million 10 days a�er ini�a�on if
110-day MRR is 5.9% and 20-day MRR is 5.7%.

Answer:

Step 1: Find the “new” FRA price on a 90-day loan 20 days from today. This is the current
90-day forward rate at the se�lement date, 20 days from now.

Step 2: Calculate the interest difference on a $1 million, 90-day loan made 20 days from
now at the forward rate calculated previously compared to the FRA rate of 5.32%.

Step 3: Discount this amount at the current 110-day rate.

Valuing a 1 × 4 FRA Before Se�lement



PROFESSOR’S	NOTE
I have tried to explain these calcula�ons in such a way that you can value an
FRA at any date from ini�a�on to se�lement using basic tools that you already
know. Once you understand where the value of an FRA comes from (the
interest savings on a loan to be made at the se�lement date) and when this
value is to be received (at the end of the loan), you can calculate the present
value of these savings even under somewhat stressful test condi�ons. Just
remember that if the rate in the future is less than the FRA rate, the long is
“obligated to borrow” at above-market rates and will have to make a payment
to the short. If the rate is greater than the FRA rate, the long will receive a
payment from the short.

Futures	Contracts
Futures contracts are very much like the forward contracts except that they trade on
organized exchanges. Each exchange has a clearinghouse. The clearinghouse guarantees
that traders in the futures market will honor their obliga�ons. The clearinghouse does this
by spli�ng each trade once it is made and ac�ng as the opposite side of each posi�on. To
safeguard the clearinghouse, the exchange requires both sides of the trade to post margin
and se�le their accounts on a daily basis. Thus, the margin in the futures markets is a
performance guarantee.

Marking to market is the process of adjus�ng the margin balance in a futures account each
day for the change in the value of the contract from the previous trading day, based on the
se�lement price.

The pricing rela�onship discussed earlier also generally applies to futures contracts as well
(see for example, our earlier discussion on Treasury bond futures contract). Like forward
contracts, futures contracts have no value at contract ini�a�on. Unlike forward contracts,
futures contracts do not accumulate value changes over the term of the contract. Since
futures accounts are marked to market daily, the value a�er the margin deposit has been
adjusted for the day’s gains and losses in contract value is always zero. The futures price at
any point in �me is the price that makes the value of a new contract equal to zero. The
value of a futures contract strays from zero only during the trading periods between the
�mes at which the account is marked to market:
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If the futures price increases, the value of the long posi�on increases. The value is set back
to zero by the mark-to-market at the end of the mark-to-market period.

MODULE	QUIZ	28.5

1. Ina bank entered into a 3×6 FRA at a rate of 3% on a $10 million notional 30 days ago.
Current MRR term structure is as follows:

The value of the long position in the FRA is closest to:

A. 14,407.
B. 14,612.
C. 57,678.

MODULE	28.6:	PRICING	AND	VALUATION	OF
INTEREST	RATE	SWAPS

LOS 28.e: Describe how interest rate swaps are priced, and calculate and interpret their
no-arbitrage value.

The dis�nc�on between the price and the value of a swap is the same one we made for
forward contracts. Remember that the price of a forward contract is the forward rate that
yields a zero value for the contract at ini�a�on. A�er contract ini�a�on, as rates or prices
change, the contract will likely have value to either the long or the short.

Consider an interest rate swap. One party agrees to pay floa�ng (borrow at the floa�ng
rate) and receive fixed (lend at a fixed rate). At ini�a�on of the swap, the fixed rate is
selected so that the present value of the floa�ng-rate payments is equal to the present
value of the fixed-rate payments, which means the swap value is zero to both par�es. This
fixed rate is called the swap rate or the swap fixed rate. Determining the swap rate is
equivalent to “pricing” the swap.

As short-term rates (and expected future short-term rates) change over the term of the
swap, the value of the swap to one of the par�es will be posi�ve. The swap posi�on is an
asset to that party.

If market interest rates increase during the life of the swap, the swap will take on a posi�ve
value from the perspec�ve of the fixed-rate payer. The value of the swap contract to the
other party (the pay-floa�ng side) will thus be nega�ve.



Computing	the	Swap	Fixed	Rate
The swap fixed rate is derived from the MRR curve corresponding to the swap tenor.
Consider a two-year, semiannual interest rate swap. The swap fixed rate underlying this
swap will be determined based on the MRR rates corresponding to the four se�lement
dates of this swap.

Using those four MRRs, we calculate the discount factors (Zs) for each.

The periodic swap fixed rate SFR(periodic) can then be calculated as:

EXAMPLE: Calcula�ng the fixed rate on a swap with quarterly payments

Annualized MRR spot rates today are:

You’re analyzing a 1-year swap with quarterly payments and a no�onal principal amount
of $5,000,000. Calculate:

The fixed rate in percentage terms.
The quarterly fixed payments in $.
The first net payment.

Answer:

First calculate the discount factors. Don’t forget to convert from annualized rates to per-
period rates.

PROFESSOR’S	NOTE



It is likely that on the exam you will be given a table of discount factors to
use in pricing a swap, as in the next example. We’ve provided the
calcula�ons here so you know where the discount factors come from.

The quarterly fixed rate on the swap is:

The quarterly fixed-rate payments, assuming a no�onal principal of $5,000,000, are:

$5,000,000 × 0.011 = $55,000

The fixed rate on the swap in annual terms is:

We have priced a swap in which one side pays quarterly MRR and the other side pays
4.4% fixed annually (1.1% quarterly).

The first floa�ng rate payment will be based on the 90-day rate known at incep�on (i.e.,
3%). So the first net payment of 1.4% adjusted for quarterly �me interval will be paid by
the fixed-rate payer:

(0.014) × (90/360) × 5,000,000 = $17,500

The amount of the first net payment will simply be the difference between the periodic
fixed payment and the first floa�ng-rate payment:

$55,000 – $17,500 = $37,500

Thus, the first net payment will be $37,500 paid by the fixed rate payer.

Calculating	the	Market	Value	of	an	Interest	Rate	Swap
For the purpose of the exam, we are only responsible for valua�on of an interest rate swap
on se�lement dates (a�er se�lement has occurred), and not between se�lement dates.

A�er the ini�a�on of an interest rate swap, the swap will take on a posi�ve or nega�ve
value as interest rates change. The party that is the fixed-rate payer benefits if rates
increase because they are paying the older (and lower) fixed rate and receiving the newer
(and higher) floa�ng rate. Similarly, the fixed-rate receiver benefits if rates decrease
because they are receiving the older (and higher) fixed rate while paying a newer (and
lower) floa�ng rate. The value is calculated as present value of the difference in payments
(under the new current rate, rela�ve to the payments under the older, locked-in rate).



EXAMPLE: Valuing a swap on payment date

Let’s con�nue our previous example of a one-year, quarterly se�lement, $5 million
no�onal swap with a swap fixed rate at ini�a�on of 4.4%. Suppose that a�er 180 days,
the MRR term structure is flat at 3.5% over the next year. Calculate the value of the
swap to the fixed-rate receiver.

Answer:

Because the MRR term structure is flat at 3.5%, the new swap fixed rate must be 3.5%.
At t = 180, there are two more se�lement dates remaining: 90 and 180 days in the
future.

MODULE	QUIZ	28.6

1. Consider a one-year, quarterly settlement interest rate swap. Annualized MRR spot rates and
the present value factors today are the following.

The annualized swap rate is closest to:

A. 1.27%.
B. 2.54%.
C. 5.08%.

Use	the	following	information	to	answer	Questions	2	and	3.

Two parties enter into a 2-year �ixed-for-�loating interest rate swap with semiannual payments.
The �loating-rate payments are based on MRR. The 180-, 360-, 540-, and 720-day annualized
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MRR rates and present value factors are:

2. The swap rate is closest to:
A. 6.62%.
B. 6.87%.
C. 7.03%.

3. After 180 days, the swap is marked-to-market when the 180-, 360-, and 540-day annualized
MRRs are 4.5%, 5%, and 6%, respectively. The present value factors, respectively, are 0.9780,
0.9524, and 0.9174. What is the market value of the swap per $1 notional principal, and which
of the two counterparties (the �ixed-rate payer or the �ixed-rate receiver) would make the
payment to mark the swap to market?

MODULE	28.7:	CURRENCY	SWAPS

LOS 28.f: Describe how currency swaps are priced, and calculate and interpret their no-
arbitrage value.

Currency	Swaps

Determining	the	Fixed	Rate	and	Foreign	Notional	Principal
Consider two currencies, the U.S. dollar ($) and the Bri�sh pound (£), where the exchange
rate is currently $2 per £ or £0.5 per $. The interest rates in a currency swap are simply the
swap rates calculated from each country’s yield curve in the relevant country’s currency.
Don’t forget: With currency swaps, there are two yield curves and two swap fixed rates,
one for each currency.

The principal amounts of the fixed-rate obliga�ons must be adjusted for the current
exchange rate. We need $2.00 to equal £1.00, so these are the no�onal amounts,
exchanged at the incep�on of the swap and returned at the termina�on of the swap. For
example, if the no�onal principal amount of the $ side of the swap is $25 million, the £
no�onal principal amount will be £12.5 million.

EXAMPLE: Calcula�ng the fixed rate and no�onal principal on a currency swap

In a previous example, we determined that the fixed rate on a 1-year quarterly
$5,000,000 interest rate swap, given the following set of spot MRRs, was 1.1% quarterly,
or 4.4% on an annual basis.



The comparable set of £ rates are:

The current exchange rate is £0.50 per $.

Determine the fixed rate on a 1-year £ interest rate swap. Then determine the no�onal £
principal amount and the quarterly cash flows on a Pay $ fixed, receive £ fixed currency
swap.

Answer:

First calculate the £ discount factors. Don’t forget to convert from annualized rates to
per-period rates.

The quarterly fixed rate on the £ swap is:

The fixed rate on the £ swap in annual terms is:

The no�onal £ principal amount of the swap would be:

At the ini�a�on of the swap, we would exchange £2,500,000 for $5,000,000. We would
pay 1.1% quarterly on the $5,000,000 no�onal principal ($55,000) and receive 1.7% on



£2,500,000 quarterly (£42,500). At the end of one year, we would exchange the original
principal amounts.

The value to any party in a currency swap is the present value of the cash flows they expect
to receive minus the present value of the cash flows they are obligated to pay.

EXAMPLE: Calcula�ng the value of a currency swap a�er ini�a�on

Use the data on the $ and £ interest rate swaps in the previous examples to answer this
ques�on. A�er 300 days, the 60-day $ interest rate is 5.4%, the 60-day £ interest rate is
6.6%, and the exchange rate is £0.52 per $. Calculate the value of a $5,000,000 swap to
the counterparty that receives $ fixed and pays £ fixed.

Answer:

Recall that the $ fixed rate was calculated as 4.4% (or 1.1% per quarter) and the £ fixed
rate was calculated as 6.8% (or 1.7% per quarter). A�er 300 days, the only cash flows
remaining are the last interest payments and the principal payments in 60 days. We
want to find the present value of those cash flows, so we need the 60-day discount
factors based on the current 60-day rates:

First calculate the value a�er 300 days of the $ fixed payments. It is equivalent to the
value of a $5,000,000 bond that matures in 60 days and makes a coupon payment in 60
days of $55,000 ($5,000,000 × 0.011). The value in $ of the $ fixed side is the present
value of $5,055,000 discounted using the 60-day $ discount factor of 0.99108:

value of $ fixed side (in $) = 0.99108 × $5,055,000 = $5,009,909

Next, calculate the value a�er 300 days of the £ fixed payments. The value in £ of the £
fixed side is the present value of £2,542,500 discounted using the 60-day £ discount
factor of 0.98912:

value of £ fixed side (in £) = 0.98912 × £2,542,500 = £2,514,838

This last step is to convert that amount into $ at the current spot exchange rate of £0.52
per $, to find the value of the £ fixed side in $:

value of £ fixed side (in $) = £2,514,838 / 0.52 = $4,836,227

Finally, the value of the receive $ fixed, pay £ fixed side of the swap is equal to the value
of the $ fixed side minus the £ fixed side, or $5,009,909 − $4,836,227 = $173,682.
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MODULE	QUIZ	28.7

1. The current exchange rate is 0.70 USD/CAD. In a US$1 million �ixed-for-�loating currency
swap, the party that is entering the swap to hedge an existing exposure to a C$-denominated
�ixed-rate liability will:

A. receive $1 million at the termination of the swap.
B. pay a �ixed rate based on the yield curve in the United States.
C. receive a �ixed rate based on the yield curve in Canada.

2. A bank entered into a 1-year currency swap with quarterly payments 200 days ago by
agreeing to swap $1,000,000 for €800,000. The bank agreed to pay an annual �ixed rate of
5% on the €800,000 and receive a �ixed rate of 4.2% on the $1,000,000. Current USD and
euro MRRs and present value factors are shown in the following table.

The current spot exchange rate is €0.75 per $1.00. The value of the swap to the bank today is
closest to:

A. –$64,888.
B. –$42,049.
C. $42,049.

MODULE	28.8:	EQUITY	SWAPS

LOS 28.g: Describe how equity swaps are priced, and calculate and interpret their no-
arbitrage value.

Equity	Swaps
To price an N-period pay-fixed equity swap, we can use the same formula as for a plain
vanilla swap:

To value this swap, consider two scenarios:
1. Valua�on on se�lement date (immediately a�er se�lement): We can con�nue to use

the valua�on formula discussed for valua�on of interest rate swaps.
2. Valua�on between se�lement dates (for equity swaps, this is covered in the curriculum):

We calculate the values of the two sides of the swap separately as shown in the
following example.



EXAMPLE: Valuing a pay-fixed, receive-equity-returns swap

A $10 million principal, one-year, quarterly se�lement equity swap has a fixed rate of
6.05%. The index at incep�on is 985. A�er 30 days have passed, the index stands at 996
and the term structure of MRR is 6%, 6.5%, 7%, and 7.5% for terms of 60, 150, 240, and
330 days, respec�vely. The respec�ve discount factors are 0.99010, 0.97363, 0.95541,
and 0.93567. Calculate the value of the swap to the fixed-rate payer on Day 30.

Answer:

The value of $10,000,000 invested in the index a�er 30 days is:

From the standpoint of the fixed-rate payer, the value of the swap a�er 30 days is:

A swap of returns on two different stocks can be viewed as buying one stock (receiving the
returns) and shor�ng an equal value of a different stock (paying the returns). There is no
“pricing” at swap ini�a�on, and we can value the swap at any point in �me by taking the
difference in returns (since the last payment date) �mes the no�onal principal.

EXAMPLE: Valuing a “one-equity-return-for-another” swap

An investor is the Stock A returns payer (and Stock B returns receiver) in a $1 million
quarterly-pay swap. A�er one month, Stock A is up 1.3% and Stock B is down 0.8%.
Calculate the value of the swap to the investor.

Answer:

The investor pays the Stock A returns and receives Stock B returns. However, the Stock B
returns are nega�ve, so he pays those as well:

MODULE	QUIZ	28.8

1. A bank entered into a $5,000,000, 1-year equity swap with quarterly payments 300 days ago.
The bank agreed to pay an annual �ixed rate of 4% and receive the return on an international
equity index. The index was trading at 3,000 at the end of the third quarter, 30 days ago. The
current 60-day MRR rate is 3.6%, the discount factor is 0.9940, and the index is now at 3,150.
The value of the swap to the bank is closest to:

A. –$257,795.
B. –$114,676.



C. $230,300.

KEY	CONCEPTS

LOS	28.a

The calcula�on of the forward price for an equity forward contract is different because the
periodic dividend payments affect the no-arbitrage price calcula�on. The forward price is
reduced by the future value of the expected dividend payments; alterna�vely, the spot
price is reduced by the present value of the dividends.

The value of an equity forward contract to the long is the spot equity price minus the
present value of the forward price minus the present value of any dividends expected over
the term of the contract:

If given the current forward price (FPt) on the same underlying and with the same
maturity:

We typically use the con�nuous �me versions to calculate the price and value of a forward
contract on an equity index using a con�nuously compounded dividend yield.

LOS	28.b

Forward price = spot price + net cost of carry

For a security without underlying cash flows:

FP = S0 (1+Rf)
T

For a security with underlying cash flows:

FP = (S0 – PVC) × (1+Rf)
T

where PVC = present value of the cash flow on the security.

LOS	28.c

The “price” of an FRA is the implied forward rate for the period beginning when the FRA
expires to the maturity of the underlying “loan.”

The value of an FRA at maturity is the interest savings to be realized at maturity of the
underlying “loan” discounted back to the date of the expira�on of the FRA at the current



MRR. The value of an FRA before maturity is the interest savings es�mated by the implied
forward rate discounted back to the valua�on date at the current MRR.

LOS	28.d

For forwards on coupon-paying bonds, the price is calculated as the spot price minus the
present value of the coupons �mes the quan�ty one plus the risk-free rate:

The value of a forward on a coupon-paying bond t years a�er incep�on is the spot bond
price minus the present value of the forward price minus the present value of any coupon
payments expected over the term of the contract:

If given the current forward price (FPt) on the same underlying and with the same
maturity:

In a futures contract, the short may have delivery op�ons (to decide which bond to
deliver). In such a case, the quoted futures price is adjusted using the conversion factor for
the cheapest-to-deliver bond:

LOS	28.e
The fixed periodic-rate on an n-period swap at ini�a�on (as a percentage of the principal
value) can be calculated as:

The value of a swap on a payment date has a simple rela�onship to the difference between
the new swap fixed rate and the original swap fixed rate:



LOS	28.f

The fixed rates in a fixed-for-fixed currency swap are determined using the yield curves for
the relevant currencies. The no�onal principal amounts in the two currencies are of equal
value, based on the exchange rate at incep�on of the swap. Use the difference in values to
value the currency swap. The conversion of value from one of the two currencies into the
common currency is based on the exchange rate on the valua�on date.

LOS	28.g
The fixed-rate side of an equity swap is priced and valued just like an interest rate swap.
The equity side can be valued by mul�plying the no�onal amount of the contract by 1 + the
percentage equity apprecia�on since the last payment date. Use the difference in values to
value the swap.

ANSWER	KEY	FOR	MODULE	QUIZZES

Module	Quiz	28.1,	28.2

1. C The dividend in 65 days occurs a�er the contract has matured, so it’s not relevant to
compu�ng the forward price.

(Module 28.2, LOS 28.a)

2. B

(Module 28.2, LOS 28.a)

3. B Use the dividend rate as a con�nuously compounded rate to get:

(Module 28.2, LOS 28.a)

4. B The value of the long posi�on in a forward contract on a stock at �me t is:

If the dividends are ignored, the long posi�on will be overvalued by the present
value of the dividends; that means the short posi�on (which is what the ques�on
asks for) will be undervalued by the same amount. (Module 28.2, LOS 28.a)



5. A The dividend in 125 days is irrelevant because it occurs a�er the forward contract
matures.

(Module 28.2, LOS 28.a)

Module	Quiz	28.3

1. B Remember that U.S. Treasury bonds make semiannual coupon payments, so:

The forward price of the contract is therefore:

(LOS 28.d)

Module	Quiz	28.4

1. C The actual (unannualized) rate on the 90-day loan is:

The actual rate on the 150-day loan is:

The price of the 3 × 5 FRA (the 60-day forward rate in 90 days) is:

(LOS 28.c)

2. C A 3 × 6 FRA expires in 90 days and is based on 90-day MRR, so it is the appropriate
hedge for 90-day MRR 90 days from today. The rate is calculated as:

(LOS 28.c)



Module	Quiz	28.5

1. A The original FRA will now be a 2×5 FRA (as 1 month has passed).

(LOS 28.c)

Module	Quiz	28.6

1. C The quarterly fixed rate on the swap is:

The fixed rate on the swap in annual terms is:

(LOS 28.e)

2. A Calculate the swap rate:

(LOS 28.e)

3. A Based on new rates, 

Because the value is nega�ve, payer makes the payment. (LOS 28.e)

Module	Quiz	28.7

1. C A receive-fixed C$ posi�on will hedge the liability risk. That party would receive $1
million at swap incep�on (in exchange for ) and pay it back at

termina�on. The fixed-rate received will be calculated using the yield curve in
Canada at the ini�a�on of the swap. Because this is a fixed-for-floa�ng currency
swap, the receive-fixed posi�on will pay a floa�ng rate based on the U.S. yield curve.
(LOS 28.f)

2. A coupon on $ fixed side = $1,000,000 × (0.042 / 4) = $10,500



(LOS 28.f)

Module	Quiz	28.8

1. C The quarterly 4% fixed-rate payment in 60 days will be in the amount of: $5,000,000 ×
(4%/4) = $50,000

So the total cash flow at that �me is $50,000 + $5,000,000 = $5,050,000.

(LOS 28.g)
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READING	29

VALUATION	OF	CONTINGENT	CLAIMS

EXAM	FOCUS
This topic review covers the valua�on of op�ons. Candidates need to be able to calculate
value of an op�on using the binomial tree framework and should also understand the
inputs into the Black-Scholes model and how they influence the value of an op�on. While
this topic review is somewhat quan�ta�ve, candidates need to understand the material
conceptually as well. This reading has a lot of testable material.

PROFESSOR’S	NOTE
We cover these three LOS here together, for ease of exposi�on.

MODULE	29.1:	THE	BINOMIAL	MODEL

LOS 29.a: Describe and interpret the binomial op�on valua�on model and its
component terms.

LOS 29.b: Describe how the value of a European op�on can be analyzed as the present
value of the op�on’s expected payoff at expira�on.

LOS 29.d: Calculate the no-arbitrage values of European and American op�ons using a two-
period binomial model.

Binomial	Model
A binomial model is based on the idea that, over the next period, the value of an asset will
change to one of two possible values (binomial). To construct a binomial model, we need
to know the beginning asset value, the size of the two possible changes, and the
probability of each of these changes occurring.

One-Period	Binomial	Model
Consider a share of stock currently priced at $30. Suppose also that the size of the possible
price changes, and the probability of these changes occurring are as follows:



A one-period binomial tree for this stock is shown in Figure 29.1. The beginning stock value
of $30 is to the le�, and to the right are the two possible paths the stock can take, based
on that star�ng point and the size of an up- or down-move. If the stock price increases by a
factor of 1.333 (a return of 33.3%), it ends up at $40.00; if it falls by a factor of 0.75 (a
return of –25%), it ends up at $22.50.

Figure	29.1:	One-Period	Binomial	Tree

The probabili�es of an up-move and a down-move are calculated based on the size of the
moves, as well as the risk-free rate, as:

PROFESSOR’S	NOTE
These up- and down-move probabili�es are not the actual probabili�es of up-
or down-moves. They are the risk-neutral probabili�es that are consistent with
investor risk-neutrality. The dis�nc�on between actual probabili�es and risk-
neutral probabili�es is not relevant for the exam.

We use the expecta�ons approach to calculate the value of an op�on from this binomial
tree. We do this by:

Calcula�ng the payoff of the op�on at maturity in both the up-move and down-move
states.
Calcula�ng the expected value of the op�on in one year as the probability-weighted
average of the payoffs in each state.
Discoun�ng the expected value back to today at the risk-free rate.

EXAMPLE: Calcula�ng call op�on value with a one-period binomial tree

Calculate the value today of a one-year call op�on on a stock that has an exercise price
of $30. Assume that the periodically compounded (as opposed to con�nuously
compounded) risk-free rate is 7%, the current value of the stock is $30, the up-move
factor is 1.333, and the down move factor is 0.75.



Answer:

First, we have to calculate the probabili�es:

Next, determine the op�on payoffs in each state. If the stock moves up to $40, the call
op�on with an exercise price of $30 will pay off $10. If the stock moves down to $22.50,
the call op�on will be worthless. The op�on payoffs are illustrated in the following
figure.

Let the stock values for the up-move and down-move be S+ and S– and for the call
values, C+ and C–.

With X = $30

The expected value of the op�on in one period is:

The value of the op�on today, a�er discoun�ng at the risk-free rate of 7%, is:

We can use the same framework to value a one-period put op�on on the stock.

EXAMPLE: Valuing a one-period put op�on on a stock

Use the informa�on in the previous example to calculate the value of a put op�on on
the stock that has an exercise price of $30.

Answer:

If the stock moves up to $40, a put op�on with an exercise price of $30 will be
worthless. If the stock moves down to $22.50, the put op�on will be worth $7.50.

The probabili�es are 0.55 and 0.45 for an up- and down-move, respec�vely. The
expected value of the put op�on in one period is thus:

The value of the op�on today, a�er discoun�ng at the risk-free rate of 7%, is:
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MODULE	29.2:	TWO	PERIOD	BINOMIAL	MODEL
AND	PUT-CALL	PARITY

Put-Call	Parity
Put op�on value can also be computed using put-call parity, which recognizes that the
value of a fiduciary call (long call, plus an investment in a zero-coupon bond with a face
value equal to the strike price) is equal to the value of a protec�ve put (long stock and long
put):

Note that both op�ons are on the same underlying stock have the same exercise price, and
the same maturity.

In our previous example, PV(X) = 30 / 1.07 = $28.04. We can verify the put call parity as:

Put call parity can be used to create a synthe�c instrument that replicates the desired
instrument.

For example, a synthe�c call can be created by crea�ng a por�olio that combines a long
posi�on in the stock, a long posi�on in a put and a short posi�on in a zero- coupon bond
with a face value equal to the strike price (i.e., borrowing the present value of the exercise
price at the risk-free rate).

EXAMPLE: Using put-call parity

A 1-year call op�on on the common stock of Cross Reef, Inc., with an exercise price of
$60 is trading for $8. The current stock price is $62. The risk-free rate is 4%. Calculate
the price of the put op�on implied by put-call parity.

Answer:

According to put-call parity, to prevent arbitrage, the price of the put op�on must be:



Two-Period	Binomial	Model
Valuing an op�on using a two-period binomial model requires more steps, but uses the
same method:

Calculate the stock values at the end of two periods (there are three possible outcomes,
because an up-then-down move gets you to the same place as a down-then-up move).
Calculate the three possible op�on payoffs at the end of two periods.
Calculate the expected op�on payoff at the end of two periods (t = 2) using the up- and
down-move probabili�es.
Discount the expected op�on payoff (t = 2) back one period at the risk-free rate to find
the op�on values at the end of the first period (t = 1).
Calculate the expected op�on value at the end of one period (t = 1) using up- and down-
move probabili�es.
Discount the expected op�on value at the end of one period (t = 1) back one period at
the risk-free rate to find the op�on value today (t = 0).

Let’s look at an example to illustrate the steps involved.

EXAMPLE: Valuing a call op�on on a stock with a two-period model

Suppose you own a stock currently priced at $50 and that a two-period European call
op�on on the stock is available with a strike price of $45. The up-move factor is 1.25 and
the down-move factor is 0.80. The risk-free rate per period is 7%. Compute the value of
the call op�on using a two-period binomial model.

Answer:

First, compute the probability of an up-move and a down-move, and then compute the
theore�cal value of the stock at the end of each period:

The two-period binomial tree for the stock is shown in the following figure.

Two-Period Binomial Tree for Stock Price

We know the value of the op�on at expira�on in each state is equal to the stock price
minus the exercise price (or zero, if that difference is nega�ve):



We will approach this problem by using the single-period binomial model for each
period. Using this method, we can compute the value of the call op�on in the up-state in
period one as follows:

The value of the call in the down-state at t = 1 is computed as:

Now we know the value of the op�on in both the up-state (C+) and the down-state (C–)
one period from now. To get the value of the op�on today, we simply apply our
methodology one more �me. Therefore, bringing (C+) and (C–) back one more period to
the present, the value of the call op�on today is:

The binomial tree for the call op�on is shown here:

Two-Period Binomial Tree for Op�on Price
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MODULE	QUIZ	29.1,	29.2

1. Zepo, Inc., stock price is currently $80. The stock price will move up by 15% or down by 13%
each period. The value of a two-period European call option with an exercise price of $62 if
the risk-free rate is 4% per period is closest to:

A. $19.17.
B. $22.99.
C. $27.11.

MODULE	29.3:	AMERICAN	OPTIONS

American-Style	Options
Our discussion so far has been limited to European-style op�ons (i.e., op�ons that can only
be exercised at maturity). American-style op�ons allow for exercise any point un�l maturity
of the op�on. While the early exercise feature is not valuable for call op�ons on non-
dividend paying stocks, deep-in-the-money put op�ons could benefit from early exercise.
When an investor exercises an op�on early, she captures only the intrinsic value of the
op�on and forgoes the �me value. While the intrinsic value can be invested at the risk-free
rate, the interest so earned is less than the �me value in most cases. For a deep-in-the
money put op�on, the upside is limited (because the stock price cannot fall below zero). In
such cases, the interest on intrinsic value can exceed the op�on’s �me value.

EXAMPLE: Early exercise of a put op�on

Consider a stock currently trading at $50. The periodically compounded interest rate is
3%. Suppose that U = 1.3 and D = 0.80. Calculate the value of a two-period European-
style put op�on on the stock that has an exercise price of $50. Also, determine if early
exercise would make economic sense.

Answer:

The following tree shows put op�on value at each of the nodes in the binomial tree.



The value of the op�on for the down node at t = 1 is calculated as:

The value of the op�on at �me = 0 is calculated as:

For the down move at t = 1, the exercise value of the put op�on is $10, calculated as
Max(0, X-S) or Max(0, 50-40). Clearly, for this node, early exercise results in higher value
($10 as opposed to $9.44).

Had the op�on in the previous example been an American-style put op�on, the value
would be $5.24 as shown in Figure 29.2.

Figure	29.2:	Valuing	an	American-Style	Put	Option

The value of the put op�on at �me 0 can be calculated as the present value of the
expected value of the op�on at �me t = 1.

American-style call op�ons on dividend-paying stocks can be evaluated similarly:
determine at each node whether the exercise value is greater than the intrinsic value and,
if so, use that higher value. For dividend-paying stocks, the stock price falls when the stock
goes ex-dividend, and it may make sense to exercise the call op�on before such a decline in
price.

MODULE	QUIZ	29.3

1. An analyst has calculated the value of a 2-year European call option to be $0.80. The strike
price of the option is 100.00, and the underlying asset is a 7% annual coupon bond with
three years to maturity. The two-period binomial tree for the European option is shown in
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the following �igure.

The value of the comparable 2-year American call option (exercisable after 1 year) with a
strike price of 100.00 is closest to:

A. $1.56.
B. $2.12.
C. $3.80.

MODULE	29.4:	HEDGE	RATIO

LOS 29.c: Iden�fy an arbitrage opportunity involving op�ons and describe
the related arbitrage.

Arbitrage	with	a	One-Period	Binomial	Model
Let’s revisit our original example of a single period binomial model. Recall that the call
op�on has a strike price equal to the stock’s current price of $30, U = 1.333, D = 0.75, and
the risk-free rate is 7%. We calculated that the probability of an up-move is 55% and that of
a down-move 45%.

If the market price of the one-period $30 call op�on were to be different from the $5.14
value calculated before, there would be an arbitrage opportunity. This arbitrage will involve
the call op�on and shares of the stock. If the op�on is overpriced in the market, we would
sell the op�on and buy a frac�onal share of the stock for each op�on we sold. If the call
op�on is underpriced in the market, we could purchase the op�on and short a frac�onal
share of stock for each op�on purchased.

The frac�onal share of stock needed in the arbitrage trade (commonly referred to as the
hedge ra�o or delta), is calculated in the one-period model as:

EXAMPLE: Calcula�ng arbitrage profit

In a previous example, a one-year call op�on on a $30 stock (exercise price = $30) was
valued at $5.14. We were given that the risk-free rate is 7%, and the up-move factor and
down-move factor are 1.333 and 0.75, respec�vely. If the market price of the call op�on



is $6.50, illustrate how this opportunity can be exploited to earn an arbitrage profit.
Assume we trade 100 call op�ons.

Answer:

Given the up and down factors, the stock price would be $40 and $22.50 in the up and
down states respec�vely in one year. The call payoffs would accordingly be $10 and $0 in
up and down states, respec�vely. Because the op�on is overpriced, we will sell 100 call
op�ons and purchase a number of shares of stock determined by the hedge ra�o:

A por�olio that is long 57.14 shares of stock at $30 per share and short 100 calls at
$6.50 per call has a net cost of:

We will borrow $1,064 at 7%, and then will have to repay $1,064 × (1.07) = $1,138.48 at
the end of one year. (In an arbitrage transac�on, we assume that we begin with $0.)

The values of this por�olio at maturity if the stock moves up to $40 or down to $22.50
are iden�cal:

Profit on the por�olio at the end of one year in either state a�er repayment of loan =
$1,286 − $1,138.48 = $147.52.

The present value of the arbitrage profit is $147.52 / 1.07 = $137.87.

The previous calcula�ons can be represented by the following:

Therefore, the value of the call (the arbitrage-free price) 

Or equivalently,

We can value the call op�on using the first rela�onship as:

Similarly, a put op�on can be valued as:
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And the hedge ra�o based on puts is:

MODULE	QUIZ	29.4

1. In a one-period binomial model, the hedge ratio is 0.35. To construct a riskless arbitrage
involving 1,000 call options if the option is “overpriced,” what is the appropriate portfolio?

2. A synthetic European put option is created by:
A. buying the discount bond, buying the call option, and short-selling the stock.
B. buying the call option, short-selling the discount bond, and short-selling the stock.
C. short-selling the stock, buying the discount bond, and selling the call option.

MODULE	29.5:	INTEREST	RATE	OPTIONS

LOS 29.e: Calculate and interpret the value of an interest rate op�on
using a two-period binomial model.

Warm-Up:	Binomial	Interest	Rate	Trees
We can use an es�mate of the vola�lity of an interest rate to create a set of possible rate
paths for interest rates in the future called a binomial interest rate tree. The diagram in
Figure 29.3 depicts a two-period binomial interest rate tree.

Figure	29.3:	Two-Period	Binomial	Interest	Rate	Tree

The interest rate at each node is a one-period forward rate. Beyond the root of the tree,
there is more than one one-period forward rate for each nodal period (i.e., at Year 1, we
have two 1-year forward rates, i1,U and i1,D). The interest rates are selected so that the
(risk-neutral) probabili�es of up- and down-moves are both equal to 0.5.



PROFESSOR’S	NOTE
You will not have to construct a tree for the exam—just be able to use the given
tree to value an interest rate op�on.

Interest	Rate	Options
An interest rate call op�on has a posi�ve payoff when the reference rate is greater than the
exercise rate:

Interest rate call op�ons increase in value when rates increase.

An interest rate put op�on has a posi�ve payoff when the reference rate is less than the
exercise rate:

Interest rate put op�on values increase in value when rates decrease. Valuing interest rate
op�ons using the binomial tree is similar to valuing stock op�ons; the value at each node is
the present value of the expected value of the op�on. While MRR-based contracts pay
interest in arrears, to keep things simple, we assume that op�ons cash se�le at maturity.

EXAMPLE: Interest rate call op�on valua�on

Given the two-period interest rate tree shown next, what is the value of a two-period
European interest rate call op�on with an exercise rate of 5.50% and a no�onal principal
of $1 million? (Assume that op�ons cash se�le at �me T = 2.)
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Answer:

Given the exercise rate of 5.50%, the call op�on has a posi�ve payoff for nodes C++ and
C+–.

The value of the op�on at node C++ can be calculated as:

[Max (0, 0.107383 – 0.055)] × $1,000,000 = $52,383

Similarly, the value at node C+– can be calculated as:

[Max (0, 0.071981 – 0.055)] × $1,000,000 = $16,981

value at node C+ = [(0.5 × 52,383) + (0.5 × 16,981)] / (1.057883) = $32,784 (note that the
discount rate is not constant)

value at node C– = [(0.5 × 16,981) + 0] / (1.0388) = $8,173

value at node C = [(0.5 × 32,784) + (0.5 × 8,173)] / (1.03) = $19,882

MODULE	29.6:	BLACK-SCHOLES-MERTON	AND
SWAPTIONS

LOS 29.f: Iden�fy assump�ons of the Black–Scholes–Merton op�on
valua�on model.

The Black-Scholes-Merton (BSM) op�on valua�on model values op�ons in con�nuous
�me, but is based on the no-arbitrage condi�on we used in valuing op�ons in discrete �me
with a binomial model. In the binomial model, the hedge por�olio is riskless over the next
period, and the no-arbitrage op�on price is the one that guarantees that the hedge
por�olio will yield the risk-free rate. To derive the BSM model, an “instantaneously”
riskless por�olio (one that is riskless over the next instant) is used to solve for the op�on
price.

The assump�ons underlying the Black-Scholes-Merton model are:
1. The underlying asset price follows a geometric Brownian mo�on process. The

con�nuously compounded return is normally distributed. Under this framework, change
in asset price is con�nuous: there are no abrupt jumps.

2. The (con�nuously compounded) risk-free rate is constant and known. Borrowing and
lending are both at the risk-free rate.

3. The vola�lity of the returns on the underlying asset is constant and known. The price of
the underlying changes smoothly (i.e., does not jump abruptly).

4. Markets are “fric�onless.” There are no taxes, no transac�ons costs, and no restric�ons
on short sales or the use of short-sale proceeds. Con�nuous trading is possible, and
there are no arbitrage opportuni�es in the marketplace.

5. The (con�nuously compounded) yield on the underlying asset is constant.



6. The op�ons are European op�ons (i.e., they can only be exercised at expira�on).

LOS 29.g: Interpret the components of the Black–Scholes–Merton model as
applied to call op�ons in terms of a leveraged posi�on in the underlying.

The formula for valuing a European op�on using the BSM model is:

and

where:

While the BSM model formula looks complicated, its interpreta�ons are not:
1. The BSM value can be thought of as the present value of the expected op�on payoff at

expira�on. For a call, that means C0 = PV {S0erTN(d1) − XN(d2)}. Similarly, for a put

op�on, P0 = PV {XN(–d2) − S0erTN(–d1)}.

2. Calls can be thought of as a leveraged stock investment where N(d1) units of stock are
purchased using e–rTXN(d2) of borrowed funds. (A short posi�on in bonds can also be
interpreted as borrowing funds.) A por�olio that replicates a put op�on consists of a
long posi�on in N(–d2) bonds and a short posi�on in N(–d1) stocks.

3. N(d2) is interpreted as the risk-neutral probability that a call op�on will expire in the
money. Similarly, N(–d2) or 1 − N(d2) is the risk-neutral probability that a put op�on will
expire in the money.

EXAMPLE: BSM model

Stock of XZ, Inc., is currently trading at $50. Suppose that the return vola�lity is 25% and
the con�nuously compounded risk-free rate is 3%. Calls and puts with a strike price of
$45 and expiring in 6 months (T = 0.5) are trading at $7.00 and $1.00, respec�vely. If
N(d1) = 0.779 and N(d2) = 0.723, calculate the value of the replica�ng por�olios and any
arbitrage profits on both op�ons.



Answer:

The replica�ng por�olio for the call can be constructed as long 0.779 shares (0.779 ×
$50 = $38.95), and borrow 45 × e–0.03(0.5) × (0.723) = $32.05.

net cost = $38.95 − $32.05 = $6.90

Because the market price of the call is $7.00, the profitable arbitrage transac�on entails
wri�ng a call at $7.00 and buying the replica�ng por�olio for $6.90 to yield an arbitrage
profit of $0.10 per call.

For the put op�on valua�on, note that N(–d1) = 1 − N(d1) = 1 − 0.779 = 0.221 and N(–d2)
= 1 − 0.723 = 0.277.

The replica�ng por�olio for the put op�on can be constructed as a long bond posi�on of
45 × e–0.03(0.5) × (0.277) = $12.28 and a short posi�on in 0.221 shares resul�ng in short
proceeds of $50 × 0.221 or $11.05.

net cost = $12.28 – $11.05 = $1.23

Because the market price of the put op�on is $1.00, arbitrage profits can be earned by
selling the replica�ng por�olio and buying puts, for an arbitrage profit of $0.23 per put.

LOS 29.h: Describe how the Black–Scholes–Merton model is used to value
European op�ons on equi�es and currencies.

Options	on	Dividend	Paying	Stocks
So far we have assumed that the underlying stock does not pay dividends. If it does, we can
adjust the model using a lowercase delta (δ) to represent the dividend yield, as follows:

Note that S0e–δT is the stock price, reduced by the present value of any dividends expected
to be paid during the op�on’s life.

The put-call parity rela�on must also be modified if the stock pays dividends:

Options	on	Currencies
We can also use the Black-Scholes-Merton model to value foreign exchange op�ons. Here,
the underlying is the spot exchange rate instead of a stock price.



The value of an op�on on a currency can be thought of as being made up of two
components, a bond component and a foreign exchange component. The value can be
calculated as:

and

For currencies, the carry benefit is not a dividend but rather interest earned on a deposit of
the foreign currency. The spot exchange rate, S0, is discounted at the base or foreign
currency interest rate, and the bond component, e–r(P)TX, is the exercise exchange rate
discounted at the price (or domes�c currency) interest rate.

LOS 29.i: Describe how the Black model is used to value European op�ons
on futures.

The	Black	Model
If we ignore the mark-to-market feature of the futures contract, The Black model can be
used to price European op�ons on forwards and futures:

Note that the Black model is just the BSM model with subs�tuted  for S0.

Analogous to the interpreta�ons of the BSM model, an op�on on futures can be thought of
as follows:

The value of a call op�on on futures is equal to the value of a por�olio with a long
futures posi�on (the PV of the futures price mul�plied by N(d1)) and a short bond
posi�on (the PV of the exercise price mul�plied by N(d2)).

The value of a put op�on is equal to the value of a por�olio with a long bond and a short
futures posi�on.
The value of a call can also be thought of as the present value of the difference between
the futures price (adjusted by N(d1)) and the exercise price (adjusted by N(d2)).



LOS 29.j: Describe how the Black model is used to value European interest
rate op�ons and European swap�ons.

Interest	Rate	Options
Interest rate op�ons are op�ons on forward rates (or op�ons on FRAs). A call op�on on an
FRA gains when rates rise, and a put op�on on an FRA gains when rates fall. Interest rates
are fixed in advance (i.e., at the beginning of the loan term) and se�led in arrears (i.e., paid
at maturity of the loan). While FRAs generally use a 30/360 conven�on, op�ons on FRAs
use an actual/365 conven�on.

Consider an interest rate call op�on on an (M×N) FRA expiring in M months that has a
strike rate of X. The underlying is an (N−M) month forward rate. A call op�on on this FRA
can be valued as:

Equivalencies	in	Interest	Rate	Derivative	Contracts
Combina�ons of interest rate op�ons can be used to replicate other contracts, for example:
1. A long interest rate call and a short interest rate put (with exercise rate = current FRA

rate) can be used to replicate a long FRA (i.e., a forward contract to receive a floa�ng
rate and pay a fixed rate).

2. Similarly, if the exercise rate = the current FRA rate, a short interest rate call and long
interest rate put can be combined to replicate a short FRA posi�on (i.e., a pay-floa�ng,
receive-fixed forward contract).

3. A series of interest rate call op�ons with different maturi�es and the same exercise price
can be combined to form an interest rate cap. (Each of the call op�ons in an interest rate
cap is known as a caplet.) A floa�ng rate loan can be hedged using a long interest rate
cap.

4. Similarly, an interest rate floor is a por�olio of interest rate put op�ons, and each of
these puts is known as a floorlet. Floors can be used to hedge a long posi�on in a
floa�ng rate bond.

5. If the exercise rate on a cap and floor is same, a long cap and short floor can be used to
replicate a payer swap.

6. Similarly, a short cap and long floor can replicate a receiver swap.
7. If the exercise rate on a floor and a cap are set equal to a market swap fixed rate, the

value of the cap will be equal to the value of the floor.

Swaptions
A swap�on is an op�on that gives the holder the right to enter into an interest rate swap. A
payer swap�on is the right to enter into a specific swap at some date in the future at a



predetermined rate as the fixed-rate payer. As interest rates increase, the right to take the
pay-fixed side of a swap (a payer swap�on) becomes more valuable. The holder of a payer
swap�on would exercise it and enter into the swap if the market rate is greater than the
exercise rate at expira�on.

A receiver swap�on is the right to enter into a specific swap at some date in the future as
the fixed-rate receiver (i.e., the floa�ng-rate payer) at the rate specified in the swap�on. As
interest rates decrease, the right to enter the receive-fixed side of a swap (a receiver
swap�on) becomes more valuable. The holder of a receiver swap�on would exercise if
market rates are less than the exercise rate at expira�on.

A swap�on is equivalent to an op�on on a series of cash flows (annuity), one for each
se�lement date of the underlying swap, equal to the difference between the exercise rate
on the swap�on and the market swap fixed rate.

If PVA represents the present value of such an annuity, the value of a payer swap�on using
the Black model can be calculated as:

The value of a payer swap�on is essen�ally the present value of the expected op�on
payoff:

Similarly, the value of a receiver swap�on (which we’ll call “REC”) can be calculated as:

Equivalencies
A receiver swap can be replicated using a long receiver swap�on and a short payer
swap�on with the same exercise rates. Conversely, a payer swap can be replicated using a
long payer swap�on and short receiver swap�on with the same exercise rates. If the
exercise rate is set such that the values of the payer and receiver swap�ons are equal, then
the exercise rate must be equal to the market forward swap fixed rate.

A long callable bond can be replicated using a long op�on-free bond plus a short receiver
swap�on.

MODULE	QUIZ	29.5,	29.6

1. Compare the call and put prices on a stock that doesn’t pay a dividend (NODIV) with
comparable call and put prices on another stock (DIV) that is the same in all respects except
it pays a dividend. Which of the following statements is most	accurate? The price of a:
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A. DIV call will be less than the price of NODIV call.
B. NODIV call will equal the price of NODIV put.
C. NODIV put will be greater than the price of DIV put.

2. Which of the following is not an assumption underlying the Black-Scholes-Merton options
pricing model?

A. The underlying asset does not generate cash �lows.
B. Continuously compounded returns on the underlying are normally distributed.
C. The option can only be exercised at maturity.

Use	the	following	information	to	answer	Questions	3	and	4.

Stock ABC trades for $60 and has 1-year call and put options written on it with an exercise price
of $60. ABC pays no dividends. The annual standard deviation estimate is 10%, and the
continuously compounded risk-free rate is 5%. The value of the call is $4.09.

Chefron, Inc., common stock trades for $60 and has a 1-year call option written on it with an
exercise price of $60. The annual standard deviation estimate is 10%, the continuous dividend
yield is 1.4%, and the continuously compounded risk-free rate is 5%.
3. The value of the put on ABC stock is closest to:

A. $1.16.
B. $3.28.
C. $4.09.

4. The value of the call on Chefron stock is closest to:
A. $3.51.
B. $4.16.
C. $5.61.

MODULE	29.7:	OPTION	GREEKS	AND	DYNAMIC
HEDGING

LOS 29.k: Interpret each of the op�on Greeks.

There are five inputs to the BSM model: asset price, exercise price, asset price vola�lity,
�me to expira�on, and the risk-free rate. The rela�onship between each input (except the
exercise price) and the op�on price is captured by sensi�vity factors known as “the
Greeks.”

Delta describes the rela�onship between changes in asset prices and changes in op�on
prices. Delta is also the hedge ra�o. Call op�on deltas are posi�ve because as the
underlying asset price increases, call op�on value also increases. Conversely, the delta of a
put op�on is nega�ve because the put value falls as the asset price increases. See Figure
29.4.

Figure	29.4:	Call	and	Put	Delta:	The	Relationship	Between	Option	Price	and	Underlying



Asset	Price

Deltas for call and put op�ons on dividend paying stocks are given by:

However, because we’re now using a linear rela�onship to es�mate a non-linear change,
the following rela�onships are only approxima�ons:

The approxima�ons are close for small changes in stock price, but the approxima�on
becomes less accurate as the ∆S becomes larger.

EXAMPLE: Calcula�ng change in op�on price

 from the BSM model is 0.58. Calculate the approximate change in the price of a
call op�on on the stock if the stock price increases by $0.75.

Answer:

Interpreting	Delta
The payoff diagrams for a European call op�on before- and at-expira�on are shown in
Figure 29.5. The “at expira�on” line represents the call op�on’s intrinsic value, which is
equal to:

Zero when the call op�on is out-of-the-money.
The stock price minus the exercise price when the op�on is in-the-money.

Before expira�on, the op�on also has �me value, so the prior-to-expira�on curve lies
above the at-expira�on diagram by the amount of the �me value.



Figure	29.5:	European	Call	Option	Payoff	Diagrams

The slope of the “prior-to-expira�on” curve is the change in call price per unit change in
stock price. Sound familiar? It should—that’s also the defini�on of delta. That means delta
is the slope of the prior-to-expira�on curve. The delta of the put op�on is also the slope of
the prior-to-expira�on put curve.

Take a closer look at Figure 29.5. When the call op�on is deep out-of-the-money, the slope
of the at-expira�on curve is close to zero, which means the call delta will be close to zero.
For deep out-of-the-money call op�ons (i.e., when the stock price is low), the op�on price
does not change much for a given change in the underlying stock. When the call op�on is
in-the-money (i.e., when the stock price is high), the slope of the at-expira�on curve is
close to 45 degrees, which means the call delta is close to one. In this case, the call op�on
price will change approximately one-for-one for a given change in the underlying stock
price.

The bo�om line is that a call op�on’s delta will increase from 0 to e–δT as stock price
increases. For a non-dividend paying stock, the delta will increase from 0 to 1 as the stock
price increases.

For a put op�on, the put delta is close to zero when the put is out-of-the-money (i.e., when
the stock price is high). When the put op�on is in-the-money (i.e., when the stock price is
close to zero), the put delta is close to –e–δT.

The bo�om line is that a put op�on’s delta will increase from –e–δT to 0 as stock price
increases. For a non-dividend paying stock, the put delta increases from –1 to 0 as the
stock price increases.

Now, let’s consider what happens to delta as the op�on approaches maturity, assuming
that the underlying stock price doesn’t change. The effects on call and put op�ons are
different and will depend on whether the op�ons are in- or out-of-the-money.

Remember that a call op�on delta is between 0 and e–δT. Assuming that the underlying
stock price doesn’t change, if the call op�on is:

Out-of-the-money (the stock price is less than exercise price), the call delta moves
closer to 0 as �me passes.
In-the-money (the stock price is greater than exercise price), the call delta moves closer
to e–δT as �me passes.



Remember that a put op�on delta is between –e–δT and 0. If the put op�on is:

Out-of-the-money (the stock price is greater than exercise price), the put delta moves
closer to 0 as �me passes.
In-the-money (the stock price is less than exercise price), the put delta moves closer to
e–δT as �me passes.

Gamma measures the rate of change in delta as the underlying stock price changes.
Gamma captures the curvature of the op�on-value-versus-stock-price rela�onship. Long
posi�ons in calls and puts have posi�ve gammas. For example, a gamma of 0.04 implies
that a $1.00 increase in the price of the underlying stock will cause a call op�on’s delta to
increase by 0.04, making the call op�on more sensi�ve to changes in the stock price.

Gamma is highest for at-the-money op�ons. Deep in-the-money or deep out-of-money
op�ons have low gamma. Gamma changes with stock price and with �me to expira�on. To
lower (increase) the overall gamma of a por�olio, one should short (go long) op�ons.

Recall that delta provides an approxima�on for change in op�on value in response to a
change in the price of underlying. Including gamma in our equa�on would improve the
precision with which change in op�on value would be es�mated (similar to how convexity
improves the es�mate of change in a bond’s price in response to a change in interest rate).

Call and put op�ons on the same underlying asset with the same exercise price and �me to
expira�on will have equal gammas.

Vega measures the sensi�vity of the op�on price to changes in the vola�lity of returns on
the underlying asset, as shown in Figure 29.6. Both call and put op�ons are more valuable,
all else equal, the higher the vola�lity, so vega is posi�ve for both calls and puts. Vola�lity is
a very important input to any op�on valua�on model (and thus vega is an important
sensi�vity measure) because op�on values can be very sensi�ve to changes in vola�lity.
Note that vega gets larger as the op�on gets closer to being at-the-money.

Figure	29.6:	Call	and	Put	Vega:	The	Relationship	Between	Option	Price	and	Volatility

Rho measures the sensi�vity of the op�on price to changes in the risk-free rate, as shown
in Figure 29.7. The price of a European call or put op�on does not change much if we use
different inputs for the risk-free rate, so rho is not a very important sensi�vity measure.
Call op�ons increase in value as the risk-free rate increases (the rho of a call op�on is



posi�ve). You can see this by looking at the BSM model. As the risk-free rate increases, the
second term decreases, and the value of the call op�on increases.

Put op�ons decrease in value as the risk-free rate increases (the rho of a put op�on is
nega�ve).

Figure	29.7:	Call	and	Put	Rho:	The	Relationship	Between	Option	Price	and	the	Risk-Free
Rate

Theta measures the sensi�vity of op�on price to the passage of �me, as shown in Figure
29.8. As �me passes and a call op�on approaches maturity, its specula�ve value declines,
all else equal. This is called �me decay. That behavior also applies for most put op�ons
(though deep in-the-money put op�ons close to maturity may actually increase in value as
�me passes). No�ce that because it is a measure of �me decay, theta is less than zero: as
�me passes and the op�on approaches the maturity date, the op�on value decreases
(holding other factors constant).

Figure	29.8:	Call	and	Put	Theta:	The	Relationship	Between	Option	Price	and	the	Time	to
Expiration



PROFESSOR’S	NOTE
The statement that theta is less than zero is counterintui�ve to many Level II
candidates because there are two ways to state the rela�onship between �me
and op�on value:

The rela�onship between op�on value and �me to maturity is posi�ve: all
else equal, shorter maturity op�ons have lower values.
The rela�onship between op�on value and the passage of �me is nega�ve:
all else equal, as �me passes and the op�on approaches maturity, the value
of the op�on decays.

The key to understanding why theta is less than zero is to recognize that it is
capturing the intui�on of the second statement.

Figure	29.9:	Direction	of	European	Option	Prices	for	a	Change	in	the	Five	Black-Scholes-
Merton	Model	Inputs

* There is an excep�on to the general rule that European put op�on thetas are nega�ve. The put value
may increase as the op�on approaches maturity if the op�on is deep in-the-money and close to
maturity.

LOS 29.l: Describe how a delta hedge is executed.

Dynamic	Hedging
The goal of a delta-neutral por�olio (or delta-neutral hedge) is to combine a long posi�on
in a stock with a short posi�on in a call op�on so that the value of the por�olio does not
change as the stock price changes. The number of calls to sell is equal to:

Delta-neutral por�olios can also be constructed using put op�ons. In such a case, a long
stock posi�on is combined with a long posi�on in puts. (Remember that put deltas are
nega�ve).

Delta neutral por�olios are best illustrated with an example.



EXAMPLE: Hedging with call op�ons, part 1

Suppose you own 60,000 shares of Arthurall Company common stock that is currently
selling for $50. A call op�on on Arthurall with a strike price of $50 is selling for $4 and
has a delta of 0.60. Determine the number of call op�ons necessary to create a delta-
neutral hedge.

Answer:

In order to determine the number of call op�ons necessary to hedge against
instantaneous movements in Arthurall’s stock price, we calculate:

Because we are long the stock, we need to short the op�ons.

EXAMPLE: Hedging with call op�ons, part 2

Calculate the effect on por�olio value of a $1 increase in the price of Arthurall stock.

Answer:

If the price of Arthurall stock increased instantly by $1.00, the value of your call op�on
posi�on would decrease by $0.60 because you have sold the call op�on contracts.
Therefore, the net impact of the price change on the value of the hedged por�olio
would be zero:

total change in value of stock posi�on = 60,000 × $1 = +$60,000

total change in value of op�on posi�on = 100,000 × –$0.60 = –$60,000

total change in por�olio value = $60,000 – $60,000 = $0

A key considera�on in delta-neutral hedging is that the delta hedged asset posi�on is only
risk free for a very small change in the value of the underlying stock. The delta-neutral
por�olio must be con�nually rebalanced to maintain the hedge; for this reason, it is called
a dynamic hedge. As the underlying stock price changes, so does the delta of the call
op�on, and thus too the number of calls that need to be sold to maintain a hedged
posi�on. Hence, con�nuously maintaining a delta-neutral posi�on involves significant
transac�on costs.

LOS 29.m: Describe the role of gamma risk in op�ons trading.

If the assump�ons of the BSM hold, changes in stock price will be con�nuous rather than
abrupt, and hence there will be no gamma risk. In this context, gamma can be viewed as a
measure of how poorly a dynamic hedge will perform when it is not rebalanced in



response to a change in the asset price. Gamma risk is therefore the risk that the stock
price might abruptly “jump,” leaving an otherwise delta-hedged por�olio unhedged.

Consider a delta hedge involving a long posi�on in stock and short posi�on in calls. If the
stock price falls abruptly, the loss in the long stock posi�on will not equal the gain in the
short call posi�on. This is the gamma risk of the hedge.

Because a stock’s delta is always 1, its gamma is 0. A delta-hedged por�olio with a long
posi�on in stocks and a short posi�on in calls will have nega�ve net gamma exposure.

LOS 29.n: Define implied vola�lity and explain how it is used in op�ons
trading.

Future vola�lity is one of the inputs in the BSM model. Es�mates based on historical
vola�lity are o�en used because future vola�lity is not directly observable.

Implied vola�lity is the standard devia�on of con�nuously compounded asset returns that
is “implied” by the market price of the op�on. Of the five inputs into the BSM model, four
are observable: stock price, exercise price, risk-free rate, and �me to maturity. If we plug
these four inputs into the BSM model, we can solve for the value of vola�lity that makes
the BSM model value equal the market price.

Vola�lity enters the BSM pricing equa�on in a complex way, and there is no closed-form
solu�on for the vola�lity that will produce a value equal to the market price. Rather,
implied vola�lity must be found by itera�on (i.e., trial and error).

Traders o�en use implied vola�li�es to gauge market percep�ons. For example, implied
vola�li�es in op�ons with different exercise prices on the same underlying may reflect
different implied vola�li�es (a viola�on of the BSM assump�on of constant vola�lity).

Traders can also use implied vola�lity as a mechanism to quote op�on prices. In this way,
op�ons with different exercise prices and maturity dates can be quoted using the same
unit of measurement.

EXAMPLE: Implied vola�lity

Calls on Blue, Inc., stock are currently trading at an implied vola�lity of 22%. A trader
es�mates that the future vola�lity will actually be closer to 25%. To capitalize on her
beliefs, the trader should:

A. change her model.
B. buy calls on Blue stock.
C. write calls on Blue stock.

Answer:
B. Based on the trader’s beliefs, call op�ons on Blue stock are underpriced in the market. Accordingly,

she should buy the calls.

MODULE	QUIZ	29.7

1. Which of the following statements is least	accurate? The value of a:



A. call option will decrease as the risk-free rate increases.
B. put option will decrease as the exercise price decreases.
C. call option will decrease as the underlying stock price decreases.

2. Which of the following inputs into the Black-Scholes-Merton model is least	likely to have
opposite effects on put and call prices?

A. Volatility.
B. Strike price.
C. Risk-free rate.

3. Which of the following statements is most	accurate? Implied volatility:
A. requires market prices.
B. requires a series of past returns.
C. is equal for otherwise identical options with different maturities.

4. The delta of a put is –0.43. If the price of the underlying stock increases from $40 to $44, the
price of the put option:

A. increases by approximately 4.3%.
B. decreases by approximately 4.3%.
C. decreases by approximately $1.72.

5. The current stock price of Heart, Inc., is $80. Call and put options with exercise prices of $50
and 15 days to maturity are currently trading. Which of these scenarios is most	likely to occur
if the stock price falls by $1?

6. A put option with an exercise price of $45 is trading for $3.50. The current stock price is $45.
What is the most	likely effect on the option’s delta and gamma if the stock price increases to
$50?

A. Both delta and gamma will increase.
B. Both delta and gamma will decrease.
C. One will increase and the other will decrease.

7. From the Black-Scholes-Merton model, N(d1) = 0.42 for a 3-month call option on Panorama
Electronics common stock. If the stock price falls by $1.00, the price of the call option will:

A. decrease by less than the increase in the price of the put option.
B. increase by more than the decrease in the price of the put option.
C. decrease by the same amount as the increase in the price of the put option.

KEY	CONCEPTS

LOS	29.a
To value an op�on using a two-period binomial model:

Calculate the stock values at the end of two periods (there are three possible outcomes
because an up-down move gets you to the same place as a down-up move).
Calculate op�on payoffs at the end of two periods.
Calculate expected values at the end of two periods using the up- and down-move
probabili�es. Discount these back one period at the risk-free rate to find the op�on
values at the end of the first period.



Calculate expected value at the end of period one using the up- and down-move
probabili�es. Discount this back one period to find the op�on value today.

To price an op�on on a bond using a binomial tree, (1) price the bond at each node using
projected interest rates, (2) calculate the intrinsic value of the op�on at each node at
maturity of the op�on, and (3) calculate the value of the op�on today.

LOS	29.b

Op�on values can be calculated as present value of expected payoffs on the op�on,
discounted at the risk-free rate. The probabili�es used to calculate the expected value are
risk-neutral probabili�es.

LOS	29.c

Synthe�c call and put op�ons can be created using a replica�ng por�olio. A replica�on
por�olio for a call op�on consists of a leveraged posi�on in h shares where h is the hedge
ra�o or delta of the op�on. A replica�on por�olio for a put op�on consists of a long
posi�on in a risk-free bond and a short posi�on in h shares. If the value of the op�on
exceeds the value of the replica�ng por�olio, an arbitrage profit can be earned by wri�ng
the op�on and purchasing the replica�ng por�olio.

LOS	29.d

The value of a European call op�on using the binomial op�on valua�on model is the
present value of the expected value of the op�on in the 2 states.

The value of an American-style call op�on on a non-dividend paying stock is the same as
the value of an equivalent European-style call op�on. American-style put op�ons may be
more valuable than equivalent European-style put op�ons due to the ability to exercise
early and earn interest on the intrinsic value.

LOS	29.e

The value of an interest rate op�on is computed similarly to the value of op�ons on stocks:
as the present value of the expected future payoff. Unlike binomial stock price trees,
binomial interest rate trees have equal (risk-neutral) probabili�es of the up and down
states occurring.

LOS	29.f
The assump�ons underlying the BSM model are:

The price of the underlying asset changes smoothly (i.e., does not jump) and has a
normally distributed con�nuously compounded return.
The (con�nuous) risk-free rate is constant and known.
The vola�lity of the underlying asset is constant and known.
Markets are “fric�onless.”
The con�nuously compounded yield on the underlying asset is constant.
The op�ons are European.



LOS	29.g

Calls can be thought of as leveraged stock investment where N(d1) units of stock is
purchased using  of borrowed funds. A por�olio that replicates a put op�on can be
constructed by combining a long posi�on in N(–d2) bonds and a short posi�on in N(–d1)
stocks.

LOS	29.h

European op�ons on dividend-paying stock can be valued by adjus�ng the model to
incorporate the yield on the stock: the current stock price is adjusted by subtrac�ng the
present value of dividends expected up un�l op�on expira�on. Op�ons on currencies
incorporate a yield on the foreign currency based on the interest rate in that currency.

LOS	29.i

The Black model is simply the BSM model with  subs�tuted for S0.

LOS	29.j
The Black model can be used to value interest rate op�ons by subs�tu�ng the current
forward rate in place of the stock price and the exercise rate in place of exercise price. The
value is adjusted for accrual period (i.e., the period covered by the underlying rate).

A swap�on is an op�on that gives the holder the right to enter into an interest rate swap. A
payer (receiver) swap�on is the right to enter into a swap as the fixed-rate payer (receiver).
A payer (receiver) swap�on gains value when interest rates increase (decrease).

LOS	29.k

Direc�on of BSM op�on value changes for an increase in the five model inputs:

Delta is the change in the price of an op�on for a one-unit change in the price of the
underlying security. e–δTN(d1) from the BSM model is the delta of a call op�on, while –e–

δTN(–d1) is the put op�on delta.

As stock price increases, delta for a call op�on increases from 0 to e–δT, while delta for a
put op�on increases from –e–δT to 0.



LOS	29.l

The goal of a delta-neutral por�olio (or delta-neutral hedge) is to combine a long posi�on
in a stock with a short posi�on in call op�ons (or a long posi�on in put op�ons) so that the
por�olio value does not change when the stock value changes. Given that delta changes
when stock price changes, a delta hedged por�olio needs to be con�nuously rebalanced.
Gamma measures how much delta changes as the asset price changes and, thus, offers a
measure of how poorly a fixed hedge will perform as the price of the underlying asset
changes.

LOS	29.m

When the price of the underlying stock abruptly jumps, a viola�on of BSM, the delta of the
op�on would change (captured by the op�on gamma), leaving a previously delta hedged
por�olio unhedged. This is the gamma risk of a delta hedged por�olio.

LOS	29.n

Implied vola�lity is the vola�lity that, when used in the Black-Scholes formula, produces
the current market price of the op�on. If an op�on is overvalued, implied vola�lity is too
high.

ANSWER	KEY	FOR	MODULE	QUIZZES

Module	Quiz	29.1,	29.2

1. B Stock Tree

Op�on Tree



(Module 29.2, LOS 29.d)

Module	Quiz	29.3

1. B In the upper node at the end of the first year, the European op�on is worth $0.29, but
the American op�on can be exercised and a profit of $0.57 realized (the difference
between the bond price of $100.57 and the exercise price of $100).

In the lower node at the end of the first year, the European op�on is worth $1.35,
but the American op�on can be exercised and a profit of $3.80 realized (the
difference between the bond price of $103.80 and the exercise price of $100).
The value of the American op�on today is therefore:

(LOS 29.d)

Module	Quiz	29.4

1. C The hedge ra�o in a one-period model is equivalent to a delta, the ra�o of the call
price change to the stock price change. We will sell the 1,000 calls because they are
overpriced. Buying 350 shares of stock will produce a riskless hedge. The payoff at
expira�on will return more than the riskless rate on the net cost of the hedge
por�olio. Borrowing to finance the hedge por�olio and earning a higher rate than
the borrowing rate produces arbitrage profits. (LOS 29.c)

2. A A synthe�c European put op�on is formed by:

Buying a European call op�on.
Short-selling the stock.
Buying (i.e., inves�ng) the present value of the exercise price worth of a pure-
discount riskless bond.

(LOS 29.c)



Module	Quiz	29.5,	29.6

1. A The dividend affects op�on values because if you own the op�on, you do not have
access to the dividend. Hence, if the firm pays a dividend during the life of the
op�on, this must be considered in the valua�on formula. Dividends decrease the
value of call op�ons, all else equal, and they increase the value of put op�ons.
(Module 29.6, LOS 29.h)

2. A To derive the BSM model, we need to assume no arbitrage is possible and that:

A con�nuously compounded return on the underlying has a normal distribu�on.
The (con�nuous) risk-free rate is constant.
The vola�lity of the underlying asset is constant.
Markets are “fric�onless.”
The (con�nuously compounded) yield on the underlying asset is constant (and
not necessarily zero).
The op�ons are European (i.e., they can only be exercised at maturity).

(Module 29.6, LOS 29.f)

3. A According to put/call parity, the put’s value is:

(Module 29.6, LOS 29.h)

4. A ABC and Chefron stock are iden�cal in all respects except Chefron pays a dividend.
Therefore, the call op�on on Chefron stock must be worth less than the call on ABC
(i.e., less than $4.09). $3.51 is the only possible answer. (Module 29.6, LOS 29.h)

Module	Quiz	29.7

1. A The value of a call and the risk-free rate are posi�vely related, so as the risk-free rate
increases, the value of the call will increase. (LOS 29.k)

2. A Vola�lity increases will increase the values of both puts and calls. (LOS 29.k)

3. A Implied vola�lity is the vola�lity that produces market op�on prices from the BSM
model. Its use for pricing op�ons is limited because it is based on market prices. Past
returns are used to calculate historical vola�lity. (LOS 29.n)

4. C The put op�on will decrease in value as the underlying stock price increases: –0.43 ×
$4 = –$1.72. (LOS 29.k)

5. A The call op�on is deep in-the-money and must have a delta close to one. The put
op�on is deep out-of-the-money and will have a delta close to zero. Therefore, the
value of the in-the-money call will decrease by close to $1 (e.g., $0.94), and the value
of the out-of-the-money put will increase by a much smaller amount (e.g., $0.08).
The call price will fall by more than the put price will increase. (LOS 29.k)

6. C The put op�on is currently at-the-money because its exercise price is equal to the
stock price of $45. As stock price increases, the put op�on’s delta (which is less than
zero) will increase toward zero, becoming less nega�ve. The put op�on’s gamma,



which measures the rate of change in delta as the stock price changes, is at a
maximum when the op�on is at-the-money. Therefore, as the op�on moves out-of-
the-money, its gamma will fall. (LOS 29.k)

7. A If ∆S = –$1.00, ∆C ≈ 0.42 × (–1.00) = –$0.42, and ∆P ≈ (0.42 – 1) × (–1.00) = $0.58, the
call will decrease by less ($0.42) than the increase in the price of the put ($0.58).
(LOS 29.k)



Topic Quiz: Deriva�ves
You have now finished the Deriva�ves topic sec�on. Please log into your Schweser online
dashboard and take the Topic Quiz on this sec�on. The Topic Quiz provides immediate
feedback on how effec�ve your study has been for this material. Ques�ons are more exam-
like than typical Module Quiz or QBank ques�ons; a score of less than 70% indicates that
your study likely needs improvement. These tests are best taken �med; allow three minutes
per ques�on.
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READING	30

INTRODUCTION	TO	COMMODITIES	AND
COMMODITY	DERIVATIVES

EXAM	FOCUS
This topic review will help you understand different commodity sectors and key factors
influencing prices in those sectors. Pay special a�en�on to what backwarda�on and
contango mean in terms of spot and futures prices. You should understand the different
components of returns to commodity futures and what determines whether roll return is
posi�ve or nega�ve. Finally, familiarize yourself with the Insurance Theory, the Hedging
Pressure Hypothesis, and the Theory of Storage and what they say about futures prices.

MODULE	30.1:	INTRODUCTION	AND	THEORIES	OF
RETURN

LOS 30.a: Compare characteris�cs of commodity sectors.

Fundamental	Analysis
Supply and demand shocks affect commodity prices. Fundamental analysis seeks to predict
these shocks using a variety of inputs/tools such as the following:

Announcements. Government or private agencies produce forecasts, which can be useful
for analysts in their models.
Component analysis. Different products that make up the commodity class are the
components of that commodity (e.g., jet fuel, diesel, gasoline, and lubricants are
components of crude oil). Analysis of demand and supply forecasts of components can
fine-tune the forecasts for the aggregate.
Timing issues. Incorpora�ng any seasonality and previously observed logis�cal issues can
refine es�mates of demand/supply.
Macro. Macroeconomic factors such as infla�on may trigger an increase in demand for
commodi�es. Low interest rates may increase capital spending and, therefore, the
demand for commodi�es in the intermediate term.

Commodi�es can be classified by their characteris�cs into sectors, including:

Energy—crude oil, natural gas, and refined petroleum products.
Industrial metals—aluminum, nickel, zinc, lead, �n, iron, and copper.



Grains—wheat, corn, soybeans, and rice.
Livestock—hogs, sheep, ca�le, and poultry.
Precious metals—gold, silver, and pla�num.
So�s (cash crops)—coffee, sugar, cocoa, and co�on.

The factors that influence supply and demand and the nature of produc�on differ for these
sectors. A summary of these differences can help explain the differences in price dynamics
among the sectors.

The energy sector comprises crude oil, natural gas, and refined products. It is the sector
with the greatest market value and is a very important source of revenue to many
countries and regions.

Crude oil from different regions has different characteris�cs. Light oil (low viscosity) and
sweet oil (low sulfur content) are less costly to refine and, therefore, sell at a premium
rela�ve to heavier or higher sulfur crude oils. Crude oil can be stored indefinitely by
keeping it in the ground and is also stored in tanks and aboard tanker ships. Many
countries store large amounts of crude oil as strategic reserves.

The supply of crude oil has been augmented by advances in drilling and extrac�on
technology, especially in the 21st century. While global economic growth is an important
driver of worldwide demand for oil, other factors have slowed this growth in demand.
Improvements in refining technology have tended to increase the output of petroleum
dis�llates from each barrel of crude oil, and improved engines are able to produce more
work from each gallon of these dis�llates.

Economic cycles also affect the demand for oil, which is higher during expansions when
credit is widely available and can decrease sharply when contrac�ons lead to reduc�ons in
the availability of credit.

Improvements in the efficiency of alterna�ve sources of energy produc�on have also
reduced the overall growth in the demand for oil. Increasingly stringent restric�ons on oil
explora�on and produc�on in response to environmental concerns have tended to increase
the cost of oil produc�on and decrease supply.

Poli�cal risk is an important factor in oil supply. Over half the crude oil supply comes from
countries in the Middle East, and conflict there can reduce supply drama�cally.

Refined products such as gasoline, hea�ng oil, and jet fuel, are only stored for short
periods. Refinery output is the relevant supply considera�on. The geographic
concentra�on of refinery capacity means that extreme weather in some coastal regions can
significantly affect the supply of refined products.

Seasonal factors affect the demand for refined products in that greater vaca�on travel in
the summer months increases gasoline demand, and colder weather in the winter
increases the demand for hea�ng oil.

Unlike crude oil, natural gas can be used just as it comes out of the ground with very li�le
processing. Transporta�on costs play an important role in energy pricing. Crude oil can be
transported at a rela�vely low cost on ships, while natural gas must be cooled to its liquid
state to be transported by ship, significantly increasing the cost of transport.



The supply of associated gas—gas produced in conjunc�on with the extrac�on of crude oil
—is �ed to the produc�on of crude oil. Unassociated gas is produced from forma�ons
where oil is not present so that its supply is not �ed to the demand for and produc�on of
crude oil.

Worldwide demand and supply for gas depends on many of the same factors as supply and
demand for crude oil, but seasonality due to weather is more pronounced. Cold winters
increase the demand for gas for hea�ng fuel. Hot summers increase the demand for gas as
well (for cooling) because gas is a primary source of fuel for electrical power genera�on.

Demand for industrial metals is primarily �ed to GDP growth and business cycles because
these metals are used extensively in construc�on and manufacturing. Storage of metals is
not costly.

Poli�cal factors, especially union strikes and restric�ve environmental regula�ons, can have
a significant effect on the supply of an industrial metal. Industrial metals must be smelted
from mined ore. Both mines and smelters are large-scale opera�ons with high
development costs and high fixed costs.

Grains are grown over an annual cycle and stored, although mul�ple crops in a single year
are possible in some areas. The risks to grain supply are the usual: droughts, hail, floods,
pests, diseases, changes in climate, and so on. It would be difficult to overstate the
importance of grains in feeding the world’s popula�on, especially given the poten�al for
poli�cal instability when grain stocks are insufficient.

Precious metals are used in electronics and for jewelry and can be stored indefinitely. Gold
has long been used as a store of value and has provided a hedge against the infla�on risk of
holding currency. Jewelry demand is high where wealth is being accumulated. Industrial
demand for precious metals is sensi�ve to business cycles.

Livestock supply depends on the price of grain, which is the primary input in its produc�on.
When increasing grain prices increase the cost of feeding livestock, the rate of slaughter
also increases, which leads to a decrease in price. Such a drawdown in popula�on can
result in subsequent increases in price over �me.

Weather can affect the produc�on of some animals. Disease is a source of significant risk to
livestock producers, and some diseases have had a large impact on market prices.

Income growth in developing economies is an important source of growth in demand for
livestock. Freezing allows the storage of meat products for a limited amount of �me.

So�s refers to co�on, coffee, sugar, and cocoa, which are all grown in the warmer climates
of the lower la�tudes. Just as with grains, weather is the primary factor in determining
produc�on and price, but disease is a significant risk as well. Demand increases with
increases in incomes in developing economies but is dependent on consumer tastes as
well.



LOS 30.b: Compare the life cycle of commodity sectors from produc�on
through trading or consump�on.

The life cycle of crude oil begins with the �me it takes to drill a well and extract the crude.
A�er being transported, crude oil is typically stored for no more than a few months. The
next step is refining the crude oil into various fuels such as gasoline, hea�ng oil, diesel oil,
and jet fuel. These fuels must then be transported to the consumer.

Natural gas requires minimal processing a�er it is extracted. While natural gas o�en
reaches the consumer through a pipeline, it can be cooled to liquid form and transported
on specially constructed ships. Energy commodi�es are delivered year-round, but demand
is seasonal to some extent.

The life cycle of industrial metals is straigh�orward: the extracted ore is smelted into the
quality of metal that end users need. Industrial metals can be stored indefinitely in most
cases, and the regular flow of output means that end users can meet their needs with
monthly deliverable futures contracts.

A key characteris�c of industrial metals produc�on is economies of scale due to large,
efficient mining and smel�ng opera�ons. The large size projects required for efficient
opera�on cost billions of dollars and take significant �me to construct. Construc�on of new
capacity or facili�es when capacity u�liza�on and earnings are high can result in the
addi�onal capacity coming online at or past the peak of the economic cycle. Mining and
smel�ng opera�ons are most efficient running near their capacity, so individual producers
are hesitant to decrease produc�on when prices fall because the peak of the economic
cycle has passed or because facili�es growth has created excess capacity in the industry.

Livestock produc�on �mes vary with animal size, with chickens ready for slaughter a�er
only weeks, hogs in about six months, and ca�le a�er a few years. Freezing allows storage
for some period a�er slaughter and allows interna�onal trade in livestock products such as
frozen beef. Livestock produc�on has a significant seasonal component.

Grain produc�on is seasonal, so deliverable futures contracts are available on dates to
coincide with the harvest. Because plan�ng occurs five months or more before harvest,
quan��es harvested are set largely by expecta�ons for demand when crops are planted.
Grains can be stored for significant �me periods a�er harvest. The six-month offset to
harvest �mes in the northern and southern hemispheres brings crops to markets more
frequently.

Produc�on cycles and storage op�ons for so�s vary by product. Among so�s, coffee offers
an example of an agricultural commodity that is harvested somewhere around the world in
almost every month. Coffee is stored in warehouses a�er transport by ship. Local coffee
roasters then roast the beans and deliver to end users or to retail sales outlets. Coffee
plants can take up to four years to produce the fruit that will become coffee beans, so
there is a significant lag between investment in new capacity and increases in supply.

To hedge their price risk, coffee producers can sell in the futures market for delivery to a
warehouse, and consumer companies can buy in the futures market and take delivery at
the warehouse. Two different types of coffee beans are traded, Robusta and Arabica, with
Arabica being the premium product.



LOS 30.c: Contrast the valua�on of commodi�es with the valua�on of
equi�es and bonds.

Unlike stocks and bonds, commodi�es are physical assets, have no cash flows, and may
incur storage and transporta�on costs.

Stocks and bonds (financial assets) can be valued by calcula�ng the present value of their
expected future cash flows (e.g., dividends, interest, etc.). Commodi�es produce no
earnings or cash flows; however, the current (spot) price of a commodity can be viewed as
the discounted value of the expected selling price at some future date. Storage costs for
commodi�es can lead to forward prices that are higher the further the forward se�lement
date is in the future.

LOS 30.d: Describe types of par�cipants in commodity futures markets.

Par�cipants in commodity futures markets can be categorized as hedgers, traders and
investors, exchanges, analysts, and regulators.

Traders and investors in the commodi�es market can be classified as informed investors—
those who provide liquidity to the markets—and arbitrageurs. Hedgers are considered
informed investors because they either produce or use the commodity. Hedgers reduce
their risk by buying (going long) or selling (going short) futures contracts. A corn farmer can
reduce the uncertainty about the price she will receive for her corn by selling corn futures.
A ca�le producer, however, would hedge his price risk by buying corn futures to reduce his
uncertainty about the cost of feed for the ca�le.

PROFESSOR’S	NOTE
Hedgers are said to “do in the futures market what they must do in the future.”
A wheat farmer will need to sell wheat in the future (i.e., a�er the harvest) and
can hedge price risk by selling futures contracts. A grain miller will need to buy
wheat in the future and can hedge price risk by buying futures contracts.

Speculators take on commodity risk in futures markets and may act as informed investors,
seeking to exploit an informa�on or informa�on processing advantage to profit from
trading with hedgers. Speculators can also earn profits by providing liquidity to markets:
buying futures when short hedgers (commodity producers) are selling and selling futures
when long hedgers (commodity users) are buying.

Arbitrageurs in the commodity markets are o�en those in the business of buying, selling,
and storing the physical commodi�es when the difference between spot and futures prices
is too large or too small based on the actual cost of storing the commodity. When the
difference is too large, an arbitrageur can buy and store the commodity and sell it at its
(too high) futures price. When the difference is too small, an arbitrageur can effec�vely
“not store” the commodity by selling from his own inventory and going long futures,
replacing the inventory at the future date.

Commodity exchanges operate in many of the world’s financial centers to reflect the
worldwide produc�on and consump�on of commodi�es as well as the globaliza�on of



financial markets in general. Investors can trade commodity futures on a smart phone or
via a Bloomberg terminal.

Commodity market analysts, considered non-market par�cipants, use market informa�on
to perform analy�cal work for various en��es including governments, universi�es,
economic forecasters, and commercial data analysis firms.

Various commodity regulators are responsible for the regula�on of commodi�es markets
around the world. In the U.S., the Commodi�es Futures Trading Commission (CFTC) is
responsible for market regula�on.

LOS 30.e: Analyze the rela�onship between spot prices and futures prices in
markets in contango and markets in backwarda�on.

The difference between the spot (cash) market price and the futures price for a date in the
future is referred to as the basis of that par�cular contract. The basis is calculated as the
spot price minus the futures price and can be posi�ve or nega�ve. The difference between
the futures price of a nearer maturity and the futures price of a more-distant maturity is
known as the calendar spread.

When futures prices are higher at dates further in the future, the futures market (or
futures curve) is said to be in contango. In a contango market, the calendar spread and
basis are nega�ve. Conversely, if futures prices are lower at dates further in the future, the
market is said to be in backwarda�on, and the basis and calendar spread are posi�ve.

When a futures market is in backwarda�on, long futures posi�ons have a posi�ve returns
component (the “roll return,” which we will describe later in this topic review). With a
futures curve in backwarda�on, futures prices are lower than spot prices for the
commodity. Since futures prices converge to spot prices over the term of a futures
contract, there is a posi�ve returns component from the passage of �me.

When a futures market is in contango, so that futures prices are greater than spot prices,
there is a nega�ve returns component for long futures posi�ons. As �me passes,
convergence of futures prices to spot prices (or longer-dated futures prices to nearer-term
futures prices) results in a decrease in the value of a long futures posi�on.

LOS 30.f: Compare theories of commodity futures returns.

Three theories of the determinants of returns on commodi�es, based on the shape of the
futures curve, have been expounded: the Insurance Theory, the Hedging Pressure
Hypothesis, and the Theory of Storage.

Economist John Maynard Keynes put forward the Insurance Theory of futures returns,
which states that the desire of commodity producers to reduce their price risk drives
commodity futures returns. Producers face uncertainty about the price they will receive for
their output and reduce this uncertainty by selling futures contracts. This selling drives
down futures prices. The Insurance Theory states that the futures prices will be less than
current spot prices to provide a return to those buying futures from producers (i.e.,
speculators). In this view, the resul�ng posi�ve return to the buyers of futures contracts is



their return for providing insurance against price uncertainty to producers. Keynes
contended that this results in backwarda�on “normally,” and the situa�on was termed
“normal backwarda�on” based on this theory.

The Insurance Theory was found to be lacking based on two empirical findings. The first
finding is that for markets in backwarda�on, buying futures has not resulted in the extra
returns the theory says buyers should receive for providing “insurance.” The second finding
is that many markets are not in backwarda�on but are in contango (future prices higher
than spot prices), which would imply a nega�ve return for providing insurance to
producers.

The Hedging Pressure Hypothesis added the hedging behavior of commodity consumers to
the Insurance Theory in an a�empt to be�er explain observed futures returns. Just as a
wheat farmer faces uncertainty about the price at which he will sell his wheat in the future,
a baking company faces uncertainty about the price it will pay for flour in the future. To
hedge its price risk, the baking company will go long wheat futures. The more commodity
users hedge with long posi�ons (buying futures), the more upward price pressure there is
on the futures price. Under the Hedging Pressure Hypothesis, when producers’ hedging
behavior dominates, the market will be in backwarda�on, and when users’ hedging
behavior dominates, the market will be in contango.

Despite the intui�ve appeal of the Hedging Pressure Hypothesis, it has some shortcomings.
Producers typically face more concentrated price risk than consumers. Individual
consumers will spend only a small por�on of their income on a single commodity, and for
commercial users of the commodity, the actual cost of the commodity may represent only
a small por�on of the total cost of the produc�on.

Addi�onally, both producers and consumers may be speculators in the market, not just
hedgers. Another problem with the Hedging Pressure Hypothesis is that hedging pressure
is not observable, so we cannot directly test the hypothesis that rela�ve hedging pressure
is the cause of backwarda�on and contango.

The Theory of Storage is based on the idea that whether a futures market is in
backwarda�on or contango depends on the rela�onship between the costs of storing the
commodity for future use and the benefits of holding physical inventory of the commodity.
When the costs of storage outweigh the benefits of holding physical inventory, futures are
more a�rac�ve than current inventory, futures will trade at a higher price than spot, and
the market will be in contango. Conversely, when the benefits of holding physical inventory
outweigh the costs of storage, current possession is more a�rac�ve than future possession,
spot prices are higher than futures prices, and the market will be in backwarda�on.

The benefits of having physical inventory available are referred to as a commodity’s
convenience yield. When physical stocks are low and there is a high probability that the
commodity will be in short supply, the benefits of holding physical stock (and the
convenience yield) are higher.

The Theory of Storage takes both the costs and benefits of holding a commodity into
account in the following rela�on:
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Rela�ve to spot prices, futures prices are higher when storage costs are higher, and futures
prices are lower when the convenience yield is higher. Further, we can say that the shape
of the futures price curve depends on available supply (i.e., current inventory of the
commodity) along with expected future supply and demand.

Even with these three theories, we are le� without a complete theory of commodity
futures returns. “Hedging pressure” and “convenience yield” are not observable, and
storage costs are not readily disclosed by par�cipant firms.

MODULE	QUIZ	30.1

1. The commodity sector that is least	affected by weather risk is:
A. grains.
B. precious metals.
C. re�ined energy products.

2. For which of the following commodities is the production and consumption cycle least
affected by seasonality?

A. Hogs.
B. Coffee.
C. Natural gas.

3. Which of the following factors is most	likely to distinguish the valuation of a commodity from
the valuation of an equity that pays no dividends?

A. Holding costs.
B. Discount rate.
C. Timing of the future sale.

4. A commodity is most	likely to be physically stored by a(n):
A. exchange.
B. speculator.
C. arbitrageur.

5. A futures market in backwardation will exhibit:
A. positive basis and positive calendar spreads.
B. negative basis and positive calendar spreads.
C. negative basis and negative calendar spreads.

6. Which theory of commodity futures returns is least	likely to explain why futures markets can
be in contango?

A. Insurance Theory.
B. Theory of Storage.
C. Hedging Pressure Hypothesis.

MODULE	30.2:	ANALYZING	RETURNS	AND	INDEX
CONSTRUCTION

LOS 30.g: Describe, calculate, and interpret the components of total return
for a fully collateralized commodity futures contract.

An investor who desires long exposure to a commodity price will typically achieve this
exposure through a deriva�ve investment in forwards or futures. Some physical
commodi�es cannot be effec�vely purchased and stored long term, and for others, such as



precious metals, deriva�ve posi�ons may be a more efficient means of gaining long
exposure than purchasing the commodi�es outright and storing them long term.

The return on a deriva�ves posi�on is not the same as the return on a commodity itself.
The total return on a fully collateralized long futures posi�on has three components:
collateral return, price return, and roll return.

To take a posi�on in futures, an investor must post collateral. When a futures por�olio is
fully collateralized, the investor has posted cash or acceptable securi�es with a value equal
to the no�onal value (price mul�plied by contract size) of the futures contracts in the
por�olio. If U.S. Treasury bills are deposited as collateral, the collateral return or collateral
yield is simply the holding period yield on the T-bills.

The price return or spot yield on an investment in commodity futures is the change in spot
prices (which can be proxied by futures prices on near-month contracts).

Since commodity deriva�ve contracts expire, an investor who wants to maintain a posi�on
over �me must close out the expiring futures posi�on and reestablish a new posi�on with
a se�lement date further in the future. This process is referred to as rolling over the
posi�on and leads to gains or losses which are termed the roll return or roll yield. The roll
return can be posi�ve if the futures price curve is in backwarda�on or nega�ve if the
futures price curve is in contango.

To hold the value of a long posi�on constant, an investor must buy more contracts if the
new longer-dated futures are trading at a lower price (market in backwarda�on) and buy
fewer contracts if the new longer-dated futures are trading at a higher price (market in
contango). In any event, the roll return on the contracts traded can be calculated as:

Roll return is modest over mul�ple periods but can be a significant por�on of total return
in a single period.

LOS 30.h: Contrast roll return in markets in contango and markets in
backwarda�on.

Consider a situa�on where the manager of a por�olio of commodity futures contracts is
rolling over July corn futures trading at 397 (cents per bushel) into November corn futures
trading at 406. The roll return is:

With the corn futures market in contango, the roll return is nega�ve.

Now consider a situa�on where the manager is rolling over July natural gas futures trading
at 2.35 (dollars per million cubic feet) into August futures trading at 2.22. In this case the
roll return is:



Suppose we wanted a specific dollar exposure to natural gas, say $10,000. We would have
originally gone long 10,000 / 2.35, or approximately 4,255 contracts. To maintain the dollar
exposure upon rolling over into new contracts, we would have gone long 10,000 / 2.22, or
approximately 4,504 contracts. Hence, when the contract is in backwarda�on, the roll
return is posi�ve and results in a larger number of long contracts upon rolling over.

If natural gas exposure is 8.5% of the manager’s por�olio, we can calculate the net roll
return for the por�olio as 0.085 × 5.53% = 0.47%.

LOS 30.i: Describe how commodity swaps are used to obtain or modify
exposure to commodi�es.

Swaps can be used to increase or decrease exposure to commodi�es risk. Swaps are
customized instruments created and sold by dealers, who may take on the risk of their
swap exposure or hedge their exposure by entering into an offse�ng swap contract (in
which they have the opposite exposure to the risk factor) or by holding the physical
commodity.

Swaps are created for which the payments between the two par�es are based on various
risk factors such as the excess returns on a commodity, the total return on the commodity,
or a measure of price vola�lity.

In a total return swap the swap buyer (the long) will receive periodic payments based on
the change in the futures price of a commodity plus the return on the collateral, in return
for a series of fixed payments. Each period, the long will receive the total return on holding
the commodity �mes a no�onal principal amount, net of the payment promised to the
short. If the total return is nega�ve, the long makes the promised fixed payment
percentage plus the nega�ve return percentage on the commodity over the period, �mes
the no�onal amount.

For example, consider a total return swap on oil with a no�onal value of $10 million, in
which for two years the long must pay 25 basis points monthly and will receive the total
return on West Texas Intermediate (WTI) crude oil. If over the first month the price of WTI
increases from 41.50 bbl to 42.10 bbl (+1.45%), the long will receive a net payment of
(0.0145 − 0.0025) × $10 million = $120,000.

If over the second month the price of WTI decreases from 42.10 to 41.20 (–2.14%), the
long must make a payment of (–0.0214 − 0.0025) × $10 million = $239,000 to the short.

Total return swaps are o�en used by ins�tu�ons to gain exposure to the price risk of the
underlying commodity, avoiding either holding the commodity or managing a long posi�on
in futures contracts over �me.

PROFESSOR’S	NOTE
Up to this point, the various swaps (interest rate, currency, equity) we have
considered have comprised two periodic payment streams, with net payments
based on the difference between the two. With the following instruments, the
buyer may instead make a single payment at the ini�a�on of the swap and then
receive periodic payments based on the total returns, excess returns, or price



vola�lity of a commodity—essen�ally “buying” exposure to the underlying risk
factor.

In an excess return swap, a party may make a single payment at the ini�a�on of the swap
and then receive periodic payments of any percentage by which the commodity price
exceeds some fixed or benchmark value, �mes the no�onal value of the swap. In months in
which the commodity price does not exceed the fixed value, no payments are made.

In a basis swap, the variable payments are based on the difference between the prices of
two commodi�es. O�en the two commodi�es are one that has liquid traded futures
available for hedging and the other (the one the swap buyer actually uses in produc�on)
with no liquid futures contracts available. Because the price changes of the two
commodi�es are less than perfectly correlated, the difference between them (the basis)
changes over �me. By combining a hedge using the liquid futures with a basis swap, the
swap buyer can hedge the price risk he faces from the input that does not have a liquid
futures market.

In a commodity vola�lity swap, the underlying factor is the vola�lity of the commodity’s
price. If the vola�lity of the commodity’s price is higher than the expected level of vola�lity
specified in the swap, the vola�lity buyer receives a payment. When actual vola�lity is
lower than the specified level, the vola�lity seller receives a payment. A similar swap
se�les based on variance in price levels of a commodity, with a swap buyer receiving a
payment if the actual variance exceeds the fixed variance established at the onset of the
swap. If the actual variance is lower, the variance seller receives a payment.

LOS 30.j: Describe how the construc�on of commodity indexes affects index
returns.

There are several published commodity indexes. To be most useful, an index should be
investable, in that an investor should be able to replicate the index with available liquid
futures contracts.

The available commodity indexes differ in the following dimensions:

Which commodi�es are included
The weigh�ng of the commodi�es in the index
The method of rolling contracts over as they near expira�on
The method of rebalancing por�olio weights

While no index methodology will consistently outperform another index methodology,
differences in methodology do result in returns differences, at least over shorter periods.
Over long periods, differences between the mix and weights of cons�tuent commodi�es in
individual indexes will result in differences between returns, as some commodi�es
outperform others.

Indexes may be equal weighted or weighted on some factor, such as the value of global
produc�on of an individual commodity or commodity sector. A produc�on value weighted
index will have more exposure to energy than to livestock or so�s, for example.



With regard to roll methodology, a passive strategy may be to simply roll the expiring
futures contracts into the near-month contract each month. A more ac�ve strategy would
be to maximize roll return by selec�ng the further-out contracts with the greatest
backwarda�on or smallest contango.

The frequency of rebalancing will also affect commodity index returns. Rebalancing
por�olio weights will decrease returns when prices are trending but increase returns when
price changes are choppy and mean-rever�ng. For this reason, price behavior across
rebalancing periods will influence returns. If the prices of a commodity are choppy over
short horizons but trending on a longer-term basis, frequent rebalancing may capture gains
from mean reversion over the shorter periods but give up some of the gains from the trend
of the commodity’s price over the longer term.

While differences in index construc�on methodology will lead to differences among index
returns over rela�vely shorter periods, no one methodology is necessarily superior over
longer periods. Correla�ons between returns on different indexes have been rela�vely
high, while correla�ons between commodity indexes and returns on stocks and bonds have
been low.

MODULE	QUIZ	30.2

1. Suppose that a commodity market exhibits the following futures curve on July 1, 20X1:
Spot price: 42.0
August futures price: 41.5
October futures price: 40.8
December futures price: 39.7

An investor establishes a fully collateralized long position on July 1, 20X1, and maintains the
position for one year. The futures curve on July 1, 20X2, is identical to the futures curve on
July 1, 20X1, and calendar spreads did not change signi�icantly during the year. The
investor’s total return on the position is most	likely:

A. equal to the collateral return.
B. less than the collateral return.
C. greater than the collateral return.

2. An investor enters into a swap contract under which the net payment will vary directly with
the price of a commodity. This contract is most	accurately described as a(n):

A. basis swap.
B. total return swap.
C. excess return swap.

KEY	CONCEPTS

LOS	30.a
Commodity sectors include energy (crude oil, natural gas, and refined petroleum products);
industrial metals (aluminum, nickel, zinc, lead, �n, iron, and copper); grains (wheat, corn,
soybeans, and rice); livestock (hogs, sheep, ca�le, and poultry); precious metals (gold,
silver, and pla�num); and so�s or cash crops (coffee, sugar, cocoa, and co�on).

Crude oil must be refined into usable products but may be shipped and stored in its natural
form. Natural gas may be used in its natural form but must be liquefied to be shipped



overseas.

Industrial and precious metals have demand that is sensi�ve to business cycles and
typically can be stored for long periods.

Produc�on of grains and so�s is sensi�ve to weather. Livestock supply is sensi�ve to the
price of feed grains.

LOS	30.b

The life cycle of commodity sectors includes the �me it takes to produce, transport, store,
and process the commodi�es.

Crude oil produc�on involves drilling a well and extrac�ng and transpor�ng the oil. Oil is
typically stored for only a short period before being refined into products that will be
transported to consumers.
Natural gas requires li�le processing and may be transported to consumers by pipeline.
Metals are produced by mining and smel�ng ore, which requires producers to construct
large-scale fixed plants and purchase equipment. Most metals can be stored long term.
Livestock produc�on cycles vary with the size of the animal. Meat can be frozen for
shipment and storage.
Grain produc�on is seasonal, but grains can be stored a�er harvest. Growing seasons are
opposite in the northern and southern hemispheres.
So�s are produced in warm climates and have produc�on cycles and storage needs that
vary by product.

LOS	30.c

In contrast to equi�es and bonds, which are valued by es�ma�ng the present value of their
future cash flows, commodi�es do not produce periodic cash inflows. While the spot price
of a commodity may be viewed as the es�mated present value of its future selling price,
storage costs (i.e., cash ou�lows) may result in forward prices that are higher than spot
prices.

LOS	30.d

Par�cipants in commodity futures markets include hedgers, speculators, arbitrageurs,
exchanges, analysts, and regulators.

Informed investors are those who have informa�on about the commodity they trade.
Hedgers are informed investors because they produce or use the commodity. Some
speculators act as informed investors and a�empt to profit from having be�er informa�on
or a be�er ability to process informa�on. Other speculators profit from providing liquidity
to the futures markets.

LOS	30.e

Basis is the difference between the spot price and a futures price for a commodity.
Calendar spread is the difference between futures prices for contracts with different
expira�on dates.



A market is in contango if futures prices are greater than spot prices, or in backwarda�on if
futures prices are less than spot prices. Calendar spreads and basis are nega�ve in
contango and posi�ve in backwarda�on.

LOS	30.f

Insurance Theory states that futures returns compensate contract buyers for providing
protec�on against price risk to futures contract sellers (i.e., the producers). This theory
implies that backwarda�on is a normal condi�on.

The Hedging Pressure Hypothesis expands on Insurance Theory by including long hedgers
as well as short hedgers. This theory suggests futures markets will be in backwarda�on
when short hedgers dominate and in contango when long hedgers dominate.

The Theory of Storage states that spot and futures prices are related through storage costs
and convenience yield.

LOS	30.g

The total return on a fully collateralized long futures posi�on consists of collateral return,
price return, and roll return. Collateral return is the yield on securi�es the investor deposits
as collateral for the futures posi�on. Price return or spot yield is produced by a change in
spot prices. Roll return results from closing out expiring contracts and reestablishing the
posi�on in longer-dated contracts.

LOS	30.h

Roll return is posi�ve when a futures market is in backwarda�on because a long posi�on
holder will be buying longer-dated contracts that are priced lower than the expiring
contracts. Roll return is nega�ve when a futures market is in contango because the longer-
dated contracts are priced higher than the expiring contracts.

LOS	30.i

Investors can use swaps to increase or decrease exposure to commodi�es. In a total return
swap, the variable payments are based on the change in price of a commodity. In an excess
return swap, the variable payments are based on the difference between a commodity
price and a benchmark value. In a basis swap, the variable payments are based on the
difference in prices of two commodi�es. In a commodity vola�lity swap, the variable
payments are based on the vola�lity of a commodity price.

LOS	30.j

Returns on a commodity index are affected by how the index is constructed. The index
components and weigh�ng method affect which commodi�es have the greatest influence
on the index return. The methodology for rolling over expiring contracts may be passive or
ac�ve. Frequent rebalancing of por�olio weights may decrease index returns in trending
markets or increase index returns in choppy or mean-rever�ng markets.

ANSWER	KEY	FOR	MODULE	QUIZZES



Module	Quiz	30.1

1. B Precious metals mining and smel�ng are less suscep�ble to changing weather.
Weather is an important factor in grain produc�on with both droughts and flooding
affec�ng crop yields. Oil refineries are concentrated in coastal areas where
hurricanes and other extreme weather cause periodic refinery shutdowns. (LOS 30.a)

2. B Coffee has a long produc�on cycle but is grown at warm la�tudes and harvested
throughout the year. Livestock produc�on is strongly influenced by seasonality.
Natural gas demand has a seasonal component due to its uses for hea�ng and
electricity genera�on for cooling. (LOS 30.b)

3. A While a commodity or a non-dividend-paying equity security can be valued in terms
of the present value of its future sales price, a commodity may have holding costs,
such as storage, that can result in a forward price that is higher than the spot price.
(LOS 30.c)

4. C Arbitrageurs may store a physical inventory of a commodity to exploit differences
between spot and futures prices rela�ve to the costs of storing the commodity. (LOS
30.d)

5. A In backwarda�on, longer-dated futures contracts are priced lower than shorter-dated
contracts or spot prices, resul�ng in posi�ve basis and calendar spreads. (LOS 30.e)

6. A According to Insurance Theory, backwarda�on is normal because futures contract
buyers should earn a posi�ve return for protec�ng commodity producers (short
hedgers) from price risk. The Hedging Pressure Hypothesis and the Theory of Storage
can explain either backwarda�on or contango. (LOS 30.f)

Module	Quiz	30.2

1. C The price return is zero because the spot price is unchanged over the life of the
posi�on. The roll return is posi�ve because the market is in backwarda�on.
Therefore the total return (price return + roll return + collateral return) is greater
than the collateral return. (LOS 30.g)

2. B In a total return swap, the variable payment is based on the price of a commodity. In
an excess return swap, the variable payment is based on the amount by which a
commodity price is greater than a benchmark, and the payment is zero if the price is
less than the benchmark. The variable payment of a basis swap depends on the
difference between two commodity prices. (LOS 30.i)
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READING	31

OVERVIEW	OF	TYPES	OF	REAL	ESTATE
INVESTMENT

EXAM	FOCUS
Understand the unique features of real estate investments, their valua�on models,
por�olio characteris�cs, economic value drivers, and property types, as well as the indexes
used to track the performance of real estate investments.

MODULE	31.1:	REAL	ESTATE	FEATURES

LOS 31.a: Compare important real estate investment features for
valua�on purposes.

Private real estate investments include direct debt and equity investments in real estate.
The real estate industry is composed of firms that develop, service, or operate real estate.
Among the kinds of real estate investments are real estate investment trusts (REITs), which
own and operate real estate investments and distribute dividends to their shareholders,
and real estate opera�ng companies (REOCs), which are taxable companies that own and
operate real estate proper�es with few restric�ons.

Classi�ications
Real estate investment types, in increasing order of risk and return, include the following:

Senior debt. First mortgages, and investment-grade commercial mortgage-backed
securi�es (CMBS).
Core. Stable income-producing proper�es, diversified public REITs, and sale and
leaseback arrangements.
Core plus. A property that is func�onal and genera�ng income, but has the poten�al to
be improved through Minimal refurbishment, cash flow stabilizing, and tenant
reposi�oning.
Value add. e.g., A property that could be improved through upgrades or reposi�oning.
This category also includes sub-investment-grade CMBS.
Opportunis�c. New development/redevelopment, and distressed debt.

One method of classifying real estate is by sensi�vity to the business cycle. Defensive
investments, such as health care facili�es, are rela�vely immune to fluctua�ons in the



overall economy. Industrial and office proper�es are more cyclical investments.

Another way to classify real estate is by assigning the investment to Classes A through D
based on the sta�s�cal factors that influence real estate values. Class A proper�es are
newer, high-quality construc�on with top features, while Class D proper�es are the oldest,
with poor-quality construc�on and no ameni�es. Class A proper�es offer high current
income but limited capital apprecia�on poten�al, while lower property classes offer more
opportunity for redevelopment and capital apprecia�on. Figure 31.1 outlines mul�family
property classes.

Figure	31.1:	Multifamily	Property	Classes

Figure 31.2 summarizes the primary modes of real estate inves�ng.

Figure	31.2:	Basic	Forms	of	Real	Estate	Investment

Source: Reproduced from the Level II CFA Curriculum learning module, “Overview of Types of Real Estate Investment,” with permission
from CFA Institute.



Financial	Metrics
Net opera�ng income (NOI) is the financial metric used most in real estate. Conceptually, it
is similar to EBIT in accoun�ng. As shown in Figure 31.3, NOI is the amount of income
remaining a�er subtrac�ng vacancy and collec�on losses and opera�ng expenses (e.g.,
insurance, property taxes, u�li�es, maintenance, and repairs) from gross poten�al rental
income. Gross poten�al rental income reflects current market rents, while gross rental
income is based on current rents (based on exis�ng signed leases). NOI is calculated before
subtrac�ng financing costs and income taxes.

Figure	31.3:	Net	Operating	Income

EXAMPLE: Net opera�ng income

Calculate NOI using the following informa�on:

Answer:

Note that interest expense and income taxes are not considered opera�ng expenses.

Lenders o�en use the debt service coverage ra�o (DSCR) and the loan-to-value ra�o (LTV)
to determine the maximum allowable loan amount on a specific property:

Debt service (the loan payment) includes both interest and principal. Principal payments
reduce the outstanding balance of the loan. (Though in the case of an interest-only loan,



debt service does not reduce the outstanding balance.) Interest rates can be fixed, variable,
or have a fixed-rate period followed by a variable-rate period (referred to as an adjustable-
rate loan).

The ra�o (e.g., DSCR, LTV) that indicates the lowest amount of allowable debt will
determine the maximum loan amount.

EXAMPLE: Maximum loan amount

A real estate lender has agreed to make a 10% interest-only loan on a property that was
recently appraised at €1,200,000, provided that the debt service coverage ra�o is at
least 1.5 and the LTV does not exceed 80%. The property’s NOI is €135,000. Calculate
the maximum loan amount.

Answer:

Using the LTV, the property will support a loan amount of €1,200,000 appraised value ×
80% LTV = €960,000.

Using the DSCR, the property will support a debt service payment of 135,000 NOI / 1.5 =
€90,000. The corresponding loan amount is 90,000 payment / 10% interest rate =
€900,000.

In this case, the maximum loan amount is €900,000, which is the lower of the two
calculated values.

With a loan of €900,000, the LTV is: (900,000 loan amount / 1,200,000 appraised value)
= 75%. The DSCR is: (135,000 NOI / 90,000 payment) = 1.5.

When debt is used to finance real estate, equity investors o�en calculate the equity
dividend rate. This metric, also some�mes called the cash-on-cash return, measures the
percentage return on the cash invested by the equity investors:

The equity dividend rate only takes one period into account. It is not the same as IRR
(which measures return over the en�re holding period, and includes return from capital
apprecia�on). The equity dividend rate is a pretax metric for the investor.

A�er-tax return considers the impact of taxes (net of deprecia�on tax shield) on the
investor’s return. A�er-tax return is analogous to ROE. Tax allowance rates for deprecia�on
vary by jurisdic�on. The depreciable base of a real estate investment excludes the cost of
land, which is typically not depreciated.

EXAMPLE: Equity dividend rate and a�er-tax return

Returning to the previous example, suppose that the property is purchased for the
appraised value of €1,200,000, of which €300,000 is the value of the land. The investor’s



tax rate is 20%, and the deprecia�on method for tax purposes is straight line over 30
years.

Calculate the following:

1. Equity dividend rate.
2. A�er-tax return.

Answer:

1. The €1,200,000 property was financed with €900,000 of debt and €300,000 of equity.
First-year cash flow is: (€135,000 NOI – €90,000 debt service payment) = €45,000.
Thus, the equity dividend rate is: (€45,000 first-year cash flow / €300,000 equity) =
15%.

2. Deprecia�on = (€1,200,000 – €300,000) / 30 = €30,000.

Tax = t × (NOI – interest expense – deprecia�on) = 0.20 × (€135,000 – €90,000 –
€30,000) = €3,000.

A�er-tax return = (€45,000 – €3,000) / €300,000 = 14%.

Principal	Risks
The two primary categories of risks affec�ng real estate investments are as follows:
1. Economic and compe��ve factors. These influence the broad real estate asset class.

Such risks include changes in economic ac�vity, changes in demographics, and the cost
and availability of capital.

2. Property-level risks. These are unique to individual proper�es. They include
obsolescence (requiring extensive remodeling), rezoning, environmental factors (such as
earthquakes, floods, wildfires, and energy efficiency mandates), and issues related to
managing the property such as maintaining and leasing it.

MODULE	QUIZ	31.1

1. A lender is willing to make a 10% interest-only loan on a property, as long as the debt service
coverage ratio is at least 1.6 and the loan-to-value ratio does not exceed 80%. The maximum
loan amount, if the property has an NOI of $200,000 and was recently appraised at
$1,500,000, is closest to:

A. $1,200,000.
B. $1,250,000.
C. $1,300,000.

2. Which of the following statements about real estate is least	accurate?
A. Class A properties tend to feature higher-quality construction than Class B properties.
B. Investments in health care REITs can be considered defensive investments.
C. Core-plus property investments tend to exhibit lower risk than core properties do.

3. If residential rental in�lation is running at 5%, gross potential rental income is most	likely to
be higher than gross rental income due to:

A. vacancy issues.
B. collection losses.
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C. adjusted rents for new leases.

MODULE	31.2:	VALUE	DRIVERS	AND	PROPERTY
TYPES

LOS 31.b: Explain economic value drivers of real estate investments and
their role in a por�olio.

Economic	Value	Drivers
Common macro factors affec�ng all types of real estate include GDP growth, wage growth,
and job crea�on. An improving economy ini�ally leads to an increase in rents and a
reduc�on in vacancies, which encourages addi�onal supply, but that supply takes �me to
emerge because of the long lags in developing real estate.

Job crea�on and wage growth lead to higher personal income, which results in rising
household forma�on. This establishment of new residences leads to an increase in demand
for residen�al real estate—both rental and owner occupied.

Low home prices rela�ve to incomes, as well as low mortgage rates, tend to increase the
demand for owner-occupied housing. This, in turn, spurs new construc�on. Figure 31.4
shows the typical pa�ern in the housing market.

Figure	31.4:	Real	Estate	Cycle

The real estate cycle follows several phases:

The recovery phase begins during a business cycle trough. Tight credit condi�ons and an
uncertain business environment discourage new construc�on, while lower wages put
downward pressure on rents. During this phase, interest rates, NOI, and DSC reach a
bo�om and start rising, while LTV peaks and begins to fall.
The expansion phase coincides with improvement in the business cycle. This leads to
wage growth and improved credit condi�ons, while rents begin increasing—spurring
new construc�on. At the peak of the economic cycle, rising interest rates and property



prices reduce demand for new construc�on. Interest rates, NOI, and DSC con�nue to
rise, while LTV con�nues to fall.
The oversupply phase occurs as the economy so�ens and construc�on projects in the
pipeline are delivered to the market. This contributes to excess supply and decreases
prices and occupancy rates. Interest rates, NOI, and DSC peak and begin to fall, while LTV
reaches a bo�om and begins to rise.
The recession phase occurs as the economy con�nues to so�en, leading to credit
�ghtening and further declines in real estate prices and occupancy rates. Interest rates,
NOI, and DSC con�nue to fall, while LTV increases.

Portfolio	Characteristics
Real estate has similari�es with and differences from tradi�onal asset classes such as
stocks and bonds. Proper�es generate bond-like fixed lease payments, while also having
exposure to equity-like specula�ve returns from capital apprecia�on.

Por�olio characteris�cs of real estate investment include the following:

Current income. Rental income differs from fixed-rate coupons on bonds because leases
o�en include step-up clauses. Some leases are variable rate, where the rents are
indexed to a market variable such as the Consumer Price Index. Retail proper�es may
have an overage clause that results in a higher rent when a tenant’s sales exceed a
specified level. Some leases require the tenants to bear the opera�ng costs of the
property. When the real estate investor’s holding period exceeds the lease term, the
investor faces rollover risk related to finding a new tenant at the end of the lease term.
Capital apprecia�on. The market value of a property tends to increase over �me. Due to
the illiquidity and heterogeneity of real estate, a precise measure of capital apprecia�on
is only possible at the �me of sale.
Infla�on hedge. Real estate can act as an infla�on hedge both through rising rents and
via property value apprecia�on. Longer-term leases o�en use variable rental rates that
are indexed to infla�on.
Diversifica�on. Low historical price correla�ons with tradi�onal assets such as stocks and
bonds can make real estate an a�rac�ve por�olio diversifier.
Tax benefits. Many countries have tax code provisions that provide deprecia�on
deduc�ons, some�mes exceeding the economic loss from deteriora�on of property
value. Also, REITs are exempt from double taxa�on in many jurisdic�ons.

LOS 31.c: Discuss the dis�nc�ve investment characteris�cs of commercial
property types.

Commercial proper�es derive their income and value from the economic use of the
property, which is influenced by industry-specific factors. Some different types of
commercial proper�es, and their associated value factors and risks, include the following:

Office proper�es. These may be built to serve the needs of a key tenant (e.g., company
headquarters), or to serve many tenants. Tradi�onally, demand for offices was driven by



business start-ups. However, the work-from-home phenomenon that gained momentum
during the COVID-19 pandemic has put a significant dent in demand for office space.
Industrial and warehouse proper�es. This kind of real estate is some�mes developed for
specific clients. Growth in e-commerce has increased demand for warehouse proper�es.
Repurposing these proper�es to new uses o�en requires expensive redevelopment.
Retail proper�es. These include anchor department stores and regional shopping
centers. Growth in e-commerce has generally reduced the demand for retail proper�es,
in some cases leading to expensive repurposing. Proximity to local workers and residents
is an important a�ribute for valuing retail proper�es.
Hospitality proper�es. These include hotels and other lodging. Their value is influenced
by demand for business and leisure travel. Trade shows and conven�ons are important
business drivers for large proper�es built as conven�on centers. Business travel is
cyclical, which affects room rates and occupancy levels.
Mixed use. These encompass office/retail, residen�al/retail, and other combina�ons that
derive value from exposure to mul�ple classes of commercial proper�es.
Other specialty. This broad classifica�on includes senior housing, self-storage, hospitals,
cell towers, data centers, college dormitories, and parking facili�es. Each property type
has exposure to different risks. The independent living category of senior housing—for
adults who need only minimal assistance—requires less management. A con�nuing care
facility, by contrast, provides seniors more help with daily tasks, which is management
intensive. The growing popula�on of seniors is increasing demand for both types of
senior housing. Self-storage features short-term rentals, which allows frequent repricing
of rents, though occupancy rates can fluctuate.

MODULE	QUIZ	31.2

1. Which of the following statements about the real estate cycle is least	accurate?
A. During the expansion phase, interest rates increase, while net operating incomes and

debt service coverage ratios decrease.
B. When home prices are low relative to household income and mortgage rates are low,

investors should be more bullish on residential home builders than on rental housing
developers.

C. The expansion phase coincides with wage growth and improved credit conditions, which
are two factors that spur new construction.

2. Which of the following is least	likely to represent a portfolio characteristic of a real estate
investment?

A. Tax bene�its.
B. In�lation hedging.
C. High liquidity.

3. Properties that have more than one tenant type and economic use are called:
A. symbiotic centers.
B. mixed-use developments.
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C. polymorphic structures.

MODULE	31.3:	DUE	DILIGENCE,	VALUATION,	AND
INDEXES

LOS 31.d: Explain the due diligence process and valua�on approaches for
real estate investments.

Real estate investors normally perform due diligence to confirm the facts and condi�ons
that might affect the value of a property. Due diligence includes the following:

Market review and outlook. Investors can aggregate real estate transac�on prices (and
possibly lease prices) from the internet, based on standardized criteria such as size,
loca�on, age, condi�on, and ameni�es. Investors can use this data to es�mate the value
of a specific property. That es�mate should take the current phase of the real estate
cycle into considera�on.
Current lease review and future lease outlook. Here, the investor examines the rental
rates and es�mates of rent prices going forward, as well as lease expira�on dates,
vacancy expecta�ons, and the history of rent payments and delinquencies. Forecasts of
lease income should also incorporate commission expenses for new leases and the cost
of improvements (amor�zed over the life of the lease) needed to a�ract future tenants.
Financial review. The investor should confirm opera�ng expenses using evidence such as
u�lity and tax bills, and review maintenance spending to determine if the seller has
deferred maintenance to inflate NOI. The investor should ensure that the cash flow
statement supports the accrual accoun�ng figures.
Documenta�on review. A �tle review (normally required by the mortgage lender) should
be conducted to ensure a clean �tle, free of any liens or ownership disputes. Investors
should also check that tax payments are up to date, and whether any restric�ons conflict
with their intended use of the property.
Property inspec�on and service agreements. The investor should have a property survey
performed to ensure it is free of encroachments or other legal issues. Physical,
engineering, and environmental inspec�ons may also be used to iden�fy poten�al
problems with the property. Analyzing service and maintenance agreements (e.g.,
frequency and cost of repairs) can help an investor iden�fy ongoing problems.

Valuation	Approaches
Several different valua�on approaches exist for real estate. The most appropriate
methodology for a par�cular property will depend on its characteris�cs, as well as factors
such as market condi�ons and data availability. An appraiser can arrive at a more reliable
es�mate of a property’s value by combining and averaging approaches.

Cost	Approach
The logic behind the cost approach is that a buyer is unlikely to pay more for a property
than it would cost to purchase similar land and construct a comparable building.



The cost approach involves es�ma�ng the market value of the land, es�ma�ng the
replacement cost of the building, and then adjus�ng for deprecia�on and obsolescence.
The cost approach is o�en used for unusual proper�es, or proper�es where comparable
transac�ons are limited.

Sales	Comparison	Approach
The premise of the sales comparison approach is that the purchase price should be close
to what other buyers have paid for similar proper�es in the current market. Ideally, the
comparable real estate would be iden�cal to the subject property—though in prac�ce, this
is rare. Differences may relate to size, age, loca�on, property condi�on, and market
condi�ons at the �me of sale. These mismatches can be addressed by adjus�ng the sale
prices of the comparable proper�es to reflect their differences from the subject property:
the values of comparable transac�ons are adjusted upward (downward) for undesirable
(desirable) differences. In this way, we revalue the comparable as if it were like the subject
property.

EXAMPLE: Sales comparison approach

An appraiser has been asked to es�mate the value of a warehouse and has collected the
following informa�on:

The appraiser’s adjustments are based on the following:

Each adjustment is based on the unadjusted sales price of the comparable.
Proper�es depreciate at 2% per annum. Because Comparable 1 is four years older
than the subject, an upward adjustment of $720,000 is made [$9,000,000 × 2% × 4
years].
Condi�on adjustment. Good: +5%, average: none; poor: –5%. Because Comparable 1
is in be�er condi�on than the subject, a downward adjustment of $450,000 is made
[$9,000,000 × 5%]. Similarly, an upward adjustment is made for Comparable 3 in the
amount of $400,000 [$8,000,000 × 5%].
Loca�on adjustment. Prime: none, secondary: 10%. Because both Comparable 1 and
the subject are in a prime loca�on, no adjustment is made.
Over the past 24 months, sales prices have been apprecia�ng 0.5% per month.
Because Comparable 1 was sold six months ago, an upward adjustment of $270,000 is
made [$9,000,000 × 0.5% × 6 months].

Answer:



Once the adjustments are made for all of the comparable transac�ons, the adjusted
sales price per square foot of the comparable transac�ons are averaged and applied to
the subject property as follows:

The sales comparison approach is most useful when mul�ple similar proper�es have sold
recently. This is o�en the case with single-family homes, but when the market is weak,
transac�ons tend to be fewer. Even in an ac�ve market, transac�ons may be limited for
more specialized property types, such as regional malls and hospitals. The sales
comparison approach assumes that comparable transac�ons represent the current market.
However, the results of this method can be skewed by a period of irra�onal pricing, such as
a market bubble.

Income	Approach
The premise of the income approach is that a property’s value is equal to the present value
of its future cash flows. The rate of return that a buyer requires to invest in the subject
property is used to compute this value. Examples of the income approach include the
direct capitaliza�on method and the discounted cash flow valua�on method.

Under the direct capitaliza�on method, value is calculated by capitalizing the first-year NOI
of the property using a capitaliza�on rate known as the going-in cap rate.

The capitaliza�on rate, or cap rate, is related to the discount rate, but they are not the
same. The discount rate represents the required rate of return and can be thought of as
the risk-free rate plus a risk premium.

If NOI and value are expected to grow at a constant rate, the cap rate is lower than the
discount rate:

The cap rate can be applied to produce a valua�on:



EXAMPLE: Valua�on using the direct capitaliza�on method

Suppose that NOI for an office building is expected to be $175,000, and an appropriate
cap rate has been es�mated as 8%. Es�mate the value of the property using the direct
capitaliza�on method.

Answer:

With the discounted cash flow method, value is based on the present value of the
property’s future cash flows (again, based on NOI) using an appropriate discount rate. A
terminal value is used to represent the present value of the property’s final cash flows to
infinity. Terminal value is es�mated as a perpetuity capitalized using the terminal cap rate.

Discounted cash flow valua�on can be used to es�mate value as follows:

EXAMPLE: Valua�on using the discounted cash flow method

Suppose that we are considering an investment in an office building with a holding
period of three years. It is expected that the NOI for the first year will be $2 million, and
that NOI will grow at 5% per year for the next two years, a�er which �me it will grow at
3% forever. Assume a required rate of return of 8%. Es�mate the value of the property
using the discounted cash flow method.

Answer:

NOI1 = $2 million (given)

NOI2 = 2.00 × ($1.05m) = $2.10 million

NOI3 = 2.10 × ($1.05m) = $2.205 million

NOI4 = 2.205 × ($1.03m) = $2.2712 million

Terminal cap rate = 8% – 3% = 5%

TV3 = $2.2712m / 0.05 = $45.424 million

Using the BA II PLUS financial calculator:

CF0 = 0, CF1 = 2, CF2 = 2.10, CF3 = (2.205 + 45.424) = 47.627



I = 8

Compute NPV → This equals $41.46 million.

Recall that the cap rate is applied to a property’s first-year NOI. An analyst should adjust
the subject property’s NOI if, due to some temporary situa�on, it is unrepresenta�ve of
similar proper�es. For example, suppose a property is temporarily experiencing high
vacancy during a major renova�on. In this case, the first-year NOI should be recalculated as
if the renova�on was complete. This stabilized NOI or normalized NOI is then capitalized,
and the loss in value from the temporary decline in NOI is subtracted to arrive at the value
of the property.

LOS 31.e: Discuss real estate investment indexes, including their
construc�on and poten�al biases.

Real estate indexes have several uses:

To track the performance of the real estate asset class
To serve as a benchmark to evaluate investment managers
To underpin index-based investment products such as ETFs

Investors should be aware of how the indexes are constructed, as well as their limita�ons.
For example, the observed low correla�on of real estate to other asset classes may be
partly a�ributable to the way an index is constructed and the frequency of updates to the
index. Private real estate investment indexes are based on property metrics and are usually
not investable.

There are two types of real estate investment indexes: appraisal-based indexes and
transac�on-based indexes.

Appraisal-Based	Indexes
Because real estate transac�ons involving one par�cular property occur only infrequently,
indexes have been developed that instead use appraised values. Appraisal-based indexes
combine valua�ons of individual proper�es to measure the market overall. One popular
appraisal-based index in the United States from the Na�onal Council of Real Estate
Investment Fiduciaries (NCREIF) is the NCREIF Property Index (NPI). Members of the
NCREIF (mainly investment managers and pension fund sponsors) submit appraisal data
quarterly, and the NCREIF calculates the return as follows:

The value of the index is then computed based on value-weighted returns of the individual
proper�es.

Earlier, we defined cap rate as NOI divided by the beginning market value of the property.
This is the current yield (or income return) of the property and is one component of the
index return equa�on. The remaining components of the equa�on contribute the capital



return. To achieve a posi�ve capital return, the property’s market value must increase by
more than the associated capital expenditures.

Indexes allow investors to compare real estate performance with those of other asset
classes. A real estate index can also be used by investors to benchmark real estate returns.
However, a major drawback is that the income component of index return does not
represent actual cash flows to investors (like REIT distribu�ons do).

The Global Real Estate Fund Index (GREFI) is a capitaliza�on-weighted index, published
quarterly, that includes local currency return and incorporates prices going back to 2009.
The index combines data from the NCREIF, the European Associa�on for Investors in Non-
Listed Real Estate Vehicles (INREV), and the Asian Associa�on for Investors in Non-Listed
Real Estate Vehicles (ANREV).

Appraisal	Lag
Changes in appraisal-based indexes tend to lag changes in actual prices. Because appraisals
use past transac�on data as inputs, transac�ons must occur before appraisal prices can be
affected. Appraisals are conducted infrequently; thus, a change in property prices may not
be reflected in appraised values un�l the next quarter or longer. Further, appraisal lag
tends to smooth an index—that is, reduce its vola�lity, much like a moving average does.
Because of this smoothing, appraisal lag results in lower calculated correla�ons with other
asset classes.

Appraisal lag can be mi�gated by unsmoothing the data. To unsmooth an index, a modified
autoregressive model can be applied:

Here, R* is the appraisal-based return and R is the actual return. The value of α (0 ≤ α ≤ 1)
determines the speed with which the appraisal-based return reflects the actual return. A
higher α applies more unsmoothing.

Appraisal lag can be avoided by using a transac�on-based index.

Transaction-Based	Indexes
Transac�on-based indexes measure price changes based on actual sales of real estate. Two
categories of sta�s�cal transac�on-based indexes have been developed to address the
issue of property sales occurring only infrequently: repeat-sales indexes and hedonic
indexes.

A repeat-sales index relies on recurring sales of the same property, which helps to
dis�nguish true price changes from differences between proper�es. With this kind of
index, a change in market condi�ons can only be measured a�er a property is sold twice. A
regression model is used to allocate the changes in index value to each quarter.

A hedonic index, by comparison, requires only one sale. A regression model is employed to
control for differences in property characteris�cs such as size, age, and loca�on. Once the
model is fi�ed, it can be used to derive es�mates of value for a basket of proper�es
periodically. These data are then used to es�mate the returns for that basket.



Public	Security	Indexes
Bloomberg, FTSE Russell, MSCI, Nikkei, S&P Dow Jones, and Nareit®, among others,
produce indexes covering public securi�es. Indexes such as CMBX exist for real estate debt
securi�es. Some indexes cover equity REITs only, some REOCs only, and some a
combina�on of the two.

MODULE	QUIZ	31.3

1. Which real estate valuation method is most	appropriate for a 30-year-old, owner-occupied,
single-family residence?

A. Cost approach.
B. Income approach.
C. Sales comparison approach.

2. The Royal Oaks of�ice building has annual net operating income (NOI) of $130,000. A similar
of�ice building with NOI of $200,000 recently sold for $2,500,000. Using the direct
capitalization method, the market value of Royal Oaks is closest to:

A. $1,625,000.
B. $2,500,000.
C. $3,846,154.

3. Suppose that a 40-unit apartment building has the following characteristics:

Using the discounted cash �low method, the estimated value of the property is closest to:

A. $7,707,534.
B. $8,350,729.
C. $9,024,472.

4. The capitalization rate equals the appropriate discount rate:
A. less the NOI growth rate.
B. plus the NOI growth rate.
C. adjusted by a present value factor.

5. Which of the following statements about the NCREIF Property Index (NPI) is least	accurate?
The NPI:

A. is computed using recent sales transactions.
B. is value weighted.
C. allows investors to compare real estate performance with that of other asset classes.

6. Laura Outvie, CFA, enters a contract to purchase a recently renovated apartment building. She
is concerned that some of the contractors have not been paid. In performing her due diligence,
which of the following procedures should Outvie most appropriately conduct to alleviate her
concerns?

A. Documentation review.
B. Financial review.
C. Property inspection and service agreement review.

7. Transaction-based real estate indexes:
A. tend to lag appraisal-based indexes.
B. tend to be lagged by appraisal-based indexes.



C. appear to have lower correlation with other asset classes than do appraisal-based indexes.

KEY	CONCEPTS

LOS	31.a

Real estate investments can be categorized based on whether they represent debt or
equity investments, and whether they are publicly traded or private investments. Real
estate proper�es can also be classified based on the degree of sensi�vity to the business
cycle, or on sta�s�cal factors that are proxies for quality.

Net opera�ng income (NOI) is calculated a�er subtrac�ng vacancy and collec�on losses
and other opera�ng expenses from gross poten�al rental income, but before subtrac�ng
financing costs and income taxes.

Various metrics are used to assess real estate viability and risk:

debt service coverage ra�o (DSCR) = NOI1 / debt service

loan-to-value (LTV) = loan amount / appraised value

equity dividend rate = (NOI – debt service) / equity

Two categories of risk for real estate investments are (1) economic and compe��ve factors,
and (2) property-level risks.

LOS	31.b

GDP growth, wage growth, and job crea�on are all value drivers for real estate
investments.

The real estate cycle refers to a recurring pa�ern of four dis�nct phases that reflect the
overall health and direc�on of the property market. Tight credit condi�ons in a
recessionary trough lead to a halt in new construc�on as low wages shrink rental income.
Expansion of the business cycle leads to improved wages and higher rents. At the peak,
high interest rates put a damper on new construc�on. Oversupply results from so�ening of
demand and delivery of exis�ng projects.

In a por�olio, real estate provides current income, capital apprecia�on, infla�on hedging,
and diversifica�on benefits.

LOS	31.c

Types of commercial proper�es and examples of associated structural changes that may
affect value are as follows:

Office proper�es. Work-from-home arrangements may decrease demand.
Industrial and warehouse proper�es. Ecommerce has increased demand.
Retail proper�es. Ecommerce has reduced demand.
Hospitality proper�es. Demand for business and leisure travel is cyclical.
Mixed-use and other specialty proper�es. These kinds of real estate are exposed to
unique factors.



LOS	31.d

Due diligence for private real estate investments includes the following: market review and
outlook; current lease review and future lease outlook; financial review; documenta�on
review; property inspec�on and service agreement review; examina�on of property
surveys; and review of physical, engineering, and environmental reports.

Valua�on approaches for real estate investments include the following:

Cost approach. This involves es�ma�ng the market value of the land, es�ma�ng the
replacement cost of the building, and adjus�ng the total for deprecia�on and
obsolescence. It is useful for valuing unusual proper�es or proper�es where comparable
transac�ons are limited.
Sales comparison approach. The transac�on prices of comparable proper�es are
adjusted for differences with the subject property.
Income approach (direct capitaliza�on). A going-in cap rate is applied to the es�mated
NOI of the property.
Income approach (DCF). NOI is es�mated for the first n periods. A terminal value at the
end of n periods is calculated using the terminal cap rate. These values are discounted
and summed to es�mate current value.

LOS	31.e

Appraisal-based indexes calculate return as current yield (from NOI) plus price apprecia�on
(adjusted for capital expenditures).

Transac�on-based indexes are based on (1) repeat sales, (2) a hedonic model, or (3) public
securi�es. Appraisal-based indexes tend to lag transac�on-based indexes; thus, they
appear to have lower vola�lity and lower correla�ons with other asset classes.

ANSWER	KEY	FOR	MODULE	QUIZZES

Module	Quiz	31.1

1. A Using the DSCR, the property will support a debt service payment of: ($200,000 NOI
/ 1.6) = $125,000. The corresponding loan amount is: ($125,000 payment / 10%
interest rate) = $1,250,000. However, using the LTV, the property will only support a
loan amount of: ($1,500,000 value × 80% LTV) = $1,200,000. Thus, the maximum
loan that the lender will be willing to extend is $1,200,000. (LOS 31.a)

2. C Core-plus property investments are generally riskier than investments in core
proper�es. Class A proper�es have high-quality construc�on with the best
materials, while Class B proper�es have good-quality construc�on with limited
deferred maintenance. Health care REITs are classified as defensive investments
because demand for medical services is typically independent of the business cycle.
(LOS 31.a)

3. C When market rents are rising due to posi�ve rental infla�on, gross poten�al rental
income (based on current market condi�ons) will be higher than gross rental



income (based on exis�ng leases). Vacancy and collec�on losses are deducted from
gross poten�al rental income or gross rental income. (LOS 31.a)

Module	Quiz	31.2

1. A During the expansion phase, interest rates, NOI, and DSC rise, while LTV decreases.
The other statements are accurate. (LOS 31.b)

2. C High transac�on costs and the rela�ve infrequency of transac�ons make real estate
investments illiquid. Real estate offers current income (rents) and capital
apprecia�on, diversifica�on, and tax benefits, and can be an infla�on hedge. (LOS
31.b)

3. B  Mixed-use developments have more than one tenant type and economic use. (LOS
31.c)

Module	Quiz	31.3

1. C The sales comparison approach is likely to be the preferred valua�on method
because data on mul�ple comparable transac�ons will normally be available. The
cost approach is less applicable here because of the difficulty in es�ma�ng
deprecia�on and obsolescence of an older property. The income approach is not
appropriate because an owner-occupied property does not generate income. (LOS
31.d)

2. A The cap rate of the comparable transac�on is: ($200,000 NOI / $2,500,000 sales
price) = 8%. Thus, the es�mated value of Royal Oaks is: ($130,000 NOI / 8% cap
rate) = $1,625,000. (LOS 31.d)

3. A The terminal value at the end of five years is: ($700,000 Year 6 NOI) / (10% discount
rate – 2% growth rate) = $8,750,000. This terminal value is discounted to the
present and added to the present value of the NOI over the holding period.
Using our BA II PLUS calculator, we enter the following keystrokes: N = 5; I/Y = 10;
PMT = 600,000; FV = 8,750,000; CPT PV = $7,707,534.
(LOS 31.d)

1. A The capitaliza�on rate is the discount rate (required rate of return on equity, r) less
the constant growth rate in NOI, g. (Mathema�cally, cap rate = r – g). (LOS 31.d)

2. A The NPI uses a value-weighted return that is calculated using appraisal data. The
index allows comparison of the performance of the real estate asset class with that
of other asset classes. (LOS 31.e)

3. A Documenta�on review includes a search of public records for outstanding liens,
including those that would have been filed by contractors involved in the recent
renova�on. (An exis�ng lien can result in legal problems for the purchaser and the
lender.) A financial review will not uncover unpaid bills if they were not recorded. A
property inspec�on such as a survey will not iden�fy outstanding liens: rather, a
survey confirms the property boundaries and iden�fies any easements. (LOS 31.d)



4. B Appraisal-based indexes tend to lag transac�on-based indexes because actual
transac�ons occur before appraisals are performed (appraisals are informed by
transac�on data). Appraisal-based indexes, not transac�on-based indexes, appear to
have lower correla�ons with other asset classes, due to the delay and poten�al
smoothing effect inherent in appraisal-based indexes. (LOS 31.e)
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READING	32

INVESTMENTS	IN	REAL	ESTATE	THROUGH
PUBLICLY	TRADED	SECURITIES

EXAM	FOCUS
For the exam, be able to describe the different types of publicly traded real estate
securi�es and understand the advantages and disadvantages of inves�ng in real estate
through publicly traded securi�es. Understand the three approaches to valua�on of real
estate property. Familiarize yourself with the process and inputs for the direct
capitaliza�on method. Be able to explain the types of REITs, as well as their economic value
determinants, investment characteris�cs, principal risks, and due diligence considera�ons.
Know the various approaches to REIT valua�on and be able to calculate the value of a REIT
share.

MODULE	32.1:	INVESTMENTS	IN	REAL	ESTATE
THROUGH	PUBLICLY	TRADED	SECURITIES

Publicly	Traded	Real	Estate	Investments
Publicly traded real estate securi�es appeal to small investors seeking to gain exposure to
professionally managed real estate. Just like mutual funds, REITs were tax advantaged
under the tax codes of major developed markets and became a popular vehicle for
investors to gain exposure to real estate asset class.

LOS 32.a: Discuss types of publicly traded real estate securi�es.

Publicly traded real estate securi�es can take several forms: real estate investment trusts
(REITs), real estate opera�ng companies (REOCs), and residen�al or commercial
mortgage-backed securi�es (MBS).

We can categorize publicly traded real estate securi�es into two broad groups: equity and
debt.

Equity
Publicly traded real estate equity securi�es represent ownership stakes in proper�es.

Equity REITs and REOCs fall into this category.



Equity REITs (real estate investment trusts). REITs are tax-advantaged companies (trusts)
that are for the most part exempt from corporate income tax. Equity REITs are ac�vely
managed, own income-producing real estate, and seek to profit by growing cash flows,
improving exis�ng proper�es, and purchasing addi�onal proper�es. REITs o�en
specialize in a par�cular kind of property, while s�ll diversifying holdings by geography
and other factors. To be tax-advantaged, REITs are generally required to distribute more
than 90% of their taxable income to their shareholders.
REOCs (real estate opera�ng companies). REOCs are not tax advantaged; rather, they are
ordinary (i.e., taxable) corpora�ons that own real estate. A business will form as a REOC
if it is ineligible to organize as a REIT. For example, the firm may intend to develop and
sell real estate rather than genera�ng cash from rental payments, or the firm may be
based in a country that does not allow tax-advantaged REITs.

Debt
MBS (mortgage-backed securi�es) and mortgage REITs fall into this category.

Residen�al or commercial mortgage-backed securi�es (MBS). Residen�al or commercial
mortgage-backed securi�es are publicly traded asset-backed securi�zed debt obliga�ons
that receive cash flows from an underlying pool of mortgage loans. These loans may be
for commercial proper�es (in the case of CMBS) or on residen�al proper�es (in the case
of RMBS). Real estate debt securi�es represent a far larger aggregate market value than
do publicly traded real estate equity securi�es.
Mortgage REITs. Mortgage REITs invest primarily in mortgages, mortgage securi�es, or
loans that are secured by real estate.

REIT	Structures
Most REITs are structured as corpora�ons or trusts and are tax-efficient conduits. In most
countries, REITs are required to distribute 90% to 100% of their taxable income as
dividends to be exempt from taxa�on. Addi�onally, REITs have other requirements, such as
a minimum 75% investment in real estate and deriving at least 75% of their income from
rental or mortgage interest. Ownership rules vary by jurisdic�on but tend to disallow
family-owned trusts from qualifying as REITs. In the U.S., REITs should have more than 100
owners, and no fewer than five owners can own more than 50% of the REIT shares (5/50
rule).

Advantages
Investments in REITs offer a number of advantages compared with direct investments in
physical real estate:

Superior liquidity. Investors in publicly traded real estate securi�es enjoy far greater
liquidity than do investors in physical real estate, because REIT shares trade daily on a
stock exchange. The low liquidity of a direct real estate investment stems from the
rela�vely high value of an individual real estate property and the unique nature of each
property.
Transparency. Informa�on about current and historical prices and volume is readily
available.



Exemp�on from taxa�on. As long as certain requirements are met, REITs enjoy favorable
taxa�on, because a major part of REIT distribu�ons is treated as a return of capital and is
thus not taxable.
Predictable earnings. The earnings of REITs tend to be rela�vely consistent over �me,
because REITs’ rental income is fixed by contracts, unlike the income of companies in
other industries.
Access to premium proper�es. Some pres�gious proper�es, such as high-profile
shopping malls or other prominent or landmark buildings, are difficult to invest in
directly. Shares in REITs that have invested in these proper�es represent one way to take
an ownership stake in these assets.
Ac�ve professional management. While a direct investment in proper�es requires a
degree of real estate investment exper�se and property management skill, REIT and
REOC investments do not. REITs and REOCs employ professional management to control
expenses, to maximize rents and occupancy rates, and some�mes to acquire addi�onal
proper�es.
Greater poten�al for diversifica�on. Because of the high cost of a single property, it is
difficult to achieve adequate diversifica�on through direct investments in real estate.
Through REITs, however, an investor can diversify across property type and geographical
loca�on.

Disadvantages
Most of the disadvantages for REITs as an investment center around the tax code
requirement that a REIT distribute most of its earnings as dividends, limi�ng retained
earnings as a means of growth.

Limited poten�al for income growth. REITs’ high rates of income payout limit REITs’
ability to generate future growth through reinvestment. This limits future income growth
and may dampen the share price of REITs. A REIT may be forced to issue equity at a
disadvantageous price to finance its growth, as availability of retained earnings is
limited.
Lack of flexibility. The rules that qualify REITs for favorable taxa�on also have a
downside: REITs are restricted in their investment choices. These limits may prevent
REITs from being as profitable as they might otherwise be.
Lower diversifica�on benefit rela�ve to direct investment in real estate. REITs tend to
have a higher correla�on with equi�es compared to direct real estate investments. So
even though REITs allow superior diversifica�on amongst property holdings, it offers
poorer diversifica�on overall inside an investment por�olio.

LOS 32.b: Jus�fy the use of net asset value per share (NAVPS) in valua�on
of publicly traded real estate securi�es and es�mate NAVPS based on
forecasted cash net opera�ng income.

The net asset value per share (NAVPS) is the (per-share) amount by which assets exceed
liabili�es, using current market values rather than accoun�ng book values. NAVPS is
generally considered the most appropriate measure of the fundamental value of REITs. If



the market price of a REIT varies from NAVPS, the premium (or discount) reflects an
investor’s view of the management capabili�es, leverage, and governance. REITs with high
leverage and trading at a discount to NAVPS may find it difficult to refinance their maturing
debt.

NAVPS is superior to book value per share (BVPS) because BVPS relies on the depreciated
historical cost of a REIT’s asset.

Estimating	NAVPS	Based	on	Forecasted	Cash	Net	Operating
Income
In the absence of a reliable appraisal, analysts will es�mate the value of opera�ng real
estate holdings of a REIT by capitalizing the REIT’s cash net opera�ng income (NOI). This
process first requires the calcula�on of a market-required rate of return, known as the
capitaliza�on rate (“cap rate”), based on the prices of comparable recent transac�ons that
have taken place in the market.

NOI is the amount of income remaining a�er subtrac�ng vacancy and collec�on losses and
opera�ng expenses (e.g., insurance, property taxes, u�li�es, maintenance, and repairs)
from poten�al gross income. NOI is calculated before subtrac�ng financing costs,
deprecia�on, general and administra�ve expenses, and income taxes.

Note that in calcula�ng cash NOI, we subtract non-cash rent. Non-cash rent is the
difference between the average rent over the term of a lease contract (i.e., straight-line
rent) versus the amount of cash rent actually received in a period. Further, in forecas�ng
NOI for the next year, two adjustments are made to the current-period NOI: (1) the impact
of acquisi�ons (if any) for the current year, which are not fully reflected in the current
period’s NOI, and (2) applica�on of a growth rate.

In the following example, we show how to calculate NAVPS. First, es�mated first-year NOI
is capitalized using a market cap rate. Next, we add the value of other tangible assets and
subtract the value of REIT’s liabili�es to find total net asset value. Net asset value divided
by the number of outstanding shares gives us NAVPS.

Generally, deferred financing expenses, deferred tax assets, and goodwill are excluded
from total assets so as to only include “hard economic assets.” Similarly, debt and other
liabili�es are adjusted to their market values if the difference rela�ve to book value is
significant.

EXAMPLE: Compu�ng NAVPS

Vinny Cestone, CFA, is undertaking a valua�on of the Anyco Shopping Center REIT, Inc.
Given the following financial data for Anyco, es�mate NAVPS based on forecasted cash
net opera�ng income.

Select Anyco Shopping Center REIT, Inc., Financial Informa�on (in $ millions)



Notes:

1. Non-cash rent (difference between average contractual rent and cash rent paid) is
removed.

2. NOI is increased to represent full-year rent for proper�es acquired during the year.
3. Cash NOI is expected to increase by 1.25% over the next year.
4. Cap rate is based on recent transac�ons for comparable proper�es.



5. Opera�ng real estate value = expected next 12-month cash NOI / 8% capitaliza�on
rate.

6. Add the book value of other assets: cash, accounts receivable, land for future
development, prepaid expenses, and so on. Certain intangibles, such as goodwill,
deferred financing expenses, and deferred tax assets, if given, are ignored.

7. Debt and other liabili�es are subtracted to get to net asset value.
8. NAVPS = NAV/number of outstanding shares.

LOS 32.c: Describe the use of funds from opera�ons (FFO) and adjusted
funds from opera�ons (AFFO) in REIT valua�on.

Analysts calculate and use two measures: FFO and AFFO.
1. Funds from opera�ons (FFO). FFO adjusts reported earnings and is a popular measure

of the con�nuing opera�ng income of a REIT or REOC. FFO is calculated as follows:

Deprecia�on is added back under the premise that accoun�ng deprecia�on o�en
exceeds economic deprecia�on for real estate. Gains from sales of property are
excluded because these are not considered to be part of con�nuing income.

2. Adjusted funds from opera�ons (AFFO). AFFO is an extension of FFO that is intended to
be a more useful representa�on of current economic income. AFFO is also known as
cash available for distribu�on (CAD) or funds available for distribu�on (FAD).
The calcula�on of AFFO generally involves beginning with FFO and then subtrac�ng non-
cash rent and maintenance-type capital expenditures and leasing costs (such as
improvement allowances to tenants or capital expenditures for maintenance).

Non-cash rent o�en arises due to straight-lining of rent: non-cash rent is the amount by
which the average contractual rent over a lease period exceeds the rent actually paid. A
lease calling for increasing rental rates over the lease term will have significant non-cash
rent early in the lease term. Capital expenditures related to maintenance, as well as
expenses related to leasing the space in proper�es, are subtracted from FFO because
they represent costs that must be expended in order to maintain the value of the
proper�es.

AFFO is considered a be�er measure of economic income than FFO because AFFO
considers the capital expenditures that are required to sustain the property’s economic



income. AFFO also provides a be�er indicator for the sustainability of the REIT’s
dividend paying capacity. However, FFO is more frequently cited in prac�ce, because
AFFO relies more on es�mates and is considered more subjec�ve.

Comparison	of	Different	Methods
Net asset value per share: The net asset value method of valua�on can be used either to
generate an absolute valua�on or as part of a rela�ve valua�on approach. Note, however,
that net asset value is an indica�on of a REIT’s assets to a buyer in the private market,
which can be quite different from the value public market investors would a�ach to the
REIT. For this reason, there have historically been significant differences (i.e., premiums or
discounts) between NAV es�mates and the prices at which REITs actually trade.

PROFESSOR’S	NOTE
Rela�ve valua�on using NAVPS is essen�ally comparing NAVPS to the market
price of a REIT (or REOC) share. If, in general, the market is trading at a
premium to NAVPS, a value investor would select the investments with the
lowest premium (everything else held constant).

Advantages	of	Price	Multiples
1. Mul�ples P/FFO and P/AFFO are globally accepted in evalua�ng shares.
2. Mul�ples allow comparisons with other investment alterna�ves.
3. FFO es�mates are widely available from reputed data providers such as Bloomberg.
4. Mul�ples are evaluated in conjunc�on with other factors such as growth rates to allow

for reconcilia�on of differences in mul�ples between different REITs.
5. Because leverage is not explicitly accounted for in FFO and AFFO, analysts need to adjust

for leverage differences in rela�ve value analysis.

Drawbacks	of	Multiples
1. Mul�ples do not capture the value of non-income-producing real assets (e.g., land held

for development, vacant buildings).
2. FFO does not capture the impact of recurring capex-type maintenance expenditures

needed to maintain the earning power of proper�es.
3. One-�me gains and accoun�ng charges distort FFO and AFFO and make comparisons

between companies difficult.

Discounted cash flow approach: Dividend discount and discounted cash flow models of
valua�on are appropriate for use with REITs and REOCs, because these two investment
structures typically pay dividends and thereby return a high propor�on of their income to
investors. DDM and DCF are used in private real estate in the same way that they are used
to value stocks in general. For dividend discount models, an analyst will typically develop
near-term, medium-term, and long-term growth forecasts and then use these values as the
basis for two- or three-stage dividend discount models. To build a discounted cash flow
model, analysts will generally create intermediate-term cash flow projec�ons plus a
terminal value that is developed using historical cash flow mul�ples.



LOS 32.d: Calculate and interpret the value of a REIT share using the net
asset value, rela�ve value (price-to-FFO and price-to-AFFO), and discounted
cash flow approaches.

EXAMPLE: Calcula�ng the value of a REIT share

Lucinda Crabtree, CFA, is an asset manager who is interested in diversifying the por�olio
she manages through an investment in an office building REIT.

Crabtree wants to value the poten�al investment using four different approaches as of
the end of 2023, as follows:

Approach 1: Net asset value

Approach 2: Price-to-FFO

Approach 3: Price-to-AFFO

Approach 4: Discounted cash flow

Selected REIT Financial Informa�on

Approach 1: Value of a REIT share using net asset value approach

The value per share for this REIT using net asset value valua�on is computed as follows:



The REIT share value using the net asset value approach is thus $70. Note that no
adjustment for non-cash rents was required in this case because we began with an
es�mate of cash NOI.

Approach 2: Value of a REIT share using price-to-FFO (P/FFO) approach

The value per share for this REIT using price-to-FFO valua�on is computed as follows:

Applying the office subsector average P/FFO mul�ple of 10× yields a value per share of
$7 × 10 = $70.

The REIT share value using the price-to-FFO approach is thus $70.

Approach 3: Value of REIT share using price-to-AFFO (P/AFFO) approach

Applying the office subsector average P/AFFO mul�ple of 14× yields a value per share of
$5 × 14 = $70.

The REIT share value using the price-to-AFFO approach is thus $70.

Approach 4: Value of REIT share using discounted cash flow approach

Present value in 2026 of dividend stream beginning in 2027 = $5.25 / (0.09 – 0.01) =
$65.63

These dividends are discounted at a rate of 9%.



The REIT share value using the discounted cash flow approach is thus $63.61.

Note that the calculated value of a REIT share is likely to vary, some�mes greatly,
depending on which of these approaches is used.

LOS 32.e: Explain advantages and disadvantages of inves�ng in real estate
through publicly traded securi�es compared to private vehicles.

We have already iden�fied the advantages and drawbacks of inves�ng in REITs versus
private investment (i.e., direct investment) in real estate. We summarize them here.

Advantages of private investment rela�ve to publicly traded real estate securi�es
1. Direct exposure to the real estate class.
2. Returns dictated by property performance.
3. Tax benefits (accelerated deprecia�on, �ming op�on for capital gains).
4. Infla�on hedge.
5. Illiquidity premium.
6. Control and ability to pursue diverse strategies.
7. Lower correla�on with other asset classes (superior diversifica�on).

Drawbacks of private investments rela�ve to publicly traded securi�es
1. Illiquidity.
2. High fees and expenses.
3. High minimum investment.
4. Low transparency.
5. Fewer regulatory protec�ons for investors.
6. Appraisals lag actual market values.
7. Higher returns derived from the use of leverage, but increases risk.

Advantages of inves�ng in publicly traded securi�es
1. Tracks real estate asset class fundamentals over the long term.
2. High liquidity.
3. Professional management.
4. Infla�on hedge.
5. Tax efficiency (for REITs).



6. Access to a (diversified) pool of assets.
7. Access to special sectors (e.g., data centers).
8. Low minimum investment.
9. Low entry/exit costs.

10. Regulatory protec�on for investors.
11. High transparency.
12. Limited liability.

Drawbacks of inves�ng in publicly traded securi�es
1. Higher vola�lity.
2. Higher correla�on with stocks (compared to the correla�on of stocks with private real

estate).
3. Dividends are taxed at high current income tax rates.
4. Poor governance/agency conflict.
5. Equity markets penalize high leverage.
6. Market prices differ from NAV.
7. REIT structure limits possible ac�vi�es.
8. Compliance costs may be prohibi�ve for smaller companies.

MODULE	QUIZ	32.1

1. Which of the following least accurately identi�ies one of the principal types of publicly traded
real estate securities?

A. Commingled real estate fund (CREF).
B. Shares of real estate operating companies (REOC).
C. Residential and commercial mortgage-backed securities (MBS).

2. Which of the following statements most accurately describes one of the advantages of
investing in REITs?

A. REITs can pass on tax losses to their investors as deductions from their taxable income.
B. REITs have lower price and return volatility than a comparable direct investment in

properties.
C. REITs provide a greater potential for diversi�ication within the asset class.

3. Which of the following statements about the use of net asset value per share (NAVPS) in REIT
valuation is most accurate?

A. NAVPS is the difference between the accounting book values of a real estate company’s
assets and its liabilities, divided by shares outstanding.

B. NAVPS is considered to be a superior measure of the net worth of a REIT’s shares,
compared with book value per share.

C. NAVPS is exactly equal to the intrinsic value of REIT shares.
4. In the process of calculating adjusted funds from operations (AFFO) from funds from

operations (FFO), an analyst is most	likely to:
A. add depreciation and amortization.
B. subtract non-cash rent.
C. add recurring maintenance-type capital expenditures and leasing commissions.

5. Which statement regarding approaches to REIT valuation is least accurate?



A. AFFO includes a number of adjustments to FFO that result in AFFO approximating
continuing cash earnings.

B. P/AFFO is the most frequently used multiple in analyzing the REIT sector.
C. Dividend discount models are appropriate for valuing REITs because REITs return most

of their income to investors.

Use	the	following	information	to	answer	Questions	6	through	9.

Anna Ginzburg, CFA, is using the following information to analyze a potential investment in an industrial
building.

Selected	REIT	Financial	Information

6. The value of Ginzburg’s potential investment using a net asset value (NAV) approach is closest
to:

A. $30.
B. $35.
C. $40.

7. The value of Ginzburg’s potential investment using a price-to-FFO approach is closest to:
A. $30.
B. $35.
C. $40.

8. The value of Ginzburg’s potential investment using a price-to-AFFO approach is closest to:
A. $30.
B. $35.
C. $40.

9. The value of Ginzburg’s potential investment using a discounted cash �low approach is closest
to:

A. $30.
B. $35.
C. $40.

10. Compared with other publicly traded shares, REITs are most	likely to offer relatively low:
A. yields.



B. stability of income and returns.
C. growth from reinvested operating cash �lows.

KEY	CONCEPTS

LOS	32.a

The main types of REITs are:

Equity REITs, which take ownership stakes in income-producing property.
Mortgage REITs, which invest primarily in mortgages, mortgage securi�es, or loans that
use real estate as collateral.

Advantages of REITs include:

Superior liquidity.
Transparency.
Access to premium proper�es.
Ac�ve professional management.
Greater poten�al for diversifica�on.
Exemp�on from taxa�on.
Earnings predictability and high yield.

Disadvantages of REITs include:

Limited poten�al for income growth.
Forced equity issuance.

LOS	32.b

Net asset value per share (NAVPS) is the (per-share) amount by which a REIT’s assets
exceed its liabili�es, using current market value of REIT real estate investments rather than
accoun�ng or book values. The REIT or REOC por�olio of opera�ng real estate investments
can be valued by capitalizing cash net opera�ng income. Adding other assets and
subtrac�ng other liabili�es yields net asset value.

LOS	32.c



LOS	32.d

Price-to-FFO approach:

Price-to-AFFO approach:

Discounted cash flow approach:

LOS	32.e

Rela�ve to publicly traded securi�es, private investment provides direct exposure to the
real estate class, returns dictated by property performance, tax benefits, infla�on hedge,
illiquidity premium, control, and lower correla�on with other asset classes. However,
private investments suffer from illiquidity, high fees and expenses, high minimum
investment, low transparency, fewer regulatory protec�ons for investors, and higher risk
due to leverage.

Publicly traded securi�es are a�rac�ve because they provide high liquidity, professional
management, tax efficiency (REITs), diversifica�on, low minimum investment, low
entry/exit costs, regulatory protec�on for investors, and high transparency. However, they
suffer from higher vola�lity, higher correla�on with stocks, and agency conflict.

ANSWER	KEY	FOR	MODULE	QUIZZES

Module	Quiz	32.1

1. A  A commingled real estate fund (CREF) is an example of a private real estate
investment, not a publicly traded security. The three principal types of publicly
traded real estate securi�es available globally are real estate investment trusts
(REITs), real estate opera�ng companies (REOCs), and residen�al and commercial
mortgage-backed securi�es (MBS). (LOS 32.a)



2. C Compared to direct investment in real estate, a REIT’s por�olio investment includes
a number of geographically dispersed proper�es allowing for diversifica�on benefits
within the real estate asset class. REITs and REOCs usually cannot pass on tax losses
to their investors as deduc�ons from taxable income. Because REIT prices and
returns are determined by the stock market, the value of a REIT is more vola�le
than its appraised net asset value. (LOS 32.a)

3. B NAVPS is the difference between a REIT’s assets and its liabili�es, using current
market values instead of accoun�ng book values and dividing by the number of
shares outstanding. NAVPS is a superior measure of the net worth of a REIT,
compared with book value per share, which is based on historical cost values. NAV
is the largest component of the intrinsic value of a REIT; however, other factors,
such as the value of non-asset-based income streams, the value added by
management, and the value of any con�ngent liabili�es, also contribute to intrinsic
value. (LOS 32.b)

4. B To calculate AFFO, we begin with FFO and then deduct non-cash rent, maintenance-
type capital expenditures, and leasing commissions. (LOS 32.c)

5. B FFO has some shortcomings, but because it is the most standardized method of
measuring a REIT’s earnings, P/FFO is the most commonly used mul�ple in analyzing
REITs. AFFO is used as a convenient proxy for a “cash flow” mul�ple because AFFO
approximates cash earnings. Dividend discount models are appropriate methods for
valuing REITs because REITs return a significant por�on of their income to their
investors and tend to be high-dividend payers. (LOS 32.c)

6. A  The value per share for this REIT using net asset value valua�on is calculated as
follows:

The REIT share value using the net asset value approach is $30. (LOS 32.d)

7. B The value per share for this REIT using price-to-FFO valua�on is computed as follows:

Applying the office subsector average P/FFO mul�ple of 12× yields a value per share
of:

The REIT share value using the price-to-FFO approach is $36. (LOS 32.d)

8. A  The value per share for this REIT using a price-to-AFFO valua�on is calculated as
follows:



Applying the office subsector average P/AFFO mul�ple of 20× yields a value per
share of $1.50 × 20 = $30.
The REIT share value using the price-to-AFFO approach is $30. (LOS 32.d)

9. C The value per share for this REIT using a discounted cash flow valua�on is calculated
as follows:

The REIT share value using the discounted cash flow approach is $38.15. (LOS 32.d)

10. C When we compare REITs to other kinds of publicly traded shares, REITs offer above-
average yields and stable income and returns. Due to their high income-to-payout
ra�os, REITs have rela�vely low poten�al to grow by reinves�ng opera�ng cash flows.
(LOS 32.e)
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READING	33

HEDGE	FUND	STRATEGIES

EXAM	FOCUS
This reading describes some of the most important categories of hedge fund strategies,
examines their investment characteris�cs, and explains how these strategies are
implemented. Understand the investment characteris�cs and implementa�on approach for
six major hedge fund strategy categories. Be able to interpret the model for understanding
the risk exposures of each of these strategies.

MODULE	33.1:	OVERVIEW	OF	HEDGE	FUND
STRATEGIES

Introduction
Hedge funds represent an important subgroup of alterna�ve investment opportuni�es.

Key features that dis�nguish hedge funds from tradi�onal investments include:

Lower regulatory and legal constraints.
Flexibility to use short selling and deriva�ves.
A larger investment universe.
Aggressive investment exposures.
Compara�vely free use of leverage.
Liquidity constraints for investors.
Lack of transparency.
Higher cost structures.

The key ques�on is whether the high expense levels of hedge funds are jus�fied by the
return and diversifica�on benefits that hedge funds are intended to deliver.

Some asset managers seek out hedge funds as a source of alpha, which tends to be elusive.
Others view hedge funds as a way to access top inves�ng talent.



LOS 33.a: Discuss how hedge fund strategies may be classified.

Classi�ications	of	Hedge	Fund	Strategies
Hedge fund strategies are categorized based on the kinds of securi�es they invest in, the
trading approach they use, and the kinds of risk exposures taken.

There are numerous ways to classify hedge funds, but in this topic review, we use the
following six strategy categories:
1. Equity related. These fund strategies focus on stocks, and hence the primary source of

risk is equity risk. There are several subtypes, including long/short equity, dedicated
short bias, and equity market neutral.

2. Event driven. These strategies relate to corporate ac�ons such as governance ac�vi�es,
mergers, acquisi�ons, bankruptcies, and other major business events. The main dangers
of these strategies are event risks—the possibility that outcomes will not unfold as
expected (examples include: the failure of a merger, credit downgrades, or bankruptcy).
In the following LOSs, the event-driven hedge fund strategies that we will examine are
merger arbitrage and distressed securi�es.

3. Rela�ve value. These hedge fund strategies seek to profit from the price differen�als
between related securi�es. For debt securi�es, the valua�on differences being exploited
span securi�es with different credit quality or liquidity. Two rela�ve value strategies that
will be considered further are fixed-income arbitrage and conver�ble bond arbitrage.

4. Opportunis�c. These strategies employ a top-down approach, o�en span mul�ple asset
classes, and vary with market condi�ons. The two opportunis�c strategies that will be
considered here are global macro and managed futures.

5. Specialist. These strategies generally require specialized market exper�se or knowledge.
O�en the risks of these strategies arise due to exposure to specific sectors or unusual
securi�es. The two such specialist strategies we will consider in this topic review are
vola�lity strategies and reinsurance strategies.

6. Mul�-manager. These strategies use other hedge fund strategies as building blocks,
combining different strategies together and rebalancing exposures over �me. The two
types of mul�-manager hedge funds we will consider are mul�-strategy funds and
funds-of-funds.

MODULE	QUIZ	33.1

1. A convertible bond arbitrage strategy is most	likely to be classi�ied as a(n):
A. specialist strategy.
B. event-driven strategy.
C. relative value strategy.

2. A managed futures hedge fund strategy is most	likely to be classi�ied as a(n):
A. opportunistic strategy.
B. specialist strategy.
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C. relative value strategy.

MODULE	33.2:	EQUITY,	EVENT-DRIVEN,	AND
RELATIVE	VALUE	STRATEGIES

LOS 33.b: Discuss investment characteris�cs, strategy implementa�on, and
role in a por�olio of equity-related hedge fund strategies.

Equity-Related	Hedge	Fund	Strategies
Equity-related hedge fund strategies focus primarily on stock markets, and their risk
primarily stems from stocks. Subtypes of the equity-related category include: long/short
equity, dedicated short bias, and equity market neutral.

Long/Short	Equity
Long/short (L/S) equity hedge funds are straigh�orward to understand. The fund manager
purchases (takes long posi�ons in) stocks that they think will rise in value, and sells (takes
short posi�ons in) stocks that they believe will fall in value.

Investment	Characteristics
When long/short equity managers combine long and short posi�ons, the resul�ng por�olio
has a beta (i.e., market exposure) equal to the weighted sum of the posi�ve and nega�ve
betas of the various long and short posi�ons.

L/S equity hedge funds generally do not seek to eliminate market exposure en�rely. Rather,
L/S funds will typically have a 40% to 60% net long exposure, which is beneficial
considering that markets generally trend upward over �me.

L/S equity managers typically aspire to provide returns comparable to those of a long-only
fund, but with half the amount of standard devia�on.

Strategy	Implementation
Because successful implementa�on of a long/short equity strategy requires managers to
iden�fy overpriced and underpriced stocks, the majority of L/S equity funds take a sector-
specific focus, choosing securi�es from a par�cular industry that they are familiar with.
They may also use index funds to achieve a desired exposure. L/S funds that are
compara�vely market neutral may need to use leverage to achieve worthwhile returns.

Role	in	a	Portfolio
The goal of most L/S equity managers is to derive alpha from long and short posi�ons in
individual stocks, while also benefi�ng from a moderate overall long exposure.

When considering an investment in an L/S equity fund, an analyst should weigh whether
the investment is worthwhile given the poten�ally high fees. (Taking a tradi�onal long-only
equity posi�on may be a more efficient way to achieve a comparable beta exposure.)



Dedicated	Short	Selling	and	Short-Biased
As the name suggests, dedicated short-selling funds seek out securi�es that are overpriced
in order to sell them short. Short-biased managers use a similar strategy, except that the
short posi�on is somewhat offset by a long exposure.

One major challenge of being a short seller is that market prices generally rise over �me,
which creates a tendency towards nega�ve returns for shorts.

A notable subset of short selling is ac�vist short selling, in which the fund manager not
only takes a short posi�on in a stock, but also presents research that contends that the
stock is overpriced.

Investment	Characteristics
Managers using short-biased strategies or dedicated short-selling strategies seek to
produce a nega�ve correla�on with conven�onal securi�es. Compared to other hedge fund
strategies, expecta�ons of return for short strategies tend to be lower. Compared to L/S
equity hedge funds (which feature offse�ng beta exposures) short strategy funds tend to
have greater vola�lity.

Strategy	Implementation
Hedge fund managers go “short” a security by borrowing the security and selling it at the
current market price. The trade will be profitable if the manager is later able to repurchase
the same security at a lower price in order to return it to the lender.

The challenging part of profitably shor�ng stocks is correctly iden�fying securi�es that will
lose value. Managers will use a bo�om-up approach to iden�fy firms with unprofitable
business models, bad management, too much debt, declining market segments, or even
decei�ul accoun�ng.

A dedicated short seller does not take on any long stock posi�on; rather, they carefully
select stocks for a pure short exposure, typically 60% to 120% short. A dedicated short
manager who wishes to temper the fund’s market exposure will typically do this by holding
cash.

Short-biased managers have a similar strategy; however, they may also take on some long
exposure, while remaining net short, o�en 30% to 60% net short.

For both dedicated short sellers and short-biased managers, rela�vely li�le leverage is
used.

Role	in	a	Portfolio
The primary goal of dedicated short-selling and short-biased funds is to produce returns
that are uncorrelated (or nega�vely correlated) with the return of conven�onal por�olio
assets. When successful, these nega�ve correla�ons provide a diversifica�on benefit to a
por�olio.

However, this goal of nega�ve correla�on comes at a cost: expected returns for short
strategies are rela�vely low.



Equity	Market	Neutral
Equity market-neutral (EMN) strategies seek to a�ain a near-zero overall exposure to the
stock market. They do this by taking long and short posi�ons in various equi�es; the
weighted betas of these posi�ons should sum to zero. The alpha of EMN strategies is
intended to be derived from taking posi�ons in securi�es that are temporarily mispriced.

Investment	Characteristics
The overall goal of EMN funds is to create a por�olio that not only generates alpha, but
also is rela�vely immune to movements in the overall market. Not surprisingly, without
beta exposure, the returns of EMN funds tend to be modest. On the other hand, EMN
funds can offer significant diversifica�on and low vola�lity.

Strategy	Implementation
EMN fund managers take long posi�ons in par�cular stocks thought to be temporarily
undervalued and short posi�ons in stocks seen as overvalued. When mean reversion
eventually occurs, alpha should result.

While some EMN managers (known as discre�onary managers) rely on intui�on, it is more
common for EMN managers (called quan�ta�ve managers) to rely on a fixed set of rules to
iden�fy trade opportuni�es.

Because EMN deliberately hedges away market beta, leverage must generally be applied in
order to achieve acceptable levels of return.

Popular subtypes of EMN funds include:

Pairs trading. Two stocks with similar characteris�cs but that are respec�vely overvalued
and undervalued are iden�fied. The co-integrated trading prices of pairs are monitored,
and unusual divergence is exploited.
Stub trading. This EMN strategy involves going long and short shares of a subsidiary and
its parent company. Generally the posi�ons taken correspond to the percentage of the
subsidiary owned by the parent.
Mul�-class trading. This strategy entails going long and short rela�vely mispriced share
classes of the same firm—for example, non-vo�ng and vo�ng shares. Profits will arise as
the prices of these shares revert to their historical rela�ve valua�ons.

Aside from investments in stocks, other instruments that can be used to produce a state of
zero beta include op�ons, stock index futures, and other deriva�ves.

Role	in	a	Portfolio
EMN por�olios a�empt to produce alpha without taking market beta risk: The composi�on
of EMN funds allows these funds to produce less vola�lity than funds that rely on beta as a
source of return. EMN strategies are par�cularly successful when markets are vola�le and
performing poorly.



LOS 33.c: Discuss investment characteris�cs, strategy implementa�on, and
role in a por�olio of event-driven hedge fund strategies.

Event-Driven	Strategies
Event-driven hedge fund strategies are those that a�empt to profit from accurately
predic�ng the outcome of corporate events, such as bankruptcies, mergers, restructurings,
acquisi�ons, et cetera. To do this, these funds take posi�ons in securi�es of these
corpora�ons or in related deriva�ves. A so�-catalyst event-driven approach is an
investment made before an event has been announced. A hard-catalyst event-driven
approach is an investment made a�er a corporate event has been announced; this strategy
seeks to take advantage of security prices that have not fully adjusted. So�-catalyst
inves�ng is generally more vola�le (and, thus, riskier) than a hard-catalyst approach.

The main risk that impacts event-driven strategies is event risk, reflec�ng the possibility
that the outcome of the event will not be the one an�cipated. For example, a merger
arbitrage hedge fund that an�cipates that a par�cular merger will be successful can suffer
a large loss if the merger fails.

In this topic review, we will consider two types of event-driven hedge fund strategies in
detail: merger arbitrage and distressed securi�es.

Merger	Arbitrage
Merger arbitrage strategies are investment schemes that a�empt to earn a return from the
uncertainty that exists in the market during the �me between an acquisi�on being
announced and when the acquisi�on is completed.

Hedge fund managers in the merger arbitrage space profit by correctly an�cipa�ng the
outcome of various deals. One way to view merger arbitrage is to compare it to wri�ng
(selling) insurance on an acquisi�on. If the acquisi�on is completed as planned, the hedge
fund earns an insurance premium. If the transac�on fails, however, the hedge fund stands
to lose money—analogous to an insurance company making a payout.

Investment	Characteristics
In the case of a merger deal that fails, the price movements that originally occurred when
the merger was announced will reverse: the price of the target will fall, and the price of the
acquirer will rise. A hedge fund that had taken a posi�on based on the merger succeeding
is likely to suffer a significant downside when the deal fails unexpectedly; perhaps on the
order of a 40% loss. This kind of poten�al outcome gives merger arbitrage a significant le�-
tail risk.

Compared to typical hedge fund strategies, merger arbitrage tends to be more liquid.

Strategy	Implementation
In the most common merger arbitrage scenario, the por�olio manager takes posi�ons in
the securi�es of the companies involved, with the expecta�on of a successful deal. For
example, in a stock-for-stock deal, the hedge fund manager will typically purchase the stock



of the target company and short the stock of the acquiring company in an�cipa�on of
profi�ng when the deal is completed.

Less commonly, the hedge fund manager may have the opinion that the merger will fail (for
example, the deal might be blocked by the government because it would s�fle
compe��on). In this scenario, the fund would take the opposite posi�ons to those just
described.

In order to generate a worthwhile level of return, hedge funds pursuing a merger arbitrage
strategy will typically apply 300% to 500% leverage in pursuit of low-double-digit returns.

One specific variety of merger arbitrage involves cross-border mergers and acquisi�ons
(M&A) where two countries and two regulatory authori�es are involved. Such mergers are
seen as more risky.

Role	in	a	Portfolio
The Sharpe ra�os of merger arbitrage strategies tend to be high, as these strategies usually
produce rela�vely steady returns. However, despite these generally steady returns, there is
significant le�-tail risk.

Distressed	Securities
Hedge funds that pursue a distressed securi�es strategy (also called capital structure
arbitrage) take posi�ons in the securi�es of companies that are experiencing financial
difficul�es, including firms that are in bankruptcy or near bankruptcy. Firms may find
themselves in this posi�on for a number of reasons, including too much leverage, difficulty
compe�ng in their sector, or accoun�ng irregulari�es. The securi�es of such a firm will
o�en trade at greatly depressed prices.

Compounding the discoun�ng of the securi�es of distressed firms is the fact that
ins�tu�ons such as insurance companies and banks are o�en not permi�ed to hold non-
investment-grade securi�es. The resultant selling of downgraded distressed securi�es can
create significant pricing inefficiencies and can open up opportuni�es for hedge funds
seeking profit.

When a firm is liquidated, the assets of the company are sold, and the various investors are
paid back sequen�ally based on their seniority: senior secured debtholders are paid first,
then holders of less-senior secured debt, unsecured debt, conver�ble debt, preferred
stock, and lastly common stock.

As an alterna�ve to liquida�on, a firm may instead be able to reorganize, which may
involve renego�a�ng the company’s liabili�es. Holders of debt may be asked to exchange
that debt for new equity or to agree to an extension of the maturity.

Investment	Characteristics
Rela�ve to the various event-driven hedge fund strategies, returns of a distressed securi�es
inves�ng strategy tend to be somewhat greater—though generally with larger variability of
outcomes.



The lock-up periods for investors in event-driven hedge funds tend to be compara�vely
long (o�en allowing no redemp�ons for the first two years). This reflects the extended
period of �me it can take to value and exit a distressed security investment.

Strategy	Implementation
Distressed inves�ng can take different forms. Some managers may make only a passive
investment in the distressed securi�es. Other managers will a�empt to acquire the
majority of a certain class of security in order to take creditor control during bankruptcy.

Successful distressed securi�es inves�ng requires a par�cularly broad range of skills in
order to navigate the various legal aspects of the strategy, including the bankruptcy and
reorganiza�on proceedings.

While shor�ng distressed securi�es is a possibility, the majority of distressed inves�ng
takes the form of long investments.

Distressed inves�ng generally makes low use of leverage.

Role	in	a	Portfolio
Distressed securi�es inves�ng involves moderately high levels of illiquidity due to the
nature of the assets being purchased. The returns of distressed securi�es inves�ng are on-
average higher than those of other event-driven strategies, though they are unpredictable
and sensi�ve to declines in the overall market.

LOS 33.d: Discuss investment characteris�cs, strategy implementa�on, and
role in a por�olio of rela�ve value hedge fund strategies.

Relative	Value	Hedge	Fund	Strategies
As the name suggests, rela�ve value strategies a�empt to exploit valua�on differences
between securi�es. The most common securi�es used in rela�ve value strategies are
hybrid conver�ble debt, though other types of fixed-income securi�es may be used.

When successful, rela�ve value strategies will earn various premiums over �me, including
liquidity, credit, and vola�lity premiums, reflec�ng differences in liquidity or credit quality
between securi�es. However, during turbulent �mes, losses can occur.

Two rela�ve value hedge fund strategies that we will consider in detail are fixed-income
arbitrage and conver�ble bond arbitrage.

Fixed-Income	Arbitrage
The idea behind fixed-income arbitrage strategies is to take advantage of temporary
mispricing of fixed-income instruments, by going long undervalued securi�es, and going
short compara�vely overvalued securi�es. Other idiosyncrasies that might be exploited
include yield curve kinks or an�cipated changes in the shape of the yield curve.

The fixed-income instruments can be of various types, including consumer debt, bank
loans, corporate bonds, or sovereign bonds. Hedge fund managers take posi�ons in these



securi�es in the belief that prices will revert toward their fair values.

Fixed-income arbitrage strategies o�en make use of significant leverage, in order to
produce sufficient levels of return.

Strategy	Implementation
Two subtypes of fixed-income arbitrage strategies that we will consider in further detail are
(1) yield curve trades and (2) carry trades.

Yield curve trades. In this strategy, the hedge fund manager forms a view of how the
shape of the yield curve will evolve over �me based on macroeconomic forecasts. The
por�olio manager then makes long and short investments in fixed-income instruments
in order to profit from the an�cipated yield curve steepening or fla�ening. The por�olio
manager will profit when the prices of the long securi�es rise and the short securi�es
fall. If the posi�ons taken are in securi�es of different firms, then liquidity, credit, and
interest rate risks will be present. For posi�ons in securi�es of the same issuer, interest
rate movements would be the main source of risk.
Carry trades. In a carry trade, the por�olio manager shorts a low-yielding security and
goes long a high-yielding security. The source of return here is twofold; first, from the
yield differen�al, and second from the price changes as mean reversion occurs.

Investment	Characteristics
Because fixed-income securi�es tend to be priced efficiently, the amount of profit that can
be earned through fixed-income arbitrage is somewhat limited. As a result, substan�al
leverage is o�en applied to fixed-income arbitrage strategies. (400% leverage is not
uncommon; even 1500% leverage is not unheard of.)

The liquidity of fixed-income arbitrage depends on the par�cular strategy employed and
the kinds of fixed-income instruments used. Strategies involving U.S. Treasuries are very
liquid, while strategies that make use of, for example, mortgage-backed securi�es or
foreign instruments will be more difficult to convert to cash.

Role	in	a	Portfolio
Return distribu�ons for a fixed-income arbitrageur tend to be similar to the returns from
wri�ng puts. If the trade unfolds as expected, the investor will earn a return from the
spread narrowing, plus a return from posi�ve carry. However, if the spread between the
two instruments widens unexpectedly, the use of leverage may result in the return to the
investor becoming quite nega�ve.

One drawback to fixed-income arbitrage strategies is that their highly leveraged nature can
cause modest price vola�lity to lead to a domino effect of margin calls and deleveraging.
For example, the Asian Financial Crisis of 1997 and the Russian Ruble Crisis of 1998 led to
the collapse of the renowned hedge fund Long-Term Capital Management.

Convertible	Bond	Arbitrage
Conver�ble bonds are fixed-income debt securi�es that make regular coupon payments
but can addi�onally be exchanged for a prearranged number of common stock shares. The



bond-to-stock conversion is at the bondholder’s discre�on, though it is only permi�ed at
certain points in the bond’s life.

One way to view conver�ble bonds is as a regular bond, plus a long call op�on on the
corresponding stock.

Analyzing conver�ble bonds can be complex due to impacts from a number of factors.

The goal of conver�ble bond arbitrage strategies is generally to profit from purchasing the
implied vola�lity of conver�ble bonds—which is o�en underpriced. To accomplish this
without taking on excess poten�al for loss, conver�ble bond arbitrageurs will take other
posi�ons in an a�empt to hedge the delta and gamma risk of the conver�ble bond.

Investment	Characteristics
Conver�ble bond arbitrage managers encounter two primary sources of liquidity issues;
first, because the strategy requires the manager to short sell the underlying equity, and
second, because the fixed-income instruments that are invested in are o�en complex niche
products.

Strategy	Implementation
Conver�ble arbitrage strategies generally exploit the low implied vola�li�es exhibited by
the op�ons within conver�ble instruments, compared to the historical vola�li�es of the
equi�es that underlie the op�on. The challenge is to hedge away the other sources of risk
that are embedded in the conver�ble security including market risk, interest rate risk, and
the credit risk of the bond issuer.

When a conver�ble bond’s current conversion price is well above the current stock price,
the out-of-the-money call (delta closer to zero) will lead to the conver�ble bond behaving
much like a straight bond, because conversion to stock is unlikely.

Conversely, when a conver�ble bond’s current conversion price is well below the current
stock price, the in-the-money call (with delta near one) will cause the conver�ble bond to
behave much like the corresponding stock because conversion is likely.

Significant amounts of leverage are typically applied in implemen�ng conver�ble bond
strategies. For example, a three �mes long bond exposure and two �mes short equity
exposure might be used. (The smaller short equity exposure stems from delta hedging the
short stock exposure according to the delta of the embedded call of the conver�ble.)

Role	in	a	Portfolio
Conver�ble arbitrage strategies perform best during periods of normal market condi�ons:
when liquidity is available, when vola�lity is modest, and when there is a good selec�on of
conver�ble bonds being issued. Conver�ble arbitrage may not perform well in periods of
illiquidity or acute credit weakness.

MODULE	QUIZ	33.2

1. Considering the following equity hedge fund strategies, the strategy that is most	likely to
apply relatively high levels of leverage is a(n):

A. equity market neutral strategy.
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B. dedicated short strategy.
C. short-biased strategy.

2. An equity-related hedge fund strategy with gross exposures of 80% long and 35% short is
most	likely to be classi�ied as a:

A. dedicated short strategy.
B. short-biased strategy.
C. long/short equity strategy.

3. Relative to other hedge fund strategies, equity market neutral strategies are most	likely to:
A. exhibit relatively modest returns.
B. be vulnerable to periods of market weakness.
C. earn return from alpha and beta risk.

4. An investment in distressed securities is most	likely to be characterized by a:
A. long bias.
B. high level of liquidity.
C. large amount of leverage.

5. In a sequential payoff during a liquidation, the security holder that is most	likely to be paid
off �irst is the holder of:

A. junior secured debt.
B. convertible debt.
C. preferred stock.

6. In implementing a convertible arbitrage strategy, a portfolio manager is most	likely to take a
position that is:

A. long convertible bonds and short equity.
B. long straight bonds and short convertible bonds.
C. long convertible bonds and short straight bonds.

MODULE	33.3:	OPPORTUNISTIC,	SPECIALIST,	AND
MULTI-MANAGER	STRATEGIES

LOS 33.e: Discuss investment characteris�cs, strategy implementa�on, and
role in a por�olio of opportunis�c hedge fund strategies.

Opportunistic	Hedge	Fund	Strategies
Opportunis�c hedge fund strategies are a broad class of inves�ng approaches that
a�empt to extract profits using a wide range of techniques in a broad range of securi�es.
Rather than being focused on individual securi�es, these strategies take a top-down
approach to make macro investments on a global basis across regions, sectors, and asset
classes.

The returns of opportunis�c hedge fund strategies may be impacted by market cycles,
global developments, and interna�onal interac�ons. The risks will depend on the par�cular
strategy and asset classes involved.

Opportunis�c hedge fund strategies can be based on a number of broad techniques.
Technical analysis uses past price changes to forecast future price movements. Strategies



based on fundamentals, on the other hand, a�empt to analyze security prices, markets,
sectors, and the rela�onships between markets, using economic data as the input.

Managers using a systema�c implementa�on of their strategies employ computer
algorithms and rules to determine which trades to make. Managers using a discre�onary
process instead use their ins�nct to determine when to trade.

We will consider two opportunis�c strategies in detail: global macro and managed futures.

Global	Macro	Strategies
Managers of global macro strategy funds a�empt to make correct assessments and
forecasts of various global economic variables including infla�on, currency exchange rates,
yield curves, central bank policies, and the general economic health of different countries.

Global macro managers use a broad range of security types and global asset classes to take
posi�ons on these views.

A global macro manager that can iden�fy a global trend early and take a posi�on can
profit.

Investment	Characteristics
Global macro managers can take posi�ons that are either direc�onal (e.g., go long stocks
that are an�cipated to benefit from expected interest rate hikes, and short stocks that will
be disadvantaged), or thema�c (e.g., buy stocks of firms that will benefit from forthcoming
free trade deals).

Unlike some hedge fund strategies, low-vola�lity mean-rever�ng markets are not generally
favorable for global macro returns.

Because global macro managers take investment posi�ons based on their predic�ons of
the future, there is significant poten�al for unsuccessful investments when global
economies do not behave as expected or if unan�cipated risks emerge. As a result, the
returns of global macro funds tend to be uneven and vola�le.

Strategy	Implementation
Global macro strategies are generally based on top-down analysis, beginning with analysis
of the global economy, then macro trends within economies, and so on, in order to iden�fy
poten�al opportuni�es.

Different global macro managers are likely to implement their strategies using very
different techniques; for example, technical analysis vs. fundamental analysis, or
discre�onary implementa�on versus systema�c implementa�on.

One commonality between global macro funds is that most tend to apply leverage, o�en
represen�ng 600% or 700% of fund assets.

A manager making direc�onal predic�ons will generally use fundamental informa�on to
determine whether a par�cular asset is undervalued or overvalued on a historical basis. By
contrast, a manager using a rela�ve value strategy will seek out securi�es that are
overvalued or undervalued compared to one another.



Global macro managers tend to use discre�onary approaches more than do managed
futures managers.

Role	in	a	Portfolio
When added to a por�olio of tradi�onal assets, a global macro hedge fund can add not
only alpha, but also por�olio diversifica�on.

A global macro manager will a�empt to an�cipate changes before other market
par�cipants and then will take a corresponding posi�on and wait for the market to come
around. For example, some global macro managers were able to an�cipate the United
States’ subprime mortgage crisis well before the housing bubble began to collapse in 2007.

This contrarian tendency can make an alloca�on to global macro strategies especially
advantageous.

During �mes of market stress, global macro funds have historically delivered right-tail
skewed returns, which is beneficial from a por�olio diversifica�on perspec�ve. However,
this behavior cannot always be relied upon, and such diversifying outcomes are not always
realized.

Managed	Futures
Hedge funds that pursue a managed futures strategy take long and short posi�ons in a
variety of deriva�ves contracts including futures, forwards, op�ons on futures, swaps, and
some�mes currencies and commodi�es.

Managed futures strategies can be as simple as trading index futures on a par�cular sector,
or it can involve very exo�c contracts such as futures on the weather.

Investment	Characteristics
Managed futures funds do not buy and sell assets; rather, they enter into deriva�ves
contracts in order to gain the desired exposures.

Because of the mechanics of futures contracts (requiring only a small amount of upfront
collateral), managed futures funds can easily apply great amounts of leverage. Typically, a
fund will use perhaps �⁄� of its capital as collateral on futures contracts. The rest of its
capital will be invested in some highly liquid security (such as short-term government
bonds) that can also serve as collateral for the futures clearinghouse.

Managed futures funds are extremely liquid, because futures contracts themselves are
highly liquid: they trade globally and con�nuously. Taking long or short futures posi�ons
allows a hedge fund manager easy access to exposures across a range of asset classes.

One downside of the popularity of managed futures strategies is that crowding has
occurred: many market par�cipants pursue the same trades and use similar signals,
resul�ng in a “herding effect” and execu�on slippage.

Strategy	Implementation
There are a number of ways to implement managed futures strategies.



In perhaps the most popular method, �me-series momentum (TSM) strategies, por�olio
managers simply follow the trend: they buy securi�es that have been rising in price and sell
securi�es that have been trending downward.

Another similar methodology is cross-sec�onal momentum (CSM) strategies, which is
carried out within a par�cular asset class (a cross sec�on of assets). Again, the securi�es
rising fastest are purchased while falling securi�es are shorted.

The high liquidity of futures contracts allows hedge fund managers to pursue a wide
selec�on of trading strategies. Generally, por�olio managers will rely on a signal trigger—
most o�en based on vola�lity or momentum—to prompt a trade.

In addi�on to using trade signals, por�olio managers will also have rules for closing a
posi�on. Exit methodologies can be based on:

Price targets.
Momentum reversal.
Time.
Trailing stop-loss.
Or, some combina�on of these approaches.

Managed futures investors seek to develop rules and signals that are profitable not only
using historical data but also in real-world use. However, the more por�olio managers that
use similar signals, the less effec�ve these signals will become.

The size of posi�ons taken are usually based on factors such as correla�on and vola�lity.

Role	in	a	Portfolio
Perhaps the most appealing feature of managed futures is their interac�on with other
investments. Overall, managed futures have very li�le correla�on with tradi�onal equity
and fixed-income assets. The result is that when added to a por�olio, managed futures will
generally improve the total risk-adjusted return.

This diversifying characteris�c has proven its worth during �mes of market stress. While
other strategies exhibit nega�ve asymmetry during such periods, the right-skewed return
distribu�on of managed futures provides a significant advantage.

LOS 33.f: Discuss investment characteris�cs, strategy implementa�on, and
role in a por�olio of specialist hedge fund strategies.

Specialist	Strategies
Por�olio managers for specialist hedge fund strategies use their knowledge of a par�cular
market to pursue niche investment opportuni�es. The goal of specialist strategies is to
generate high risk-adjusted returns that are uncorrelated with those of tradi�onal assets.
The risks of such strategies are o�en unique to the par�cular niche securi�es being
invested in.



Two such strategies that we will consider in detail are vola�lity trading and reinsurance/life
se�lements.

Volatility	Trading
Once an esoteric pursuit, vola�lity trading has evolved over recent years to become a
recognized investment strategy.

Vola�lity trading hedge fund managers trade vola�lity-related assets globally, across
countries and across asset classes, in order to exploit perceived differences in vola�lity
prices. The overall goal is to purchase underpriced vola�lity and sell overpriced vola�lity.

For example, even though the Tokyo Stock Exchange tradi�onally has higher vola�lity than
the New York Stock Exchange, implied vola�lity is usually cheaper in Tokyo than it is in New
York. In general, the price of vola�lity in Asian markets has tradi�onally been lower than in
other regions.

Another vola�lity trade involves ac�ng as the counterparty to market par�cipants that
consistently seek long vola�lity. Because the nega�ve correla�on between stock market
returns and equity vola�lity is high, equity investors seek to buy vola�lity as a hedge. A
hedge fund that is willing to sell vola�lity will earn an insurance-like premium as
compensa�on for taking on this risk; however, an upturn in vola�lity can cause such a
strategy to unravel in a drama�c fashion.

In the U.S. markets, the most common vola�lity futures are contracts on the VIX index,
which tracks the 30-day implied vola�lity of the S&P 500 index. VIX contracts tend to be
mean rever�ng because high vola�lity naturally tends to dissipate over �me.

Strategy	Implementation
Hedge fund managers wishing to pursue vola�lity trading have several op�ons.

One possibility is to construct various op�on strategies, such as straddles, calendar
spreads, bull spreads, or bear spreads, using basic exchange-traded op�ons.

A second possibility is to make use of over-the-counter (OTC) op�ons, which are
customized to meet the por�olio manager’s specific needs. A drawback of this method,
however, is that it introduces counterparty risk, plus poten�al liquidity issues.

A more straigh�orward method of trading vola�lity is to use futures on the VIX index. An
advantage of this approach is that it is a very direct way to express a view on vola�lity,
without the need for hedging. There are some limita�ons. First, the VIX Index tends to be
mean-rever�ng, which means that trend-following trades tend to be unprofitable. Second,
many traders and investors crowd into the VIX futures in order to sell vola�lity and capture
the associated premiums, making it difficult to profit from that strategy.

A fourth method of implemen�ng a vola�lity trading strategy is to enter into an OTC
vola�lity swap, or alterna�vely a variance swap. These deriva�ves provide a rela�vely pure
exposure to vola�lity. (Note that the name “swap” here is somewhat misleading. Vola�lity
swaps and variance swaps are actually forward contracts with a payoff based on the
difference between observed variance and the expected variance specified in the contract,
mul�plied by some no�onal amount.)



Investment	Characteristics
The investment characteris�cs of a vola�lity trading strategy will vary depending on the
securi�es invested in and the posi�ons taken.

Investors that take a short posi�on in vola�lity will collect premiums and generally earn
stable returns under average market condi�ons. A long posi�on in vola�lity will exhibit
posi�ve convexity, which can be valuable as a hedge.

The liquidity of a vola�lity trading strategy will depend on the instruments used. Futures
and op�ons based on VIX tend to be extremely liquid, as are exchange-traded vola�lity
op�ons (especially when the tenor is short). On the other hand, OTC contracts are
generally less liquid.

The use of futures contracts makes it easy to apply leverage to a vola�lity trading strategy.
The convexity of vola�lity deriva�ves means that some�mes large gains can be made from
long vola�lity strategies while taking li�le risk.

Because of their unique nature, benchmarking of vola�lity trading strategy performance
can be difficult.

Role	in	a	Portfolio
In a por�olio, a long vola�lity strategy can be a potent diversifier, because stock market
vola�lity is highly nega�vely correlated with market returns. The disadvantage of
maintaining a long vola�lity posi�on, however, is that a premium must be paid to the
vola�lity seller.

Reinsurance/Life	Settlements
In recent years, some hedge funds have sought to take advantage of a�rac�ve investment
opportuni�es related to insurance policies. In a typical life se�lement transac�on, an
insured person will sell (generally through a broker) their insurance policy to a hedge fund.
The hedge fund then will be liable for the premium payments—and will also receive the
death benefit upon the passing of the insured.

Individuals sell their life insurance contracts when they feel that they no longer benefit
from the agreements. Individuals who purchased life insurance policies may choose to sell
their policies to third-party brokers, because those firms will o�en�mes pay more for the
policy than the issuing insurance company will pay for a surrendered policy.

Catastrophe risk reinsurance is another area where hedge funds are increasingly ac�ve.
Catastrophe insurance covers the policy holder against earthquakes, tornadoes,
hurricanes, floods, and the like. In order to diversify and decrease risk, insurance
companies in their normal course of business will sell off some of their risk to reinsurance
companies, who may then resell these risks to hedge funds. Reinsurance can be a
rewarding investment for a hedge fund if sufficient diversity can be obtained (i.e., the risks
should vary by geography and types of insurance), if the insurance company provides
sufficient loan loss reserves, and if the policy premiums are adequate. When considering
an investment in catastrophic insurance, a hedge fund evaluates both typical and worst-
case outcomes against the insurance premiums to be received. Geographic diversity is



important, because a specific catastrophic event will tend to affect only a par�cular part of
the world.

Investment	Characteristics
Strategies that involve investments in insurance contracts are illiquid, because insurance
policies are somewhat difficult to sell a�er ini�a�on.

Strategy	Implementation
The term “life se�lement” refers to a secondary market transac�on on an insurance policy.
A hedge fund that invests in life se�lements will analyze various pools of life insurance
contracts that brokers offer, and invest in the ones that they expect to produce an
a�rac�ve return. A�er inves�ng, the hedge fund then becomes the beneficiary of these
contracts. The investment is successful if the present value of the future insurance payout
exceeds the present value of the payments made by the hedge fund.

In selec�ng which insurance policies to invest in, a hedge fund will seek out policies with
the following characteris�cs:

The purchase price of the policy is low.
The ongoing premium payments are low.
The insured person is likely to die rela�vely soon.

One major prerequisite to profi�ng from life se�lements is an accurate alterna�ve es�mate
of life expectancies. Appraising a life se�lement requires a significant amount of skill and
knowledge and requires comparing individual policyholders’ outlooks to actuarial averages.

Role	in	a	Portfolio
An appealing feature of insurance investments in a por�olio is that the risk inherent in
these strategies is almost en�rely uncorrelated with market risks and business cycles. For
example, floods and earthquakes usually have li�le correla�on to financial markets. Thus,
hedge funds that invest in such instruments may be able to increase por�olio alpha, while
simultaneously adding return diversifica�on.

LOS 33.g: Discuss investment characteris�cs, strategy implementa�on, and
role in a por�olio of mul�-manager hedge fund strategies.

Multi-Manager	Hedge	Fund	Strategies
Up to this point in the topic review, we have been considering various individual hedge
fund strategies. In reality, most investors put money into not just a single hedge fund
category, but into a diverse set of strategies.

The no�on behind mul�-manager hedge funds is to assemble in a deliberate way a
por�olio of diverse hedge fund strategies and to adjust the holdings strategically over �me.

The most common styles of mul�-manager hedge funds are funds-of-funds and mul�-
strategy funds.



Fund-Of-Funds
A fund-of-funds (FoF) takes capital from various individual investors and invests in a
number of different hedge funds, generally each pursuing a different strategy.

FoF can provide investors with a number of benefits:

Diversifica�on across many hedge fund strategies.
Exper�se in individual manager selec�on.
Strategic alloca�on and style alloca�on.
Due diligence.
Occasional value-added tac�cal decisions.
Currency hedging.
Leverage at the por�olio level.
Be�er liquidity rela�ve to individual hedge funds.
Access to certain closed hedge funds.
Economies of scale in fund monitoring.
Research exper�se.
Poten�ally valuable concessions from the underlying funds.

FoF also have the following disadvantages:

A second layer of fees for the investor.
Lack of transparency into individual hedge funds.
No ne�ng of performance fees.
Addi�onal principal–agent issues.

Investment	Characteristics
Individual hedge funds have tradi�onally employed a “2 and 20” fee structure, indica�ng
management fees of 2%, plus performance incen�ve fees of 20%. On top of these
individual fund fees, funds-of-funds have historically added a 1% management fee, plus a
further 20% incen�ve fee on the total FoF por�olio. (Though over �me, these FoF fees have
become nego�able and generally smaller.)

One important benefit that FoF offer is making an investment in hedge funds prac�cal for
smaller investors, such as small ins�tu�ons or moderately wealthy individuals. Individual
hedge funds almost always require a significant ini�al investment; typically $1 million.
Achieving a diversified exposure to a number of individual funds poses a difficulty for
smaller investors, because an investment in 20 such hedge funds might require a
cumula�ve minimum investment on the order of $20 million. Furthermore, performing due
diligence on 20 different hedge funds would require far more resources than most
individual investors could muster. (Not to men�on complica�ons such as tax repor�ng on
20 investments.) Using a FoF, on the other hand, a smaller investor can typically access a
diversified hedge fund exposure with an investment as small as $100,000. In this way, FoF
can serve as an entry point into hedge fund inves�ng.



Aside from providing a straigh�orward path into hedge funds, FoF provide a number of
other advantages. For example, FoF may provide access to high-profile managers whose
funds are otherwise closed to new investors. Also, the larger size of an FoF may allow the
fund to obtain valuable concessions from the underlying funds’ management.

Liquidity can be a challenge for por�olio managers of funds-of-funds. Typically, a FoF will
require a one-year ini�al lock-up for investors, and then will allow somewhat greater
liquidity a�erwards (e.g., monthly or quarterly). However, the underlying funds may have
stricter limits on liquidity, poten�ally pu�ng an FoF manager in a squeeze.

Another drawback of funds-of-funds relates to ne�ng risk: investors could be required to
make substan�al incen�ve payments to a small number of successful underlying funds,
even if the overall performance of an FoF is poor.

Strategy	Implementation
A fund-of-funds strategy is normally implemented as follows:
1. Use fund databases plus personal introduc�ons to become familiar with hedge funds

available for investment.
2. Choose an appropriate strategic alloca�on to different hedge fund strategies.
3. Ini�ate the manager selec�on process, applying both top-down and bo�om-up

techniques.
4. For each hedge fund strategy, consider a number of candidates following that strategy.
5. Interview the candidate hedge fund managers.
6. Review relevant materials such as audit reports.
7. Examine the funds’ personnel, opera�onal processes, and risk management.
8. Nego�ate with the individual fund managers for lower fees, improved liquidity, or other

terms.
9. A�er the various funds are approved and included in the FoF, an ongoing monitoring

process begins, intended to detect major personnel changes, style dri�, etc.

The FoF’s strategic alloca�on determines the percentage of total capital that will be
invested in each hedge fund style. In addi�on to this strategic alloca�on, there may also be
a tac�cal alloca�on, whereby the FoF manager will at various �mes underweight or
overweight the various hedge fund strategies to reflect the FoF manager’s percep�on of a
changing market environment.

Role	in	a	Portfolio
When an FoF manager takes a number of rela�vely uncorrelated hedge funds and
combines them together in the same por�olio, the resul�ng FoF should produce a number
of advantages: greater diversifica�on, steady returns, less concentrated exposure to risks,
less vola�lity, and less exposure to the downside risk of any individual fund manager.

Multi-Strategy	Hedge	Funds
Like an FoF, mul�-strategy hedge funds are funds that hold a number of other hedge funds
where these various funds are pursuing diverse strategies. Also similar to an FoF, mul�-



strategy hedge funds are intended to use this diversifica�on of strategy to produce steady,
low-vola�lity returns.

Unlike an FoF, the sub-funds in mul�-strategy hedge funds are run by the same
organiza�on, rather than being managed by different hedge fund firms.

Investment	Characteristics
The diversifica�on within mul�-strategy funds is intended to produce steady returns and
low vola�lity.

Mul�-strategy funds share some investment characteris�cs with funds-of-funds, but there
are also significant differences. For example, the opera�onal risks of a mul�-strategy fund
are not well-diversified as they are with an FoF, because all of the opera�onal processes of
mul�-strategy funds are performed under the same roof.

Furthermore, the diversity of strategies represented by the different funds in mul�-strategy
funds are o�en somewhat limited, because the managers employed by a specific mul�-
strategy fund tend to have similar investment viewpoints and methods.

A major advantage of mul�-strategy funds over an FoF is the speed and rela�ve ease with
which tac�cal alloca�ons can be made. Because each of the mul�-strategy funds are
managed in-house, it is rela�vely easy for the mul�-strategy manager to reallocate capital
from one strategy to another. The high internal transparency and fast response �me makes
tac�cal realloca�ons of mul�-strategy funds prac�cal, which could explain why mul�-
strategy funds have historically been perceived as superior to funds-of-funds for protec�ng
investments.

Investor fees for a mul�-strategy fund are o�en more a�rac�ve than those of an FoF. While
FoF investors are subject to ne�ng risk (where he�y performance fees can be paid to
some successful sub-fund managers, despite overall poor FoF performance), mul�-strategy
funds are more likely to absorb this ne�ng risk internally. In this arrangement, the investor
only pays an incen�ve fee on the total fund performance. (Though some mul�-strategy
funds do use an FoF-like “pass-through” fee model, which will expose investors to ne�ng
risk.)

Like an FoF, mul�-strategy funds generally limit investor liquidity using redemp�on periods
and ini�al lock-ups. Mul�-strategy funds o�en addi�onally enforce limits on the amount of
redemp�on each quarter.

Strategy	Implementation
Mul�-strategy funds carry out their approach by making investments in a number of
varying hedge fund strategies.

One key advantage of mul�-strategy funds is their ability to make tac�cal realloca�ons, in
addi�on to the funds’ strategic alloca�on. Furthermore, the mul�-strategy fund’s internal
teams are likely to be well informed about why and when capital and leverage should be
reallocated, versus a FoF manager for whom the various funds are more opaque.

Risk management can be more effec�ve with a mul�-strategy fund because (unlike FoF
managers) mul�-strategy managers should have a solid understanding of correla�ons and
common risks between the various funds.



Mul�-strategy funds also enjoy efficiencies that come from several hedge fund teams
sharing the same administra�ve resources.

Mul�-strategy funds o�en make greater use of leverage than does the average FoF.
Normally, leverage in mul�-strategy funds does not pose much of a hazard; however,
during periods of market stress, small sources of danger can become significant le�-tail
risks that threaten the survival of the fund. (This kind of scenario led to the demise of
Ritchie Capital in 2005 and Amaranth Advisors in 2006.)

Mul�-strategy funds generally have more varied performance than does an FoF.

Role	in	a	Portfolio
Mul�-strategy funds are intended to improve an investment por�olio by adding
diversifica�on and steady, low-vola�lity returns.

Historically, mul�-strategy funds have generally performed be�er than have funds-of-
funds, due to a superior fee structure and greater ability to execute on tac�cal asset
alloca�on. However, the leveraged nature of mul�-strategy funds can some�mes lead to a
le�-tail blow-up during �mes of stress.

MODULE	QUIZ	33.3

1. Considering global macro strategies and managed futures strategies, it would be most
accurate to state that:

A. managed futures strategies use more discretionary approaches.
B. global macro strategies use more systematic approaches.
C. both strategies tend to be highly liquid and use high leverage.

2. During periods of market stress:
A. managed futures and global macro both exhibit right-tail skewness.
B. managed futures strategies exhibit left-tail skewness.
C. global macro strategies exhibit left-tail skewness.

3. Considering the correlation between equity volatility and equity market returns, the two
measures are most	likely to be:

A. highly positively correlated.
B. predominantly uncorrelated.
C. highly negatively correlated.

4. A hedge fund is most	likely to purchase a pool of life insurance policies that has high:
A. surrender value.
B. ongoing premium payments.
C. likelihood of the insured person dying soon.

5. Compared to a multi-strategy fund, a fund-of-funds is most	likely to offer the investor a more:
A. effective tactical asset allocation.
B. attractive fee structure.
C. diverse strategy mix.

6. Compared to a multi-strategy fund, a fund-of-funds is most	likely to present an investor with
higher:

A. transparency.
B. netting risks.
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C. leverage.

MODULE	33.4:	FACTOR	MODELS	AND	PORTFOLIO
IMPACT	OF	HEDGE	FUNDS

LOS 33.h: Describe how factor models may be used to understand hedge
fund risk exposures.

Factor	Models

Analysis	of	Hedge	Fund	Strategies
In this LOS, we will consider the use of a condi�onal linear factor model to quan�fy the
risk exposures of various hedge fund strategies.

By condi�onal, we mean a model that takes into account that a fund may behave one way
during normal market condi�ons, but perform differently during a period of market
turbulence (such as the economic crisis of 2007–2009).

By determining a fund’s actual risk exposures, events such as the widespread closure of
hedge funds that happened a�er the global financial crisis are less likely.

Conditional	Factor	Risk	Model
Suppose we use the following condi�onal linear factor model to explain the return of
hedge fund i in period t:

Any returns not explained by the model’s risk factors would be a�ributed to either omi�ed
risk factors, alpha (i.e., hedge fund manager skill), or randomness (error).

Hasanhodzic and Lo (2007) used the following six factors:
1. Equity risk (SNP500): S&P 500 total return index.
2. Interest rate risk (BOND): Bloomberg Barclays Corporate AA Intermediate Bond Index.
3. Currency risk (USD): U.S. Dollar Index.
4. Commodity risk (CMDTY): Goldman Sachs Commodity Index (GSCI) total return.
5. Credit risk (CREDIT): Spread between Moody’s Baa and Aaa corporate bond yields.
6. Vola�lity risk (VIX): CBOE Vola�lity Index (VIX).



A stepwise regression process is useful for crea�ng linear condi�onal factor models that
avoid mul�collinearity problems, because it avoids the use of highly correlated risk factors.
Use of a stepwise regression process resulted in the BOND and CMDTY factors being
dropped due to mul�collinearity issues. (CREDIT and SNP500 respec�vely produced higher
adjusted R2.)

This le� the following four factors for measuring risk exposures:
1. Equity risk (SNP500).
2. Currency risk (USD).
3. Credit risk (CREDIT).
4. Vola�lity risk (VIX).

Each hedge fund strategy has different exposures to these various risk factors. These risk
factors stem from taking long or short posi�ons in financial instruments that are exposed
to these risks.

For example, arbitrage strategies are o�en exposed to credit spread risk and market
vola�lity risk. Event-driven strategies and L/S equity strategies generally have significant
exposure to equity (market beta) risk.

PROFESSOR’S	NOTE
The curriculum variously refers to this condi�onal factor risk model as a “factor
model,” “linear factor model,” “condi�onal risk model,” etc. These terms are all
intended to refer to the same idea.

LOS 33.i: Evaluate the impact of an alloca�on to a hedge fund strategy in a
tradi�onal investment por�olio.

We will assume a 20% alloca�on to a hedge fund strategy from a conven�onal por�olio
comprised of 60% stock and 40% bond. A�er the alloca�on, the new weights will be 20%
hedge fund, 48% stock, and 32% bond.

Portfolio	Contribution	of	Hedge	Fund	Strategies

Performance	Contribution	to	a	60/40	Portfolio
For most strategies, when added to a conven�onal por�olio:

Total por�olio standard devia�on decreases.
Sharpe ra�o increases.
Sor�no ra�o increases.
Maximum drawdown decreases (in approximately one-third of por�olios).

The interpreta�on of these results is that hedge fund strategies generally increase risk-
adjusted return and provide diversifica�on to a tradi�onal por�olio of stocks and bonds.



Risk-Adjusted	Performance
The Sharpe ra�o is one risk-adjusted measure of performance. The risk metric used to
calculate the Sharpe ra�o is standard devia�on—with the result that both downside and
upside devia�ons result in a lower Sharpe ra�o.

The Sor�no ra�o is a similar risk-adjusted measure of performance; however, only
downside devia�ons are considered to reflect risk: risk is measured as variability below a
predefined level of return. Because of the le�-tail risk present in many hedge fund
strategies, the Sor�no ra�o is generally seen as a superior measure of the risk-adjusted
performance of hedge funds.

When 20% alloca�ons to various hedge fund strategies are added to the tradi�onal
stock/bond por�olio, par�cularly high Sharpe ra�os are achieved from alloca�ons to these
strategies:

Systema�c futures.
Distressed securi�es.
Fixed-income arbitrage.
Global macro.
Equity market neutral.

The highest Sor�no ra�os were a�ained via alloca�ons to the following hedge fund
strategies:

Equity market neutral.
Systema�c futures.
Long/short equity.
Event driven.

Alloca�ons to the following strategies were found to be effec�ve in genera�ng superior
risk-adjusted performance, based on compara�vely high Sharpe and Sor�no ra�os:

Systema�c futures.
Equity market neutral.
Global macro.
Event-driven hedge fund strategies.

On the other hand, it was observed that the following fund strategies do not significantly
enhance risk-adjusted performance:

Fund-of-funds.
Mul�-strategy.

While all of the hedge fund strategies expose the overall por�olio to various kinds of
addi�onal por�olio risks, alloca�ng a por�on of a stock/bond por�olio to hedge funds
generally reduces risk and increases returns.



Risk	Metrics
One key reason for investors to allocate a por�on of their por�olio to hedge fund strategies
is to reduce risk.

Standard	Deviation
Perhaps not surprisingly, it was found that the following strategies resulted in the lowest
standard devia�ons of returns for the overall por�olio:

Dedicated short-biased.
Bear market neutral.

These funds also produced notably low standard devia�ons:

Systema�c futures.
FoF: macro/systema�c.
Equity market neutral.

The risk-reduc�on ability of these strategies has been found to be substan�al. Not
surprisingly, they are also some of the strategies that most improve risk-adjusted returns.

Funds that were found to have li�le posi�ve impact on reducing standard devia�ons of the
overall por�olio include:

Event-driven: distressed securi�es.
Rela�ve value: conver�ble arbitrage.

An explana�on for event-driven: distressed securi�es’ lack of ability to reduce standard
devia�on is that these funds tend to take long posi�ons in securi�es, and outcomes are
either mild successes or grand failures.

Rela�ve value: conver�ble arbitrage funds do li�le to improve standard devia�on, likely
because this strategy’s leveraged nature becomes a liability during �mes of market
vola�lity.

Drawdown
Drawdown is defined as the peak-to-trough decline for a por�olio, generally quoted as the
percentage drop between a point of high por�olio value and the subsequent trough. The
high-water mark refers to the maximum value the por�olio has ever reached.

Drawdown is useful for quan�fying the risk and past performance of various investment
strategies, and for comparing one strategy’s risk to another.

The hedge fund strategies that produced the smallest maximum drawdowns are various
opportunis�c strategies:

Global macro.
Systema�c futures.
Merger arbitrage.
Equity market neutral.



Use of the condi�onal risk model can show that these strategies perform rela�vely well
during periods of market crisis because they have minimal exposure to credit risk or equity.
Furthermore, these strategies benefit from their liquid nature. Those proper�es make
opportunis�c strategies useful diversifiers for tradi�onal assets.

Other hedge fund strategies did li�le to mi�gate the tradi�onal por�olio’s maximum
drawdown:

Long/short equity.
Event-driven: distressed securi�es.
Rela�ve value: conver�ble arbitrage.

These results are somewhat expected. Using the condi�onal risk model, we can
demonstrate that these par�cular strategies have significant exposure to equity risk, and
furthermore during crisis periods they have significant exposure to credit risk as well.

MODULE	QUIZ	33.4

1. Conditional linear factor models used to understand hedge fund risk exposures are most
likely to use factors that include:

A. liquidity risk, operational risk, valuation risk, and systemic risk.
B. interest rate risk, commodity risk, margining risk, and concentration risk.
C. equity risk, credit risk, currency risk, and volatility risk.

2. Adding a 20% allocation of a hedge fund strategy to a traditional 60%/40% portfolio is most
likely to increase the total portfolio’s:

A. standard deviation.
B. maximum drawdown.
C. Sortino ratio.

3. The risk-adjusted performance of a traditional 60%/40% portfolio is most	likely to be
improved by adding an allocation to a hedge fund using the strategy of:

A. equity market neutral.
B. fund-of-funds.
C. multi-strategy.

KEY	CONCEPTS

LOS	33.a
Hedge fund strategies are classified according to the instruments they invest in, the
philosophy followed, and the kinds of risk exposures taken.

This reading classifies hedge fund strategies into the following six categories:
1. Equity related.
2. Event driven.
3. Rela�ve value.
4. Opportunis�c.
5. Specialist.
6. Mul�-manager.



LOS	33.b

Long/short equity. This strategy generates alpha via careful stock picking. L/S funds are
typically liquid, and generally net long. Equity L/S managers aspire to the returns of a long-
only approach, but with lower standard devia�ons. The more market-neutral the approach,
the more leverage is likely to be applied.

Dedicated short-selling and short-biased strategies. These two strategies have nega�ve
correla�ons to tradi�onal assets and modest return goals. The focus is on stock picking,
using minimal leverage. Dedicated short strategies are generally 60% to 120% short at all
�mes. Short-biased strategies are typically 30% to 60% net short: the short beta exposure
is moderated with some long exposure (and cash).

Equity market-neutral (EMN). These strategies a�empt to profit from short-term
mispricing between securi�es. Beta risk is minimal, meaning that EMN strategies can
perform well in periods of market weakness. Most managers are quan�ta�ve (vs.
discre�onary). High leverage is usually used.

LOS	33.c

Merger arbitrage. This strategy a�empts to profit by taking posi�ons on a corporate
takeover. Merger arbitrage returns are usually insurance-like, with a high Sharpe ra�o.
However, le�-tail risk is present: nega�ve returns can occur if a merger deal unexpectedly
fails. Some leverage is usually applied to generate meaningful returns. Merger arbitrage is a
rela�vely liquid strategy.

Distressed securi�es. These strategies seek out mispriced securi�es of firms in bankruptcy
or facing other financial stress. Distressed securi�es strategies are usually long biased, with
high illiquidity and moderate or low leverage. Returns tend to be high compared to those
of other event-driven strategies.

LOS	33.d

Fixed-income arbitrage. This strategy a�empts to profit from the mispricing of bonds. Sub-
strategies include yield curve trades and carry trades. Fixed-income arbitrage usually uses
high leverage.

Conver�ble arbitrage. These strategies a�empt to extract “underpriced” implied vola�lity
from long conver�ble bonds. Conver�ble arbitrage works best when there is high
conver�ble issuance, adequate market liquidity, and moderate vola�lity. Liquidity issues
may arise from conver�bles being somewhat difficult to convert to cash. Conver�ble
arbitrage managers typically run about 300% long and 200% short.

LOS	33.e

Opportunis�c strategies tend to be highly liquid and use high leverage.

Global macro. These strategies use discre�onary approaches and a range of financial
instruments to exploit trends in capital markets across the world. Turbulent global markets
can represent both a risk and an opportunity for global macro funds; hence the returns of
these strategies can be vola�le and lumpy.

Managed futures. In these strategies, a por�olio of futures contracts is ac�vely managed
using systema�c approaches to provide por�olio and market diversifica�on. Managed



futures strategies o�en exhibit right-tail skew during market turmoil.

LOS	33.f

Specialist hedge fund strategies operate in market niches in order to generate uncorrelated
returns. Success with these strategies usually requires specialized knowledge.

Vola�lity traders. These strategies seek to profit from changes in the term structure of
vola�lity. OTC op�ons can be used to create bull spreads, bear spreads, straddles, and
calendar spreads. Alterna�vely, other instruments including VIX futures, vola�lity swaps,
and variance swaps can be used.

Life se�lements. In these strategies, pools of life insurance contracts are purchased, and
the hedge fund becomes the beneficiary. The hedge fund manager looks for policies with
low surrender value, low ongoing premium payments, and high probability that the insured
person will die soon.

LOS	33.g

Mul�-manager hedge fund approaches use strategy diversifica�on in an a�empt to
produce low-vola�lity, steady returns.

Funds-of-funds. This strategy comprises a hedge fund that invests in other hedge funds.
Funds-of-funds can offer a very broad strategy mix but can suffer from a lack of
transparency, slower tac�cal execu�on, and can also expose the FoF investor to ne�ng
risk.

Mul�-strategy funds. In this hedge fund approach, a single hedge fund pursues a
combina�on of strategies all under one roof. Compared to funds-of-funds, mul�-strategy
funds offer a be�er fee structure and faster tac�cal asset alloca�on, though opera�onal
risks are less diversified.

LOS	33.h
Condi�onal linear factor models can be useful for analyzing hedge fund strategies in terms
of their risk factor exposures. The curriculum makes use of a specific four-factor model
(incorpora�ng equity risk, currency risk, vola�lity risk, and credit risk factors) to quan�fy a
strategy’s exposures.

LOS	33.i

Hedge funds generally bring diversifica�on to tradi�onal stock/bond por�olios, and
enhance risk-adjusted returns. The addi�on of a 20% hedge fund alloca�on to a tradi�onal
60% stock/40% bond por�olio generally decreases the por�olio’s total standard devia�on,
increases the Sharpe and Sor�no ra�os, and decreases maximum drawdown.

ANSWER	KEY	FOR	MODULE	QUIZZES

Module	Quiz	33.1

1. C Conver�ble bond arbitrage strategies are generally classified as rela�ve value
strategies. (LOS 33.a)



2. A Managed futures strategies are generally classified as opportunis�c strategies. (LOS
33.a)

Module	Quiz	33.2

1. A EMN strategies usually apply somewhat high levels of leverage in order to produce
meaningful levels of return. Neither dedicated short strategies nor short-biased
strategies typically make significant use of leverage. (LOS 33.b)

2. C Equity long/short strategies typically have gross exposures of 70% to 90% long and
20% to 50% short. Dedicated short strategies are usually 60% to 120% short at all
�mes. Short-biased strategies are usually around 30% to 60% net short. (LOS 33.b)

3. A Compared to various other hedge fund approaches, EMN strategies generally have
rela�vely modest returns. EMN funds’ primary source of return is alpha. They do not
take on beta risk. Their lack of market exposure make EMN strategies a�rac�ve in
periods of market weakness. (LOS 33.b)

4. A While short posi�ons are possible in distressed securi�es inves�ng, this strategy is
usually long biased. Illiquidity tends to be high, and the strategy generally uses
moderate to low leverage. (LOS 33.c)

5. A When a firm’s assets are sold off in liquida�on, securi�es holders are paid
sequen�ally depending on the priority of their claims: first senior secured debt, then
junior secured debt, unsecured debt, conver�ble debt, preferred stock, and lastly
common stock. (LOS 33.c)

6. A Conver�ble arbitrage managers typically a�empt to extract underpriced implied
vola�lity from holdings of long conver�ble bonds. To delta and gamma hedge these
exposures, the managers will take short equity posi�ons. (LOS 33.d)

Module	Quiz	33.3

1. C Managed futures strategies are usually implemented via systema�c approaches,
while global macro strategies more o�en use discre�onary approaches. Both
strategies typically use high leverage and tend to be highly liquid. (LOS 33.e)

2. A Returns of managed futures and global macro strategies both typically exhibit right-
tail (posi�ve) skewness during �mes of market stress. Global macro strategies,
however, generally deliver more heterogeneous outcomes. (LOS 33.e)

3. C Equity vola�lity is roughly 80% nega�vely correlated with equity market returns:
vola�lity levels rise when equity markets fall. This characteris�c makes long vola�lity
strategies useful diversifiers for long equity investments. (LOS 33.f)

4. C In implemen�ng life se�lement strategies, a hedge fund manager looks for policies
with the following traits: low surrender value being offered to the insured individual,
low ongoing premium payments required of the investor, and high probability that
the insured person will die sooner than predicted by actuarial methods. (LOS 33.f)

5. C Funds-of-funds generally offer a more diverse strategy mix than do mul�-strategy
funds. Mul�-strategy funds offer quicker tac�cal asset alloca�on and generally a



be�er fee structure (for example, ne�ng risk between strategies is o�en absorbed
by the mul�-strategy general partner). (LOS 33.g)

6. B Compared to mul�-strategy funds, funds-of-funds offer an investor less transparency
and higher ne�ng risk. Mul�-strategy funds exhibit higher variance due to less
diverse strategies and use compara�vely higher leverage. (LOS 33.g)

Module	Quiz	33.4

1. C This reading uses a model that incorporates four factors: equity risk, credit risk,
currency risk, and vola�lity risk. (The interest rate risk “BOND” and commodity risk
“CMDTY” factors used by Hasanhodzic and Lo were dropped due to mul�collinearity
issues.) (LOS 33.h)

2. C Adding a 20% hedge fund alloca�on to a tradi�onal 60%/40% por�olio usually
decreases total por�olio standard devia�on while it increases Sharpe and Sor�no
ra�os in the combined por�olios. An alloca�on to hedge funds o�en decreases
maximum drawdown. (LOS 33.i)

3. A Adding an alloca�on to equity market-neutral hedge fund strategies to a tradi�onal
por�olio has been shown to be effec�ve in genera�ng superior risk-adjusted
performance, as evidenced by high Sharpe and Sor�no ra�os. (The same is true of
systema�c futures, global macro, and event-driven strategies.) On the other hand,
fund-of-funds and mul�-strategy funds have been found not to enhance risk-adjusted
performance significantly. (LOS 33.i)



Topic Quiz: Alterna�ve Investments
You have now finished the Alterna�ve Investments topic sec�on. Please log into your
Schweser online dashboard and take the Topic Quiz on this sec�on. The Topic Quiz provides
immediate feedback on how effec�ve your study has been for this material. Ques�ons are
more exam-like than typical Module Quiz or QBank ques�ons; a score of less than 70%
indicates that your study likely needs improvement. These tests are best taken �med; allow
three minutes per ques�on.
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Derivatives





Alternative	Investments



INDEX

A

accrued interest, 143
ac�ve bond por�olio management, 7
ac�vist short selling, 270
adjustable-rate loan, 228
adjusted funds from opera�ons (AFFO), 253
American-style op�on, 55, 175
appraisal-based indexes, 238
arbitrage-free models, 45
arbitrage-free price, 179
arbitrage-free valua�on, 31
arbitrage-free values, 38
arbitrage opportunity, 178
arbitrageurs, 212

B

backwarda�on, 212
backward induc�on, 34
barbell por�olio, 24
basis, 212
basis swap, 217
basis trade, 126
bearish fla�ening, 23
Bermudan-style op�on, 55
binomial interest rate tree, 33, 38
binomial op�on valua�on model, 169
Black model, 186
Black-Scholes-Merton (BSM) model, 183
bond futures, 143
bond risk premium, 23
bootstrapping, 5, 39
bullet por�olio, 24



bullish fla�ening, 23
bullish steepening, 23
busted conver�ble, 80

C

calendar spread, 212
callable bonds, 55, 67
call protec�on period, 55
cap, 71
capitaliza�on rate, 237
capital structure arbitrage, 274
capped floater, 71
cap rate, 237
carry arbitrage, 134
carry trades, 276
cash and carry arbitrage, 135
cash available for distribu�on (CAD), 253
cash-on-cash return, 229
catastrophe insurance, 284
CDS price, 124
CDS spread, 119
cheapest-to-deliver (CTD), 120
clean price, 143
collateralized debt obliga�on (CDO), 127
collateral return, 215
collateral yield, 215
commodity exchanges, 212
commodity market analysts, 212
commodity regulators, 212
commodity sectors, 208
commodity vola�lity swap, 217
condi�onal linear factor model, 290
condi�onal probability of default, 123
contango, 212
con�nuous dividends, 140
convenience yield, 214
conversion factor (CF), 143
conversion period, 75
conversion price, 75



conversion ra�o, 75
conversion value, 76
conver�ble bond, 75
conver�ble bond arbitrage, 277
conver�ble bonds, 276
cost approach, 235
coupon

on CDS, 120
covered bond, 111
Cox-Ingersoll-Ross (CIR) model, 44
credit curve, 125
credit default swap (CDS), 119
credit event, 122
credit exposures, 125
credit migra�on, 99
credit ra�ngs, 98
credit score, 98
credit spread curve, 108
credit spreads, 106
credit valua�on adjustment (CVA), 92
cross-sec�onal momentum (CSM), 281
crowding, 281
crude oil, 208
currency swaps, 156
curvature of the yield curve, 20, 21
curve trade, 126

D

day count conven�ons, 137
debt service coverage ra�o (DSCR), 228
dedicated short-selling, 270
default intensity, 102
delta, 190
delta-neutral, 195
depreciable base, 229
Determina�ons Commi�ee (DC), 122
direct capitaliza�on method, 236
direc�onal, 279
discounted cash flow approach, 254



discounted cash flow method, 237
discre�onary, 279
distressed securi�es, 274
dividend-paying stock, 139
dominance, 31
drawdown, 293
dri� adjusted, 43
due diligence, 234

E

effec�ve convexity, 66, 70
effec�ve dura�on, 20, 66
embedded op�ons, 55
energy sector, 208
equilibrium term structure models, 44
equity dividend rate, 229
equity forward, 138
equity forward contracts, 138
equity market-neutral (EMN), 271
equity REITs (real estate investment trusts), 248
equity-related hedge fund strategies, 269
equity swaps, 159
estate put, 56
European-style op�on, 55
event-driven, 272
excess return swap, 217
exercise price, 191
expecta�ons approach, 170
expected exposure, 91
expected loss, 92, 96
expected return, 3
extendible bond, 56

F

fixed-income arbitrage, 275
fixed-income forward, 141
flight to safety, 23



floor, 71
floored floater, 71
forward contract on a dividend-paying stock, 139
forward contracts, 133
forward curve, 2
forward price evolu�on, 8
forward pricing model, 4
forward rate, 1, 2
forward rate agreement, 145
forward rate model, 5
full price, 143
fundamentals, 279
fund-of-funds (FoF), 285
funds available for distribu�on (FAD), 253
funds from opera�ons (FFO), 252

G

gamma, 192
gamma risk, 196
Gauss+, 46
global macro, 279
going-in cap rate, 236
grains, 209
Greeks, 189
green bonds, 94
gross poten�al rental income, 227

H

hard-catalyst event-driven, 272
hard puts, 75
hazard rate, 91, 123
hedge ra�o, 178
hedgers, 211
Hedging Pressure Hypothesis, 213
hedonic index, 240
high-water mark, 293
Ho-Lee model, 45



I

implied vola�lity, 196
income approach, 236
index CDS, 121
industrial metals, 209
Insurance Theory, 213
interest rate op�ons, 181
interest rate swap, 151
interest rate vola�lity, 62, 65
Interna�onal Swaps and Deriva�ves Associa�on (ISDA), 120
ISDA Master Agreement, 120
I-spread, 14

K

Kalotay-Williams-Fabozzi (KWF) model, 45
key rate dura�on, 20, 69

L

level of the yield curve, 20, 21
life se�lement, 284
liquidity preference theory, 18
livestock, 209
loan-to-value ra�o (LTV), 228
local expecta�ons theory, 18
lock-up, 286
lock-up periods, 274
long/short equity, 269
long/short trade, 125
loss given default (LGD), 91, 123

M

managed futures, 280
market conversion premium ra�o, 77
marking to market, 150



merger arbitrage, 273
minimum value of a conver�ble bond, 76
mone�zing, 125
Monte Carlo forward-rate simula�on, 42
mortgage-backed securi�es (MBS), 247
MRR-OIS spread, 17
mul�-class trading, 272
mul�-strategy, 287

N

naked CDS, 125
natural gas, 209
net asset value per share (NAVPS), 250
net opera�ng income (NOI), 227, 236
net roll return, 216
ne�ng risk, 288
no-arbitrage principle, 134
normalized NOI, 238
no�onal principal, 119

O

one-sided dura�on, 68
opera�onal risks, 288
opportunis�c hedge fund strategies, 278
op�on adjusted spread (OAS), 63
op�on-free bond, 56
op�on Greeks, 189
op�ons on currencies, 185
op�ons on dividend paying stocks, 185
overage clause, 232

P

pairs trading, 272
par curve, 5
par rate, 5



par rate curve, 5
par�al dura�ons, 69
path dependent, 42
pathwise valua�on, 41
payer swap�on, 188
precious metals, 209
preferred habitat theory, 19
premium leg, 124
premium over straight value, 77
price return, 215
price-to-AFFO (P/AFFO), 256
price-to-FFO (P/FFO), 256
probability of default (POD), 91, 123
probability of survival, 91
protec�on leg, 124
protec�on period, 55
publicly traded real estate securi�es, 257
pure expecta�ons theory, 17
putable bonds, 56, 67
put-call parity, 172

R

real estate investment trust (REIT), 247
real estate investment trusts (REITs), 225
real estate opera�ng companies (REOCs), 225
real estate opera�ng company (REOC), 247, 248
receiver swap�on, 188
recons�tu�on, 31
recovery rate, 91
reference en�ty, 120
reference obliga�on, 120
refined products, 208
reinsurance, 284
rela�ve value, 275
repeat-sales index, 240
reverse cash and carry arbitrage, 136
rho, 193
riding the yield curve, 10
risk-free rate, 193



risk neutral probability of default, 94
rolling down the yield curve, 10
rollover risk, 232
roll return, 215
roll yield, 215

S

sales comparison approach, 235
sectors, 208
secured overnight funding rate (SOFR), 144
securi�zed debt, 111
segmented markets theory, 19
senior CDS, 120
se�lement, CDS, 122
shape of the yield curve, 17
shaping risk, 20
Sharpe ra�o, 292
short-biased, 270
single-name CDS, 120
sinking fund bonds, 56
so�-catalyst event-driven, 272
so� puts, 75
so�s, 210
Sor�no ra�o, 292
specialist hedge fund strategies, 282
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spot curve, 2, 39
spot rates, 1
spot yield, 215
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swap rate, 11, 151
swap rate curve, 12
swaps, 216
swap spread, 13
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tac�cal alloca�on, 288
technical analysis, 279
TED spread, 16
terminal cap rate, 237
term structure models, 44
term structure of credit spreads, 108
term structure of interest rate vola�lity, 22
thema�c, 279
theories of the term structure of interest rates, 17
Theory of Storage, 214
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threshold dividend, 75
�me decay, 193
�me-series momentum (TSM), 281
total return swap, 217
transac�on-based index, 240
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unbiased expecta�ons theory, 17
unsmoothing, 239
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value addi�vity, 31
value given no default (VND), 103
variance swap, 283
Vasicek model, 45



vega, 192
VIX index, 282
vola�lity, 192
vola�lity, interest rate, 62, 65
vola�lity swap, 283
vola�lity trading, 282
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yield curve, 62
yield curve trades, 275
yield to maturity, 3
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zero-coupon yield curve, 39
Z-spread, 15
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