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How to Use the CFA
Program Curriculum

The CFA’ Program exams measure your mastery of the core knowledge, skills, and
abilities required to succeed as an investment professional. These core competencies
are the basis for the Candidate Body of Knowledge (CBOK™). The CBOK consists of
four components:

A broad outline that lists the major CFA Program topic areas (www
.cfainstitute.org/programs/cfa/curriculum/cbok/cbok)

Topic area weights that indicate the relative exam weightings of the top-level
topic areas (www.cfainstitute.org/en/programs/cfa/curriculum)

Learning outcome statements (LOS) that advise candidates about the
specific knowledge, skills, and abilities they should acquire from curricu-
lum content covering a topic area: LOS are provided at the beginning of
each block of related content and the specific lesson that covers them. We
encourage you to review the information about the LOS on our website
(www.cfainstitute.org/programs/cfa/curriculum/study-sessions), including
the descriptions of LOS “command words” on the candidate resources page
at www.cfainstitute.org/-/media/documents/support/programs/cfa-and
-cipm-los-command-words.ashx.

The CFA Program curriculum that candidates receive access to upon exam
registration

Therefore, the key to your success on the CFA exams is studying and understanding
the CBOK. You can learn more about the CBOK on our website: www.cfainstitute
.org/programs/cfa/curriculum/cbok.

The curriculum, including the practice questions, is the basis for all exam questions.
The curriculum is selected or developed specifically to provide candidates with the
knowledge, skills, and abilities reflected in the CBOK.

CFA INSTITUTE LEARNING ECOSYSTEM (LES)

Your exam registration fee includes access to the CFA Institute Learning Ecosystem
(LES). This digital learning platform provides access, even offline, to all the curriculum
content and practice questions. The LES is organized as a series of learning modules
consisting of short online lessons and associated practice questions. This tool is your
source for all study materials, including practice questions and mock exams. The LES
is the primary method by which CFA Institute delivers your curriculum experience.
Here, candidates will find additional practice questions to test their knowledge. Some
questions in the LES provide a unique interactive experience.

DESIGNING YOUR PERSONAL STUDY PROGRAM

An orderly, systematic approach to exam preparation is critical. You should dedicate
a consistent block of time every week to reading and studying. Review the LOS both
before and after you study curriculum content to ensure you can demonstrate the


www.cfainstitute.org/programs/cfa/curriculum/cbok/cbok
www.cfainstitute.org/programs/cfa/curriculum/cbok/cbok
www.cfainstitute.org/en/programs/cfa/curriculum
www.cfainstitute.org/programs/cfa/curriculum/study-sessions
www.cfainstitute.org/-/media/documents/support/programs/cfa-and-cipm-los-command-words.ashx
www.cfainstitute.org/-/media/documents/support/programs/cfa-and-cipm-los-command-words.ashx
www.cfainstitute.org/programs/cfa/curriculum/cbok
www.cfainstitute.org/programs/cfa/curriculum/cbok
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knowledge, skills, and abilities described by the LOS and the assigned reading. Use
the LOS as a self-check to track your progress and highlight areas of weakness for
later review.

Successful candidates report an average of more than 300 hours preparing for each
exam. Your preparation time will vary based on your prior education and experience,
and you will likely spend more time on some topics than on others.

ERRATA

The curriculum development process is rigorous and involves multiple rounds of
reviews by content experts. Despite our efforts to produce a curriculum that is free of
errors, in some instances, we must make corrections. Curriculum errata are periodically
updated and posted by exam level and test date on the Curriculum Errata webpage
(www.cfainstitute.org/en/programs/submit-errata). If you believe you have found an
error in the curriculum, you can submit your concerns through our curriculum errata
reporting process found at the bottom of the Curriculum Errata webpage.

OTHER FEEDBACK

Please send any comments or suggestions to info@cfainstitute.org, and we will review
your feedback thoughtfully.


www.cfainstitute.org/en/programs/submit-errata
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LEARNING MODULE

Pricing and Valuation of
Forward Commitments

by Adam Schwartz, PhD, CFA.

Adam Schwartz, PhD, CFA is at Bucknell University (USA).

CFA Institute would like to thank Robert Brooks, PhD, CFA and Barbara Valbuzzi, CFA for
their contributions to earlier versions of this reading.

LEARNING OUTCOMES

Mastery

The candidate should be able to:

[

O 0O 0 0o d d

describe how equity forwards and futures are priced, and calculate
and interpret their no-arbitrage value

describe the carry arbitrage model without underlying cashflows and
with underlying cashflows

describe how interest rate forwards and futures are priced, and
calculate and interpret their no-arbitrage value

describe how fixed-income forwards and futures are priced, and
calculate and interpret their no-arbitrage value

describe how interest rate swaps are priced, and calculate and
interpret their no-arbitrage value

describe how currency swaps are priced, and calculate and interpret
their no-arbitrage value

describe how equity swaps are priced, and calculate and interpret
their no-arbitrage value

INTRODUCTION

[

describe how equity forwards and futures are priced, and calculate
and interpret their no-arbitrage value

Forward commitments include forwards, futures, and swaps. A forward contract is
a promise to buy or sell an asset at a future date at a price agreed to at the contract’s
initiation. The forward contract has a linear payoff function, with both upside and
downside risk.
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A swap is essentially a promise to undertake a transaction at a set price or rate
at several dates in the future. The technique we use to price and value swaps is to
identify and construct a portfolio with cash flows equivalent to those of the swap.
Then, we can use tools, such as the law of one price, to determine swap values from
simpler financial instruments, such as a pair of bonds with a cash flow pattern similar
to those of our swap.

Look out for the big picture: value additivity, arbitrage, and the law of one price
are important valuation concepts.

Forwards and swaps are widely used in practice to manage a broad range of market
risks. As well, more complex derivative instruments can sometimes be understood in
terms of their basic building blocks: forwards and option-based components. Here
are just some of the many and varied uses for forwards, futures, and swaps that you
might encounter in your investment career:

= Use of equity index futures and swaps by a private wealth manager to hedge
equity risk in a low tax basis, concentrated position in his high-net-worth
client’s portfolio.

=  Use of interest rate swaps by a defined benefits plan manager to hedge inter-
est rate risk and to manage the pension plan’s duration gap.

= Use of derivatives (total return swaps, equity futures, bond futures, etc.)
overlays by a university endowment for tactical asset allocation and portfo-
lio rebalancing.

= Use of interest rate swaps by a corporate borrower to synthetically convert
floating-rate debt securities to fixed-rate debt securities (or vice versa).

= Use of VIX futures and inflation swaps by a firm’s market strategist to infer
expectations about market volatility and inflation rates, respectively.

Principles of Arbitrage-Free Pricing and Valuation of Forward
Commitments

In this section, we examine arbitrage-free pricing and valuation of forward
commitments—also known as the no-arbitrage approach to pricing and valuing such
instruments. We introduce some guiding principles that heavily influence the activities
of arbitrageurs, who are price setters in forward commitment markets.

There is a distinction between the pricing and the valuation of forward commit-
ments. Forward commitment pricing involves determining the appropriate forward
commitment price or rate when initiating the forward commitment contract. Forward
commitment valuation involves determining the appropriate value of the forward
commitment, typically after it has been initiated.

Our approach to pricing and valuation is based on the assumption that prices
adjust to prevent arbitrage profits. Hence, the material will be covered from an arbi-
trageur’s perspective. Key to understanding this material is to think like an arbitrageur.
Specifically, the arbitrageur seeks to make a profit following two rules:

Rule #1: Do not use your own money; and

Rule #2: Do not take any price risk.

To make a profit, subject to these restrictions, the arbitrageur may need to bor-
row or lend money and buy or sell assets. The no-arbitrage approach considers the
contract’s cash flows from contract initiation (Time 0) to contract maturity (Time
T). If an initial investment requires an outflow of 100 euros, then we will present it
as a —100 euro cash flow. Cash inflows to the arbitrageur have a positive sign, and
outflows are negative.
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Pricing and valuation tasks based on the no-arbitrage approach imply an inability
to create a portfolio that earns a risk-free profit without making a positive net invest-
ment of capital. In other words, if cash and forward markets are priced correctly with
respect to each other, we cannot create such a portfolio. That is, we cannot create
money today with no risk or future liability. This approach is built on the law of one
price, which states that if two investments have equivalent future cash flows regardless
of what will happen in the future, then these two investments should have the same
current price. Alternatively, if the law of one price is violated, someone could buy the
cheaper asset and sell the more expensive asset, resulting in a gain at no risk and with
no commitment of capital. The law of one price can be used with the value additivity
principle, which states that the value of a portfolio is simply the sum of the values of
each instrument held in the portfolio.

Throughout this discussion of forward commitments, the following key assump-
tions are made: (1) replicating instruments are identifiable and investable; (2) market
frictions are nil; (3) short selling is allowed with full use of proceeds; and (4) borrowing
and lending are available at a known risk-free rate.

Our analyses will rely on the carry arbitrage model, a no-arbitrage approach in
which the underlying instrument is either bought or sold along with establishing a
forward position—hence the term “carry” Carry arbitrage models are also known as
cost-of-carry arbitrage models or cash-and-carry arbitrage models. Carry arbitrage
models account for costs to carry/hold the underlying asset. Carry costs include
financing costs plus storage and insurance costs (for physical underlying, like gold).
The carry arbitrage model must also adjust for any carry benefits (i.e., negative carry
costs), including dividends and interest (such as bond coupons) received. Typically, each
type of forward commitment will result in a different model, but common elements
will be observed. Carry arbitrage models are a great first approximation to explaining
observed forward commitment prices in many markets.

The central theme here is that forward commitments are generally priced so as
to preclude arbitrage profits. Section 3 demonstrates how to price and value equity,
interest rate, fixed-income, and currency forward contracts. We also explain how
these results apply to futures contracts.

Pricing and Valuing Generic Forward and Futures Contracts

In this section, we examine the pricing of forward and futures contracts based on the
no-arbitrage approach. The resulting carry arbitrage models are based on the replication
of the forward contract payoff with a position in the underlying that is financed through
an external source. Although the margin requirements, mark-to-market features, and
centralized clearing in futures markets result in material differences between forward
and futures markets in some cases, we focus mainly on cases in which the particular
carry arbitrage model can be used in both markets.

Forwards and Futures

Forward and futures contracts are similar in that they are both agreements in which
one party is legally obligated to sell and the other party is legally obligated to buy an
asset (financial or otherwise) at an agreed price at some specific date in the future.
The main difference is that a futures contract is an exchange-traded financial instru-
ment. Contracts trading on an organized exchange, such as the Chicago Mercantile
Exchange (CME), incorporate standard features to facilitate trading and ensure both
parties fulfill their obligations. For example, a gold futures contract traded on the CME
(COMEX) features a standard contract size of 100 ounces, agreed upon deliverable
assets (gold bars, perhaps), and a limited choice of maturity dates. To ensure perfor-
mance of the long and the short parties, the futures exchange requires the posting
and daily maintenance of a margin account.
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A forward contract is an agreement to buy or sell a specific asset (financial or
otherwise) at an agreed price at some specific date in the future. Forward contracts
are bilateral non-exchange traded contracts, offering flexibility in terms of size, type
of the underlying asset, expiration date, and settlement date. This customization
comes at a price of potential credit risk and ability to unwind the position. Since the
financial crisis, best practices for OTC contracts suggest daily settlement and margin
requirements for forward contracts similar to those required by futures exchanges.
Without daily settlement, a forward contract may accumulate (or may lose) value
over time. Some of the differences and similarities between forwards and futures are
summarized in Exhibit 1.

Exhibit 1: Characteristics of Futures and Forward Contracts

Futures Forwards

Exchange-traded Negotiated between the contract
counterparties

Standardized dates and deliverables Customized dates and deliverables

Trades guaranteed by a clearinghouse Trading subject to counterparty risk

Initial value = 0 Initial value = 0

(Typically, but not required)

An initial margin deposit specified by the Margin requirements may be specified by
exchange is required. The margin account is the counterparties.

adjusted for gains and losses daily. If daily

losses cause the margin balance to drop below

a limit set by the futures exchange (i.e., main-

tenance margin), additional funds must be

deposited, or the position will be closed.

Daily settlement marks the contract price Contract may outline a settlement sched-

equal to the market price and contract value ule. The forward may accumulate (or

=0. lose) value between settlement periods or
until maturity (if no early settlements are
required).

Forward price (F) or futures price (f) refers to the price that is negotiated between
the parties to the forward or futures contract, respectively.
Our notation will be as follows, let:

S; represent spot price (cash price for immediate delivery) of the underlying
instrument at any time t,

F, represent forward price at any time t, and

f; represent futures price at any time t.

Therefore, Sy, Fy, and f; denote, respectively, the spot, forward, and futures price,
respectively, established at the initiation date, 0. The initial forward price is established
to make the contract value zero for both the long and short parties. The forward
(delivery) price does not change during the life of the contract. Time T represents
the time at which the contract expires and the future transaction is scheduled to
take place. Thus, St, Fp, and fy are the spot, forward, and futures price, respectively,
at expiration time T. Between initiation at time 0 and expiration at time T, the spot
price of the underlying asset may fluctuate to a new value, S;. The price of a newly
created forward or futures contract at time t with the same underlying and expiration
(at time T) may differ from the price agreed to at time 0. So, our forward or futures



© CFA Institute. For candidate use only. Not for distribution.
Introduction

contract established at time 0 may have a positive or negative value at time t. V;
and v, will later be used to describe, respectively, the value of a forward and futures
contract at any time t.

As we approach expiration, the price of a newly created forward or futures con-
tract will approach the price of a spot transaction. At expiration, a forward or futures
contract is equivalent to a spot transaction in the underlying. This property is often
called convergence, and it implies that at time T, both the forward price and the
futures price are equivalent to the spot price—that is,

Convergence property: Fr = f1 = St.

The convergence property is intuitive. For example, the one-year forward price of
gold (that is, the price set today to purchase gold one year from now) might be very
different from the spot price of gold. However, the price to buy gold one hour in the
future should be very close to the spot price. As the maturity of the forward or futures
contract approaches, the forward or futures price will converge to the spot price. If the
forward or futures price were higher than the spot at maturity, an arbitrageur would:

1. Sell the forward or futures contract.
2. Borrow funds using a loan to buy the asset.

3. Make delivery at expiration of the contract, repay the loan, and keep the
profit.

As market participants exploit this arbitrage opportunity, the forward or futures
price will fall due to selling pressure.

If the futures price is below spot price, an arbitrageur would short sell the asset,
invest the short-sale proceeds at the risk-free rate, and then enter into a long futures
contract. He or she would take delivery of the asset at the futures contract expiration
and use it to cover the short. The profit is simply the difference between the short-sale
price and the futures price, after adjusting for carrying and financing costs. These
actions on the part of arbitrageurs would act to enforce the convergence property.

Prior to expiration, the price of a newly created futures or forward contract will
usually differ from the spot price. The forward and futures prices may even differ
slightly from each other. For example, when the possibility of counterparty default
exists or when the underlying asset price (such as a bond) is correlated with interest
rates (which might impact the financing costs for daily settlement), the futures price
might vary slightly from the forward price. For most cases, the generalist may assume
the price of a futures contract and a forward contract will be same. That is F; = f;
before expiration.

Exhibit 2 shows the convergence property for a stock index futures/forward contact
under continuous compounding and varying dividend yields. To carry a stock index,
we must forego the interest rate that could be otherwise earned on our money, but
we will collect dividend payments. As shown in Exhibit 2, the convergence path to
the spot price at maturity depends on the costs and benefits of carrying the under-
lying asset. Here the stock index pays a dividend yield, which is a carry benefit. To
hold the stock index, we must forego interest that could otherwise be earned on the
investment. This financing rate (interest rate, r.), assumed to be 2% in the following
graph, is a cost to carry the index.
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Exhibit 2: Convergence Property: Convergence of Forward Price to Spot

Price (r. = 2% and Index Level = 100)

Price
103
Carry Benefits (dividends) < Carry Costs (interest rate) results
102 % infutures/forward price converging to the spot price from above.
101 F———o T
100 T
QQ fenerreereie

Convergence Property at
Expiration: Futures Price =
98 F Forward Price = Spot Price

g7 | Carry Benefits (dividends) > Carry Costs (interest rate) results
in futures/forward price converging to the spot price from below.

96 L L L L L L L L L
1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 02 0.1 0
Time to Maturity (years)

—— DivYld=4% -------- Div Yld = 3% Div Yld = 2%
—----DivYld=1% —-—- DivYld=0%

As maturity of the contract approaches (at time = T), the price of a newly created
forward or futures contract will approach the spot price so that at expiration Fp = fr
= S, according to the convergence property. Prior to expiration, the forward/futures
prices may be above, below, or nearly equal to the current spot price S,. For futures
contracts, the difference between the spot price and the futures price is the basis. As
the maturity date nears, the basis converges toward zero. According to the convergence
property, the future price approaches the spot price as we move toward expiration.
At expiration, the futures price is equal to the price today for delivery today (i.e., spot
price). If the convergence property does not hold, arbitrage will force the prices to
be equal at contract expiration. The nature of the pricing relationship between the
spot and forward/futures prices shown here will be explained shortly using the carry
arbitrage model. For example, carry arbitrage will help us understand why assets
with carry benefits (dividends) greater than carry costs (costs to finance and store
the underlying) will have forward prices that converge to the spot price from below.

As market prices change, the value of existing futures and forward positions will
change also. The market value of the forward or futures contract, termed forward
value or futures value, respectively, and sometimes just value, refers to the mone-
tary value of an existing forward or futures contract. When the forward or futures
contract is established, the price is negotiated so that the value of the contract on the
initiation date is zero. Subsequent to the initiation date, the value can be significantly
positive or negative.

For example, an industrial firm requires platinum to manufacture certain com-
ponents used in automobile manufacturing. The firm enters a long forward contract
on 10 March Under the terms of the contract, the firm agrees to buy 4,500 ounces of
platinum on 10 September for $900 per ounce from a metal producer. From the firm’s
point of view, this is effectively a six-month long forward contract at a price of F =
$900. If the price (technically, the September forward price) of platinum increases to
$1,100 in May, the firm will be happy to have locked in a purchase price of $900 (long
forward contract value is positive). If the price of platinum decreases to $800, the
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firm must still honor the forward agreement to buy platinum at $900 (long forward
contract value is negative). To describe the value of a forward contract, let V, be the
value of the forward contract at any time t.

When the forward contract is established, the forward price is negotiated so that
the market value of the forward contract on the initiation date is zero. Most forward
contracts are structured this way and are referred to as at market contracts. Again,
we assume no margin requirements. No money changes hands, meaning that the
initial value is zero, so, V= 0.

At expiration, the value of a forward contract V- is realized and, as shown next,
is straightforward to compute. Remember, the profit on any completed transaction
is the sale price minus the purchase price. The profit or value of the forward contract
at expiration is also the sale price minus the purchase price. At initiation, a forward
or futures contract allows for either a future purchase price or a future sale price, F,
to be known at time 0. In a long forward, a buyer can lock in a purchase price, F; In
a short forward, a seller can lock in a sale price, F, Again, a forward contract allows
a buyer or a seller to fix an initial price F, either the purchase price (long forward)
or the sale price (short forward). The party long the forward effectively agrees to buy
an asset in the future (at time T) at a price set today (at time 0), F,.

At expiration, the asset can be sold in the spot market at a price Sy Therefore, a
long position in a forward contract has a value at expiration of:

A short position effectively locks in a sale price of F It is the negative of the long
position. Therefore, the value of a short forward position at expiration is the sale price
minus the purchase price of the asset:

—Vr=—Sr—-Fop) =Fy—St.

For example, in January a fund manager agrees to sell a bond portfolio in May for F,
= £10,000,000. The fund manager locks in the sale price, F. If the spot price of the
bond portfolio at expiration (St) is £9,800,000, then the short forward contract will
have an expiration value to the fund manager of:

-V = £10,000,000 — £9,800,000 = £200,000.

The fund manager makes a profit by selling at a higher price than the market price
at expiration.

Value may accumulate or diminish with the passage of time in forward contracts,
which is why forward contracts require the posting of collateral. Futures contract
values, on the other hand, are settled by margining at the end of each trading day
when the contract is marked-to-market. The gains and losses in the position over
time accumulate in the futures traders’ margin accounts. Prior to daily settlement,
during the trading hours the market value of a long position in a futures contract
is the current futures price less the future price at the last time the contract was
marked-to-market times the multiplier, N; (the multiplier is the standard contract
size set by the futures exchange).

For a long futures contract, the value accumulated during the trading day (v,) is:

v; = Multiplier x (Current futures price — Previous settlement price) or
ve=Npx (f = fi ).

Assume an investor is long one contract (N; = 100 ounces/contract) of June gold,
which settled at $1,300/ounce on the previous trading day. So, the investor is effectively
agreeing to purchase 100 ounces of gold in June for $1,300 per ounce or $130,000
total. The trader need not pay the entire $130,000 today but must post a deposit in a
margin account to guarantee his/her performance. During the current trading day, the
price of June gold increases to $1,310. Before marking-to-market, the value of the long
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contract is 100 x ($1,310 — $1,300) = +$1,000. After marking-to-market, the gain or
loss is reflected in the trader’s margin account and the new contract price is set equal
to the settlement price. The futures contract value after daily settlement is 0 or v, = 0.

CARRY ARBITRAGE

[

describe the carry arbitrage model without underlying cashflows and
with underlying cashflows

We first consider a generic forward contract, meaning that we do not specify the
underlying as anything more than just an asset. As we move through this section, we
will continue to address specific additional factors to bring each carry arbitrage model
closer to real markets. Thus, we will develop several different carry arbitrage models,
each one applicable to a specific forward commitment contract. We start with the
simpler of the two base cases, carry of an asset without cash flows to the underlying,
then move to the more complex case of forwards on assets with underlying cash flows,
such as bonds with coupon payments or stocks that pay dividends.

Carry Arbitrage Model When There Are No Underlying Cash
Flows

Carry arbitrage models receive their name from the literal interpretation of carrying
the underlying asset over the life of the forward contract. If an arbitrageur enters
a forward contract to sell an underlying instrument for delivery at time T, then to
offset this exposure, one strategy is to buy the underlying instrument at time 0 with
borrowed funds and carry it to the forward expiration date (time T). The asset can
then be sold (or even delivered) under the terms of a forward contract. The risks of
this scenario are illustrated in Exhibit 3.

Exhibit 3: Cash Flows from Carrying an Underlying Asset and Offsetting

Short Forward Position

Time 0 TimeT

Borrowing Funds to Purchase and Carry an Underlying Asset

Underlying -S, (purchase) +St (sale)
Borrowed funds +S (inflow) —-FV(Sy) (repayment)
Net Cash Flow +Sy—Sg=0 +ST — FV(Sy)
Short Forward Position
Short Forward Vp=0 V1 =Fy-St
Overall Position: Long Asset + Borrowed Funds + Short Forward
+Sqg—Sp+ V=0 +ST —FV(Sg) + V=0

+ST - FV(So) + (FO - ST) =0
+FO - FV(So) =0
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The underlying asset is bought for S, with borrowed funds. The asset can be sold
at time T for a price, St. At time T, the borrowed funds must be repaid at a cost of
EV(Sp); note that FV stands for the future value function. Clearly, when St is below
(above) FV(Sy), our underlying transaction will suffer a loss (earn a profit). A short
forward position can be added to our long position in the underlying asset to offset
any profit or loss in the underlying. Both positions have no initial (time 0) cash flow.
To prevent arbitrage, the overall portfolio (Asset + Borrowed funds + Short forward)
should have a value of zero at time T. If the cost to finance the purchase of the asset,
FV(Sy), is equal to the initially agreed upon forward price, F then there is no arbitrage
profit. So, we should have F, = FV(S;).

For now, we will keep the significant technical issues to a minimum. When possi-
ble, we will just use FV and PV to denote future value and present value, respectively.
At this point we are not yet concerned about compounding conventions, day count
conventions, or even the appropriate risk-free interest rate proxy.

Carry arbitrage models rest on the no-arbitrage assumptions. Therefore, the
arbitrageur does not use his or her own money to acquire positions but borrows to
purchase the underlying. Borrowing (if the underlying asset is purchased) and lending
the proceeds (if the underlying asset is sold) are done at the risk-free interest rate.
Furthermore, the arbitrageur offsets all transactions, meaning he/she does not take
any price risk. We do not consider other risks, such as liquidity risk and counterparty
credit risk, as they would unnecessarily complicate our basic presentation.

If we assume continuous compounding (r.), then FV(Sy) = Syexp” I If we assume
annual compounding (r), then FV(S;) = So(1 + r)T. Note that in practice, observed
interest rates are derived from market prices. For example, a T-bill price implies the
T-bill rate. Significant errors can occur if the quoted interest rate is used with the
wrong compounding convention. When possible, we just use basic present value and
future value representations to minimize confusion.

To help clarify, we first illustrate the price exposure solely from holding the
underlying asset. Exhibit 4 shows the cash flows from carrying the underlying, a
non-dividend-paying stock, assuming Sy = 100, r = 5%, and T = 1. For illustration
purposes, we allow the stock price at expiration to go down to St~ = 90 or up to St
= 110. The initial transactions will generate cash flows shown at times 0 and T. In
practice, the set of transactions (market purchases, bank transactions) are executed
simultaneously at each time period, not sequentially. Here are the two transactions
at time O that produce a levered equity purchase.

Step 1 Purchase one unit of the underlying at time 0 (an outflow).

Step 2 Borrow the purchase price at the risk-free rate (an inflow).
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Exhibit 4: Cash Flows for Long Financial Position

Time 0 Time T
Sp+ =110
CFy* =110-105 = +5

Sy =100 Repay Loan: 100 (1.05) = 105
Borrow $100 at
r=>5%toBuy1

Share at S,
CF,=0
0 Si-=90

CF=90-105=-15

At time T (= 1), the stock price can jump up to S;* = 110 or jump down to St~ = 90.
Because the two outcomes are different, the strategy at this point has price risk. After
the loan is repaid, the net cash flow will be +5 if the stock jumps up to 110 or —15 if
the stock price jumps down to 90. To eliminate price risk, we must add another step
to our list of simultaneous transactions. As suggested by Exhibit 3, we sell (go short)
a forward contract to set a price today for the future sale of our underlying, and that
price (Fy = FV(Sy)) is 105.

Step 1 Sell a forward at F, = 105. For a short forward contract, F is the price
agreed to at time O to sell the asset at Time T.

The resulting portfolio with its offsetting transaction is illustrated in Exhibit 5.

Exhibit 5: Cash Flow for Long Financial Position with Short Forward

Contract

Time 0 Time T

St =110
Short Forward (V1) = Fy— Sy =105-110 = -5
CFr* = Sp* — Loan + Forward = 110 - 105 + (-5) = 0

Sy = 100

Repay Loan: 100 (1.05) = 105

Borrow $100 at
r=>5% toBuy1
Share at S,

Short Fj = 105,
V[) = 0,

S;-=90
CFy=0 L

Short Forward (V1) = Fy— St =105-90 = +15
CF1~ =Sy~ — Loan + Forward = 90 - 105 + (15) =0

Regardless of the value of the underlying at maturity, we owe 105 on the loan. Notice
that at expiration the underlying is worth 90 or 110. Since we agreed to sell the asset
at 105, the forward contract value is either 15 or -5, respectively. If the asset is selling
for 90 at time T, the forward contract allows us to sell our underlying position for 15
more (105 — 90) than in the spot market. The combination of the proceeds from the
sale of the underlying and the value of the short forward at maturity is always 105 (=
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90 + 15 or 110 — 5), which is precisely the amount necessary to pay off the loan. So,
there is zero net cash flow at expiration under any and all circumstances. Since this
transaction has no risk (no uncertainty about value at time T), we require that the
no-arbitrage forward price (Fy) is simply the future value of the underlying growing
at the risk-free rate, or

F, = Future value of underlying = FV(S). @)

In our example, Fy = FV(Sg) = 105. In fact, with annual compounding and T = 1, we
have simply Fy = Sp(1 + r)T = 100(1 + 0.05)L. The future value refers to the amount
of money equal to the spot price invested at the compounded risk-free interest rate
during the time period. It is not to be confused with or mistaken for the mathematical
expectation of the spot price at time T.

Without market frictions, arbitrage may be possible when mispricing occurs. To
better understand the arbitrage mechanics, suppose that F = 106. Based on the prior
information, we observe that the forward price is higher than the price suggested
by the carry arbitrage model—recall Fy = FV(S,) = 105. Because the carry arbitrage
model value is lower than the market’s forward price, we conclude that the market’s
forward price is too high and should be sold. An arbitrage opportunity exists, and it
will involve selling the forward contract at 106 (Step 1). Step 2 occurs when a second
transaction is needed to borrow funds to undertake Step 3, purchase of the underlying
instrument so that gains (or losses) in the underlying will offset losses (or gains) on
the forward contract. Note, the second step ensures the arbitrageur does not use his
or her own money. The third transaction, the purchase of the underlying security,
guarantees the arbitrageur does not take any market price risk. Note that all three
transactions are done simultaneously. To summarize, the arbitrage transactions for
Fo > FV(Sy) can be represented in the following three steps:

Step 1 Sell the forward contract on the underlying.
Step 2 Borrow the funds to purchase the underlying.

Step 3 Purchase the underlying.

Exhibit 6 shows the resulting cash flows from these transactions. This strategy is
known as carry arbitrage because we are carrying—that is, we are long—the underlying
instrument. At time T, we earn an arbitrage profit of +1. We do not use any of our own
money and make a profit no matter the price of the underlying at maturity (i.e., 110, 90,
or anything else). Since the profit of +1 at maturity occurs under every circumstance,
it is considered risk-free. Any situation that allows a risk-free profit with no upfront
cost will not be available for very long. It represents a clear arbitrage opportunity, one
that will be pursued until forward prices fall and eliminate the arbitrage opportunity.

Note that if the forward price, F, were 106, the value of the forward contract at
time 0 would be the PV of the +1 cash flow at Time T. Thus, at time 0, the value of
our short forward is V = PV[Fy — FV(Sy)] = (106 — 105)/(1 + 0.05)! = 0.9524.
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Exhibit 6: Cash Flow with Forward Price Greater Than Carry Arbitrage

Model Price

Time 0 Time T

Sp+ =110
Short Forward (V1) = Fy— St =106 - 110 = —4
CFy+ = S+ — Loan + Forward = 110 - 105 + (4) = +1

S, =100
Repay Loan: 100 (1.05) = 105

Borrow $100 at
r=5% to Buy 1
Share at S,

Short Fy = 106,
VO = O,

S = 90
CFy =0 L

Short Forward (V) = Fy— St =106 - 90 = +16
CFy~ =Sy~ - Loan + Forward =90 - 105 + (16) = +1

Suppose instead we observe a lower forward price, F, = 104. Based on the prior infor-
mation, we conclude that the forward price is too low when compared to the forward
price determined by the carry arbitrage model of Fy = FV(S;) = 105. Since the forward
price is too low, Step 1 is to buy the forward contract, and the value at T is St — F,,
The arbitrageur does not want any price risk, so Step 2 is to sell short the underlying
instrument. To accomplish Step 2, we must borrow the asset and sell it. Note that
when an arbitrageur needs to sell the underlying, it must be assumed that he/she
does not hold it in inventory and thus must sell it short. If the underlying were held
in inventory, the investment in it would not be accounted for in the analysis. When
the transaction calls for selling a derivative instrument, such as a forward contract,
it is always just selling—technically, not short selling.

The long forward contract will allow us to cover our short later. The arbitrageur
will then lend the short sale proceeds of 100 at the risk-free rate (Step 3). The deposit
of 100 will grow to 105 at time T. Clearly, we will have a profit of +1 when we buy
the asset at 104 and deliver it to clear the short. Again, to summarize, the arbitrage
transactions when the forward price is too low—that is, Fy < FV(Sg)—involve the
following three steps:

Step 1 Buy the forward contract on the underlying.
Step 2 Sell the underlying short.

Step 3 Lend the short sale proceeds.

We must replace the asset at a price of S, but we have +105 from the loan and
a long forward at 104. Remember, the value of a long forward at time T is V1 = St
— Fy. So, using the prior information, the value of the forward at expiration will be
90 — 104 = —14 (if ST~ = 90) or 110 — 104 = +6 (if S+ = 110). Thus, the cash flows at
maturity will be CF~ = +105 — 14 — 90 = +1 or CF* = +105 + 6 — 110 = +1. Again, we
make a profit equal to the mispricing of +1 regardless of the stock value at time T.
It is an arbitrage profit, since it was done with no money invested and with no risk.

Note that this set of transactions is the exact opposite of the prior case in Exhibit
6. This strategy is known as reverse carry arbitrage because we are doing the oppo-
site of carrying the underlying instrument; that is, we are selling short the underlying
instrument.
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Therefore, unless Fy = FV(S), there is an arbitrage opportunity. Notice that if F
> FV(Sp), then the forward contract is sold and the underlying is purchased. Thus,
arbitrageurs drive down the forward price and drive up the underlying price until F,
= FV(Sp) and a risk-free positive cash flow today (i.e., in PV terms) no longer exists.
Further, if Fy < FV(S;), then the forward contract is purchased and the underlying
is sold short. In this case, the forward price is driven up and the underlying price is
driven down. Absent market frictions, arbitrageurs’ market activities will drive forward
prices to equal the future value of the underlying, bringing the law of one price into
effect once again. Most importantly, if the forward contract is priced at its equilibrium
price, there will be no arbitrage profit.

EXAMPLE 1

Forward Contract Price

An Australian stock paying no dividends is trading in Australian dollars
for A$63.31, and the annual Australian interest rate is 2.75% with annual
compounding.

1. Based on the current stock price and the no-arbitrage approach, which of
the following values is closest to the equilibrium three-month forward price?

A. A$63.31

B. A$63.74

C. A$65.05
Solution:

B is correct. Based on the information given, Sy = A$63.31, r = 2.75% (annu-
al compounding), and T = 0.25. Therefore,

Fo=FV(Sy) = 63.31(1 + 0.0275)0-33 = A$63.7408.

2. If the interest rate immediately falls 50 bps to 2.25%, the three-month for-
ward price will:
A. decrease.
B. increase.
C. be unchanged.
Solution:
A is correct, because the forward price is directly related to the interest rate.
Specifically,
Fo=FV(Sy) = 63.31(1 +0.0225)%-2% = A$63.6632.

Therefore, we see in this case that a decrease in interest rates resulted in a
decrease in the forward price. This relationship between forward prices and
interest rates will generally hold so long as the underlying is not also influ-
enced by interest rates.

As we see in Example 1, the quoted forward price does not directly reflect expec-
tations of future underlying prices. The only factors that matter are the current price
(Sp), the interest rate and time to expiration, and, of course, the absence of arbitrage.
Other factors will be included later as we make the carry arbitrage model more
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realistic, but we will not be including expectations of future underlying prices. So, if
we can carry the asset, an opinion that the underlying will increase in value, perhaps
even substantially, has no bearing on the forward price.

We now turn to the task of understanding the value of an existing forward contract.
There are many circumstances in which, once a forward contract has been entered,
one wants to know the contract’s fair value. The goal is to calculate the position’s
value at current market prices. The need may arise from market-based accounting,
for example, in which the accounting statements need to reflect the current fair value
of various instruments. Finally, it is simply important to know whether a position in
a forward contract is making money or losing money (that is, the profit or loss from
exiting the contract early).

The forward value prior to maturity is based on arbitrage. A timeline to help illus-
trate forward valuation is shown in Exhibit 7. Suppose the first transaction involves
buying a forward contract with a price of F at Time 0 with expiration at Time T. Now
consider selling a new forward contract with price F, at Time t, again with expiration
at Time T. Exhibit 7 shows the potential cash flows. Remember the equivalence at
expiration between the forward price, the futures price, and the underlying price will
hold: F1 = f1 = S1. Note that the middle of the timeline, “Time t” is the valuation date
of the forward contract. Note also that we are seeking the forward value; therefore,
this set of transactions would result in cash flows only if it is executed. We need not
actually execute the transactions; we just need to see what they would produce if we
did. This point is analogous to the fact that if we are holding a liquid asset, we need
not sell it to determine its value; we can simply observe its market price, which gives
us an estimate of the price at which we could sell the asset.

Exhibit 7: Long Forward Interim Value Timeline

Time 0 Time t Time T
{ @ 5
Value of Long Forward at (V) =
Long Forward at F, Short Forward at F, S;-F,
Time to Expiration = T Time to Expire =T -t Value of Short Forward (Vy) =
Fi-5r

Net Value at t = PV(Vry)

Net Value at Expiration (V) =
F—Fo

Importantly, there are now three different points in time to consider: Time 0, Time t,
and Time T. Note that once the offsetting forward is entered at time t, the net position
is not subject to market risk. That is, the St terms cancel (in Exhibit 7), so the cash
flow at Time T is not influenced by what happens to the spot price. The position is
completely hedged. Therefore, the value observed at Time t of the original forward
contract initiated at Time O and expiring at Time T is simply the present value of the
difference in the forward prices, PV(F, — F;), at Time t. To be clear, the PV discounts
the time T cash flow at the risk-free rate, r, to Time t. Equation 2 shows the long
forward value at time t under annual compounding.
Value of Long Forward Contract Prior to Maturity (Time t) =

V, (long) = Present value of the difference in forward prices:
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[F i~ F 0]
V,=PV|F,—Fy| = e 2
where F, is the current forward price and F, is the initial forward price.
Alternatively,
Fo
Vt = SZ*PV[FO]ZSI*W. (3)

Equation 3 can be derived from Equation 2. Assuming annual compounding,
F, = Sy(1 + 1)(TY, s0 PV[F,] = PV[Sy(1 + r)(T-V]
=S(1+ 0TV /(1 +nTH=s,

While both are correct, Equation 2 may be useful in cases when market frictions may
cause the observed forward price, F,, to differ slightly from the correct arbitrage-free
price. Equation 3 may be more intuitive and has the advantage that the spot price, S;,
may be more readily observed than the forward price, F,.

As in Equation 2, the long forward contract value can be viewed as the present
value, determined using the given interest rate, of the difference in forward prices—the
initial one and the new one that is priced at the point of valuation. If we know the
underlying price at Time t, S, we can estimate the forward price, F, = FV(S,), and we
can then solve for the forward value as in Equation 2.

The interim valuation of a short forward contract is determined in a similar fashion.
The short position value is also the present value of differences in forward prices and
simply the negative of the long position value. So that,

Value of short forward contract prior to maturity (Time t) = -V

[Fo—F
_Vl =PV [FO_FI] = (1+r)Tit’
or alternatively,
Fy
:PV[FO] _Sl = (1+r)T*t_St
EXAMPLE 2

Forward Contract Value

1. Assume that at Time 0 we entered into a one-year long forward contract
with price F, = 105. Nine months later, at Time t = 0.75, the observed price
of the underlying stock is S, -z = 110 and the interest rate is 5%. The value of
the existing forward contract expiring in three months will be closest to:

A —6.34.
B. 6.27.
C 6.34.
Solution:

B is correct. Note that, Sy 75 = 110, r = 5%, and T — t = 0.25.

Therefore, the three-month forward price at Time t is equal to F, = FV(S,) =
110(1 + 0.05)9-25 = 111.3499.

Based on F(, = 105, we find that the value of the existing forward entered at
Time 0 and valued at Time t using the difference method (Equation 2) is:
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V,=PVI[F, - F,] = (111.3499 — 105)/(1 + 0.05)%-25 = 6.2729.
Alternatively, using Equation 3 we have,

V=S, —PV[Fy] = 110 — [105/(1 + 0.05)%-2%] = 6.2729.

Now that we have the basics of forward pricing and forward valuation, we introduce
some other realistic carrying costs that influence pricing and valuation.

Carry Arbitrage Model When Underlying Has Cash Flows

We have seen that forward pricing and valuation are driven by arbitrageurs seeking to
exploit mispricing by either carrying or reverse carrying the underlying instrument.
Carry arbitrage, when Fj > FV(S;), requires paying the interest cost from borrowing
to fund purchase of the underlying, whereas reverse carry arbitrage, when Fy < FV(S),
results in receiving the interest benefit from lending the proceeds from short-selling
the underlying. For many instruments, there are other significant carry costs and ben-
efits. We will now incorporate into forward pricing various costs and benefits related
to the underlying instrument. For this reason, we need to introduce some notation.

Let CB denote the carry benefits: cash flows the owner might receive for holding
the underlying assets (e.g., dividends, foreign currency interest, and bond coupon
payments). Let CBt denote the future value of underlying carry benefits at time T and
CB, denote the present value at time 0 of underlying carry benefits. Let CC denote the
carry costs. For financial instruments, carry costs are essentially zero. For commod-
ities, however, carrying costs include such factors as waste, storage, and insurance.
Let CCt denote the future value of underlying carry costs at time T and CC, denote
the present value of underlying carry costs at time 0. We do not cover commodities in
this reading, but you should be aware of these costs. Moreover, you should note that
carry costs are similar to financing costs. Holding a financial asset does not generate
direct carry costs, but it does result in the opportunity cost of the interest that could
be earned on the money tied up in carrying the spot asset. Remember, the financing
costs at the risk-free rate are included in the calculation of Fy = FV[Sy]. Other car-
rying costs that are common to physical assets (such as storage and insurance) are
equivalent concepts. For example, to buy and hold gold, money is taken out of the
bank (opportunity cost = r, the risk-free rate) to purchase the asset, and money must
be paid to store and insure it. The cost to finance the spot asset purchase, the cost to
store it, and any benefits that may result from holding the asset will all play a part in
determination of the forward price.

The key forward pricing equation can be expressed as:

F = Future value of the underlying adjusted for carry cash flows

=FV[S, + CC, - CBy] “

Equation 4 relates the forward price of an asset to the spot price by considering the
cost of carry. It is sometimes referred to as the cost of carry model or future-spot
parity. Carry costs and a positive rate of interest increase the burden of carrying the
underlying instrument through time; hence, these costs are added in the forward
pricing equation. Conversely, carry benefits decrease the burden of carrying the
underlying instrument through time; hence, these benefits are subtracted in the
forward pricing equation.

Based on Equation 4, Fy = FV(Sy + CCj — CBy), if there are no explicit carry costs
(CCy = 0) as with many financial assets, then we have:

Fo=FV(Sy) — FV(CBy) = FV(S,) — FV(Benefits).
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For a stock paying a dividend (D), a benefit, prior to maturity of the forward contract,
we have the forward contract price (F):

Fy = FV(S, — PV(D)) = FV(Sy) — FV(D).

In words, the initial forward price (F,) is equal to the future value of carrying the
underlying (Sy) minus the future value of any ownership benefits, (FV(D)), for a div-
idend paying stock, prior to expiration. Note the FV computation for the stock price
will likely use a different time period than the FV computation for the dividends. This
is because the dividend FV is only compounded from the time the dividend is collected
until the expiration of the forward contract. So, FV(PV(D)) for a dividend collected
at time t and held to expiration at time T would be FV(PV(D)) = FV(D/(1 + r)Y) = (1
+1)T x [(D/(1 + )t = DA + r)T-t. The calculation of F, for a dividend paying stock
is illustrated in Example 3.

EXAMPLE 3

Forward Contract Price with Underlying Cash Flows

A US stock paying a $10 dividend in two months is trading at $1,000. Assume
the US interest rate is 5% with annual compounding.

1. Based on the current stock price and the no-arbitrage approach, which of
the following values is closest to the equilibrium three-month forward price?

A. $1,002.23
B. $1,022.40
C $1,025.31

Solution:

A is correct. Based on the information given, we know S, = $1,000, r = 5%
(annual compounding), and T = 0.25. After 2 months, we will receive the
benefit of a $10 dividend, which earns interest for 1 month. Therefore,

Fo = FV(Sy) — FV(D) = 1,000(1 + 0.05)312 — 10(1 + 0.05)/12
=$1,012.2722 — $10.0407 = $1,002.2315.

Using Equation 4, we could have arrived at the same result. Here CC, = 0,
and CBy, is the PV of the dividend at time 0 = 10/(1 + 0.05)2/12 = $9.919.
Then,

Fo=FV(S, + CCy — CBy) = FV(1,000 + 0 — 9.919)
=(990.081)x(1 + 0.05)%12 = $1,002.23.

2. If the dividend is instead paid in one month, the three-month forward price
will:
A. decrease.
B. increase.

C. be unchanged.
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Solution:

A is correct. The benefit of the dividend occurs one month earlier, so we can
collect interest for one additional month. The future value of the dividend
would be slightly higher. So, the forward price would decrease slightly,

Fo = FV(Sy) — FV(D) = 1,000(1 + 0.05)312 — 10(1 + 0.05)*12
=$1,012.2722 — $10.0816 = $1,002.1906.

The value for a long forward position when the underlying has carry benefits or
carry costs is found in the same way as described previously except that the new
forward price (F,), as well as the initial one (F;), are adjusted to account for these
benefits and costs. Specifically,

V, = Present value of the difference in forward prices adjusted for carry benefits
and costs

=PV[F,_F).

This equation is Equation 2. The forward value is equal to the present value of the
difference in forward prices. The PV discounts the risk-free cash flow [F; - F(] at time
T to time t. The benefits and costs are reflected in this valuation equation because
they are incorporated into the forward prices, where F, = FV(S; + CC, — CB,) and F,
= FV(Sy + CC, — CBy). Again, the forward value is simply the present value of the
difference in forward prices.

EXAMPLE 4

Forward Contract Price with Carry Costs and Benefits

1. A long one-year forward contract on a productive asset was entered at a
forward price of ¢1,000. Now, seven months later, the underlying asset is
selling for ¢1,050. The PV of the cost to store, insure, and maintain the asset
for the next 5 months is ¢4.00, and the asset will generate income over the
next 5 months with a PV of ¢28.00. Assume annual compounding for all
costs and benefits and a risk-free rate of 2%.

Based on the current spot price and the no-arbitrage approach, which of the
following values is closest to the equilibrium five-month forward value?

A ¢34.22
B. (33.50
C (3594
Solution:

A is correct. Based on the information given, we know the following: F;, =
1,000, S; = 1,050, CC, = 4, CB, = 28, t = 7 months, T — t = 5 months, and
r = 2%. The new forward price is F, = FV(S; + CC, — CB,). So, with annual
compounding, we have:

F, = (1,050 + 4 — 28)(1 + 0.02)>'12 = ¢'1,034.50 and

V,=PV[F, - F) = [€1,034.50 — €1000]/(1 + 0.02)%/12 = ¢34.22.
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Now let us consider stock indexes, such as the EURO STOXX 50 or the US Russell
3000. With stock indexes, it is difficult to account for the numerous dividend payments
paid by underlying stocks that vary in timing and amount. A dividend index point is
a measure of the quantity of dividends attributable to a particular index. It is a useful
measure of the amount of dividends paid, a very useful number for arbitrage trading.
To simplify the problem, a continuous dividend yield is often assumed. This means
it is assumed that dividends accrue continuously over the period in question rather
than on specific discrete dates, which is not an unreasonable assumption for an index
with a large number of component stocks.

The focus of the carry arbitrage model with continuous compounding is again
the future value of the underlying adjusted for carry costs and benefits and can be
expressed as:

Fy = Spexp (r+CC-CB)T (5)

(Future value of the underlying adjusted for carry).

Note that in this context, r,, CC, and CB are continuously compounded rates.

The carry arbitrage model can also be used when the underlying asset requires
storage costs, needs to be insured, and suffers from spoilage. In these cases, rather
than lowering the carrying burden, these costs make it more expensive to carry and
hence the forward price is higher. We now apply these results to equity forward and
futures contracts.

PRICING EQUITY FORWARDS AND FUTURES

] describe how equity forwards and futures are priced, and calculate
and interpret their no-arbitrage value

] describe how interest rate forwards and futures are priced, and
calculate and interpret their no-arbitrage value

We now apply the concepts of arbitrage-free pricing and valuation to the
specific types of forward and futures contracts typically used in investment manage-
ment. We cover, in turn, equity, interest rate, fixed income, and currency forwards and
futures. In doing so, we take account of the cash flows generated by the underlying
(e.g., dividends, bond coupon payments, foreign currency interest) and the unique
features of each of these contracts.

Equity Forward and Futures Contracts

Although we alluded to equity forward pricing and valuation in the last section, we
will now illustrate with concrete examples the application of carry arbitrage models
to equity forward and futures contracts. Remember that here we assume that forward
contracts and futures contracts are priced in the same way. Additionally, remember
that it is vital to treat the compounding convention of interest rates appropriately.

If the underlying is a stock, then the carry benefit is the dividend payments as
illustrated in the next two examples.
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EXAMPLE 5

Equity Futures Contract Price with Continuously
Compounded Interest Rates

1. The continuously compounded dividend yield on the EURO STOXX 50 is
3%, and the current stock index level is 3,500. The continuously compound-
ed annual interest rate is 0.15%. Based on the carry arbitrage model, the
three-month futures price will be closest to:

A. 3,473.85.

B. 3,475.15.
C. 3,525.03.

Solution:

B is correct. Based on the carry arbitrage model (see Equation 4), the futures
price is

fy = Syexp (r+CC-CB) T
We assume the carry costs (CC) are O for a financial asset, such as a stock
index. The carry benefit (CB), in this case a 3% continuous dividend yield, is
greater than the financing cost r,, (0.15%), so the futures price will be below
the spot price. The futures price, the future value of the underlying adjusted
for carry (i.e., the dividend payments, over the next 3-months) is:

fy = 3,500exp(0-0015 + 0-003)(3/12) = 3 475 15,

EXAMPLE 6

Equity Forward Pricing and Forward Valuation with
Discrete Dividends

1. Suppose Nestlé common stock is trading for CHF70 and pays a CHF2.20
dividend in one month. Further, assume the Swiss one-month risk-free rate
is 1.0%, quoted on an annual compounding basis. Assume that the stock
goes ex-dividend the same day the single stock forward contract expires.
Thus, the single stock forward contract expires in one month.

The one-month forward price for Nestlé common stock will be closest to:

A. CHF66.80.

B. CHF67.86.

C. CHF69.94.
Solution:

B is correct. In this case, we have Sj = 70, r = 1.0%, T = 1/12, and FV(CB) =
2.20 = CBr. Therefore,

Fy = FV(S, + CCy — CBy) = FV(S) + FV (CC,) — FV(CBy)

=70(1 + 0.01)!12 + 0 — 2.20 = CHF67.86.
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© CFA Institute. For candidate use only. Not for distribution.

Pricing Equity Forwards and Futures

As shown in Equation 2a, the value of a forward contract is simply the present
value (discounted from time T to time t) of the difference in the initial forward price
and the current forward price, that is V, (long) = PV[F, — Fy]. We will employ this
basic principal to value various forward and swap contracts. Here, we find the current
value (at time t) of an equity forward contract initially entered at time 0. To reiterate,
the value prior to expiration is the present value of the difference in the initial equity
forward price and the current equity forward price as illustrated in the next example.

EXAMPLE 7

Equity Forward Valuation

Suppose we bought a one-year forward contract at 102, and there are now three
months to expiration. The underlying is currently trading for 110, and interest
rates are 5% on an annual compounding basis.

Suppose that instead of buying a forward contract, we buy a one-year futures
contract at 102 and there are now three months to expiration. Today’s futures
price is 112.35. There are no other carry cash flows.

1. If there are no other carry cash flows, the forward value of the existing con-
tract will be closest to:

A. -10.00.

B. 9.24.

C 10.35.
Solution:

B is correct. For this case, we have F = 102, Sy 75 = 110,r = 5%, and T — t
= 0.25. Note that the new forward price at t is simply F, = FV(S,) = 110(1 +
0.05)925 = 111.3499. Therefore, from Equation 2a we have:

V,=PV[F, - Fy] = (111.3499 — 102)/(1 + 0.05)%-33 = 9.2366, or
alternatively, using Equation 2b,
V=S, —PV[Fy] =110 — 102/(1 + 0.05)%%% = 9.2366.

Thus, we see that the current forward value is greater than the difference
between the current underlying price of 110 and the initial forward price of
102 due to interest costs resulting in the new forward price being 111.35.

2. If a dividend payment is announced between the forward’s valuation and
expiration dates, assuming the news announcement does not change the
current underlying price, the forward value will most likely:

A. decrease.
B. increase.

C. be the same.

Solution:

A is correct. The old forward price is fixed. The discounted difference in the
new forward price and the old forward price is the value. If we impose a new
dividend, it would lower the new forward price and thus lower the value of
the old forward contract.
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3. After marking to market, the futures value of the existing contract will be
closest to:
A. -10.35.
B. 0.00.
C 10.35.

Solution:

B is correct. Futures contracts are marked to market daily, which implies
that the market value, resulting in profits and losses, is received or paid at
each daily settlement. Hence, the equity futures value is zero each day after
settlement has occurred.

We turn now to the widely used interest rate forward and futures contracts.

Interest Rate Forward and Futures Contracts

Historically, the most widely used interest rate that served as the underlying for many
derivative instruments was Libor, the London Interbank Offered Rate. In 2008, financial
regulators and many market participants began to suspect that the daily quoted Libor
rates, which were compiled by the British Bankers Association, were being manipu-
lated by certain banks. The manipulation of Libor by some participants resulted in its
replacement by a new market reference rate (MRR) in 2021. Replacements for Libor
as the MRR include SOFR (Secured Overnight Financing Rate), determined by the
Federal Reserve Bank of New York and SONIA (Sterling Overnight Index Average),
administered by the Bank of England. We use the generic term MRR for these and
other Libor replacements.

Currently, there are active forward and futures markets for derivatives based on
MRR. We will use the symbol L, to represent our spot MRR. Our focus will be on
forward markets, as represented by forward rate agreements. In order to understand
the forward market, however, let us first look at the MRR spot market.

Assume the following notation:

L, =MRR spot rate (set at time t = 0) for an m-day deposit
NA = notional amount, quantity of funds initially deposited

NTD = number of total days in a year, used for interest calculations (360 in the
MRR market)

t, = accrual period, fraction of year for an m-day deposit—t,, = m/NTD =
m/360 (for the MRR market)

TA = terminal amount, quantity of funds repaid when the MRR deposit is
withdrawn

For example, suppose we are considering a 90-day Eurodollar deposit (m = 90).
Dollar MRR is quoted at 2%; thus, Lo = 0.02. If $50,000 is initially deposited, then
NA = $50,000. MRR is stated on an actual over 360-day count basis (often denoted
ACT/360) with interest paid on an add-on basis. Add-on basis is the convention in
the MRR market. The idea is that the interest is added on at the end—in contrast,
for example, to the discount basis, in which the current price is discounted based on
the amount paid at maturity. Hence, t,, = 90/360 = 0.25. Accordingly, the terminal
amount can be expressed as:

TA = NA x [1 + Lt ], and the interest paid is TA — NA = NA x [L t.].
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In this example, TA = $50,000 x [1 + 0.02(90/360)] = $50,250 and the interest is
$50,250 — $50,000 = $250.

Now let us turn to the forward market for MRR. A forward rate agreement
(FRA) is an over-the-counter (OTC) forward contract in which the underlying is an
interest rate on a deposit. An FRA involves two counterparties: the fixed-rate payer
(long), who is also the floating-rate receiver, and the fixed-rate receiver (short), who is
also the floating-rate payer. Thus, a fixed-payer (long) FRA will profit when the MRR
rises. If the floating rate is above the rate in the forward agreement, the long position
can be viewed as having the benefit of borrowing at below market rates. The long will
receive a payment. A long FRA would be well suited for a firm planning to borrow
in the future and wishing to hedge against rising rates. A fixed-receiver (short) FRA
might be a bank or financial institution hoping to lock in a fixed lending rate in the
future. The fixed receiver, as the name implies, receives an interest payment based on
a fixed rate and makes an interest payment based on a floating rate. If we are the fixed
receiver, then it is understood without saying that we also are the floating payer, and
vice versa. Because there is no initial exchange of cash flows, to eliminate arbitrage
opportunities, the FRA price is the fixed interest rate such that the FRA value is zero
on the initiation date.

FRAs are identified in the form of “X x Y] where X and Y are months and the
multiplication symbol, x, is read as “by” To grasp this concept and the notion of
exactly what is the underlying in an FRA, consider a 3 x 9 FRA, which is pronounced
“3 by 97 The 3 indicates that the FRA expires in three months. After three months,
we determine the FRA payoff based on an underlying rate. The underlying is implied
by the difference in the 3 and the 9. That is, the payoff of the FRA is determined by
a six-month (180-day) MRR when the FRA expires in three months. The notation 3
x 9 is market convention, though it can seem confusing at first. The rate on the FRA
will be determined by the relationship between the spot rate on a nine-month MRR
deposit and the spot rate on a three-month MRR deposit when the FRA is initiated.
A long FRA will effectively replicate going long a nine-month MRR deposit and short
a three-month MRR deposit. Note that although market convention quotes the time
periods as months, the calculations use days based on the assumption of 30 days in
a month.

The contract established between the two counterparties settles in cash the
difference between a fixed interest payment established on the initiation date and
a floating interest payment established on the FRA expiration date. The underlying
of an FRA is neither a financial asset nor even a financial instrument; it is just an
interest payment. It is also important to understand that the parties to an FRA are
not necessarily engaged in a MRR deposit in the spot market. The MRR spot market
is simply the benchmark from which the payoff of the FRA is determined. Although
a party may use an FRA in conjunction with a MRR deposit, it does not have to do
so any more than a party that uses a forward or futures on a stock index has to have
a position in the stock index.

In Exhibit 8, we illustrate the key time points in an FRA transaction. The FRA is
created and priced at Time O, the initiation date, and expires h days later. The under-
lying instrument has m days to maturity as of the FRA expiration date. Thus, the FRA
payoff is based on the spot m-day MRR observed in h days from FRA initiation. We
can only observe spot market reference rates. To price the FRA, we require two spot
rates: Ly, which takes us to the expiration of the FRA, and Ly, which takes us to the
underlying maturity.

The FRA helps hedge single period interest rate risk for an m-day period beginning
h days in the future. After the initial FRA rate (FRA) is established, we may also wish
to determine a value for our FRA at a later date (Time g). As the MRR changes, our
interest rate agreement may take on a positive or negative value.
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Exhibit 8: Important FRA Dates, Expressed in Days from Initiation

Initiation Evaluation FRA Underlying
Date Date Expires Matures
m
+—>
0 g h h+m=T

Using the notation in Exhibit 8, let FRA denote the fixed forward rate set at Time 0
that expires at Time h wherein the underlying MRR deposit has m days to maturity at
expiration of the FRA. Thus, the rate set at initiation of a contract expiring in 30 days in
which the underlying is a 90-day MRR, denoted as a 1 x 4 FRA, will be such a number
as 1% or 2.5%. Like all standard forward contracts, no money changes hands when an
FRA is initiated, so our objective is to price the FRA, meaning to determine the fixed
rate (FRA,), such that the value of the FRA contract is zero on the initiation date.

When any interest rate derivative expires, there are technically two ways to settle
at expiration: “advanced set, settled in arrears” and “advanced set, advanced settled”” It
is important to note that FRAs are typically settled based on “advanced set, advanced
settled,” whereas swaps and interest rate options are normally based on “advanced
set, settled in arrears”” Let us look at both approaches, because they are both used in
the interest rate derivatives markets.

In the earlier example of a MRR deposit of $50,000 for 90 days at 2%, the rate was
set when the money was deposited, and interest accrued over the life of the deposit. A
payment of $50,250 (interest of $250 + principal of $50,000) was made at maturity, 90
days later. Here the term advanced set is used because the reference interest rate is
set at the time the money is deposited. The advanced set convention is almost always
used because most issuers and buyers of financial instruments want to know the rate
on the instrument while they have a position in it.

In an FRA, the term “advanced” refers to the fact that the interest rate is set at
Time h, the FRA expiration date, which is the time the underlying deposit starts. The
term settled in arrears is used when the interest payment is made at Time h + m,
the maturity of the underlying instrument. Thus, an FRA with advanced set, settled
in arrears works the same way as a typical bank deposit as described in the previous
example. At Time h, the interest rate is set at L,,, and the interest payment is made
at Time T (h + m). Alternatively, when advanced settled is used, the settlement is
made at Time h. Thus, in an FRA with the advanced set, advanced settled feature,
the FRA expires and settles at the same time. Importantly, advanced set, advanced
settled is almost always used in FRAs; although we will see advanced set, settled in
arrears when we cover interest rate swaps, and it is also used in interest rate options.
From this point forward in this discussion, all FRAs will be advanced set, advanced
settled, as they are in practice.

The settlement amounts for advanced set, advanced settled are discounted in the
following manner:

Settlement amount at h for receive-floating (Long):

NA x {[Lm - FRAO] tm}/[l + Dmt

m]-

Again, the FRA is a forward contract on interest rates; long FRA (floating receiver)
wins when rates increase. Note the floating rate (MRR perhaps, L, ) is received and
thus has a positive sign. Since floating is received, the fixed rate (FRA) is paid (out-
flow). The FRA rate (fixed at t = 0 for the period m, which runs from time h to time
T) is an outflow for the long and has a negative sign. For receive fixed (short), the
FRA rate is an inflow and the floating rate L,, is an outflow.

Settlement amount at h for receive-fixed (Short):
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NA x {[FRAq— L] t,}/[1 + Dyt

The divisor, 1 + D, t,,, is a discount factor applied to the FRA payoff. It reflects the
fact that the rate on which the payoft is determined, L,,,, is obtained on day h from
the spot market (advanced set), which uses settled in arrears. The discount factor is,
therefore, appropriately applied to the FRA payment because the payment is received
in advance, not in arrears. That is, the FRA payment is made early (advanced settled),
but the interest on the loan is not due until later (settled in arrears). So, the settlement
amount at time h is discounted to account for the fact that interest can be earned for
m days on the advanced payment. Often it is assumed at time h that D, = L, and
we will commonly do so here, but it can be different.

Again, it is important to not be confused by the role played by an MRR spot market
in an FRA. In the MRR spot market, deposits are made by various parties that are
lending to banks. These rates are used as the benchmark for determining the pay-
offs of FRAs. The two parties to an FRA do not necessarily engage in any MRR spot
transactions. Again, MRR spot deposits are settled in arrears, whereas FRA payoffs
are settled in advance—hence the discounting.

EXAMPLE 8

Calculating Interest on MRR Spot and FRA Payments

In 30 days, a UK company expects to make a bank deposit of £10,000,000 for a
period of 90 days at 90-day MRR set 30 days from today. The company is con-
cerned about a possible decrease in interest rates. Its financial adviser suggests
that it negotiate today a 1 x 4 FRA, an instrument that expires in 30 days and
is based on 90-day MRR. The company enters a £10,000,000 notional amount
1 x 4 receive-fixed FRA that is advanced set, advanced settled (note the com-
pany is the short-side of this FRA contract). The appropriate discount rate for
the FRA settlement cash flows is 2.40%. After 30 days, 90-day MRR in British
pounds is 2.55%.

1. The interest actually paid at maturity on the UK company’s bank deposit will
be closest to:

A. £60,000.

B. £63,750.

C £67,500.
Solution:

B is correct. This is a simple deposit of £10,000,000 for 90 days at the
prevailing 90-day MRR. Since m = 90, we use Loy = 2.55%. Therefore, TA =
10,000,000 x [1 + 0.0255(0.25)] = £10,063,750. So, the interest paid at matu-
rity is £63,750.

2. If the FRA was initially priced so that FRA( = 2.60%, the payment received
to settle it will be closest to:
A. —£2,485.08.
B. £1,242.54.
(. £1,250.00.

Solution:

B is correct. In this example, m = 90 (number of days in the deposit), t,, =
90/360 (fraction of year until deposit matures observed at the FRA expira-
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tion date), and h = 30 (number of days initially in the FRA). The settlement
amount of the 1 x 4 FRA at h for receive-fixed (the short) is:

NA X {[FRAO - Lrn ]tm}/[l + Dmtm]

= 10,000,000 x {[0.0260 — 0.0255](0.25)}/[1 + 0.0240(0.25)]

= £1,242.54.Since the short FRA involves paying floating, the short benefited from
a decline in rates. Note D, does not equal L, in this example.

3. If the FRA was initially priced so that FRA = 2.50%, the payment received
to settle it will be closest to:

A. —£1,242.54.

B. £1,242.54.

C £1,250.00.
Solution:

A is correct. The data are similar to those in the previous question, but the
initial FRA rate is now 2.50% and not 2.60%. Thus, the settlement amount of
the 1 x 4 FRA at time h for receive-fixed (the short) is:

NA x {[FRAy — L, Jt,,}/[1 + Dt

m)

= 10,000,000 x {[0.0250 — 0.0255](0.25)}/[1 + 0.0240(0.25)]
= £1,242.54.

The short-side in the FRA suffered from a rise in rates because it is paying
floating.

At this point, we highlight a few key concepts about FRAs and how to price and
value them:

1. An FRA is a forward contract on interest rates. The long side of the FRA,
fixed-rate payer (floating-rate receiver), incurs a gain when rates increase
and incurs a loss when rates decrease. Conversely, the short side of the FRA,
fixed-rate receiver (floating-rate payer), incurs a loss when rates increase
and incurs a gain when rates decrease.

2. The FRA price, FRA,, is the implied forward rate for the period beginning
when the FRA expires to the underlying loan maturity. So, we require two
spot rates to determine the initial forward rate. Therefore, pricing an FRA is
like pricing a forward contract.

3. Although the interest on the underlying loan will not be paid until the end
of the loan, the payoff on the FRA will occur at the expiration of the FRA
(advanced settled). Therefore, the payoff of an FRA is discounted back to the
expiration of the FRA.

As noted in point 2, the FRA price is the implied forward rate for the period
beginning when the FRA expires at time h and running m days to the underlying loan
maturity at time T. It is similar to any other forward contract. We wish to identify the
appropriate FRA( rate that makes the value of the FRA equal to zero on the initiation
date. The concept used to derive FRA, can be understood through a simple example.

Recall that with simple interest, a one-period forward rate is found by solving the
expression [1 + y(1)] [1 + F(1)] = [1 + y(2)]2, where y(1) denotes the one-period yield
to maturity and y(2) the two-period yield to maturity. F denotes the forward rate in the
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next period. We can observe the spot rates y(1) and y(2). The forward rate is implied
from those two rates. Borrowing or lending along the 2-year path must cost the same
as borrowing or lending along the path using the 1-year spot and the 1-year forward.
The solution for F(1) is simply F(1) = ([1 + y(2)]%/[1 + y(1)]) — 1. Assume the one-year
spot rate is 3% and the two-year spot rate is 4%. To prevent arbitrage, F(1) = ([1 +
0.04]%/[1 + 0.03])] — 1 = 0.0501. If the forward rate was not 5.01%, an arbitrageur could
make a risk-free profit through borrowing along one path and lending along another.

As depicted in Exhibit 9, the rate for an FRA is computed in the same manner. We
derive the forward rate (or FRA rate, FRA) from two spot rates (such as MRR): the
longer rate Lt and the shorter rate L;. Borrowing or lending at L for T days should
cost the same as borrowing or lending for h days at L}, and subsequently borrowing
or lending for m days at FRA,,

Exhibit 9: FRA Rates from Spot Market Reference Rate (MRR = MRR)

v

Time T,
Time 0, Time h, Underlying
Initiation L;, (Spot) Expiration FRA Matures
_______ //\\\______— —_._._.—_/'\‘\__._._'
a N R

Lt(Spot) =Ly + 1,

FRA:

Advanced Settled
FRA: Underlying Loan: Underlying Loan:
Advanced Set Advanced Set Settled in Arrears

We can solve for the FRA rate by considering that the two paths must be equal to
prevent arbitrage or:

[1 + Lhth][l + FRAotm] = [1 + LTtT]
The solution in annualized form is shown in Equation 6:
FRA( = {[1 + LytrJ[1 + Lyty] - 1/t ©)

The result is the forward rate in the term structure.
So, if 180-day MRR is 2.0% and 90-day MRR is 1.5%, then the price of a 3 x 6
FRA would be:

= {[1 + 0.02(180/360)]/[1 + 0.015(90/360)] — 11/(90/360)
=0.024907 or 2.49%.

This result can be compared with the result from a simple approximation technique.
Note that for this FRA, 90 is half of 180. Thus, we can use a simple arithmetic average
equation—here, (1/2)1.5% + (1/2)X = 2.0%—and solve for the missing variable X: X
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= 2.5%. Knowing this approximation will always be biased slightly high, we know we
are looking for an answer that is a little less than 2.5%. This is a helpful way to check

your final answer.

EXAMPLE 9

FRA Fixed Rate
Now consider the following information for problems 2 and 3.
Assume a 30/360-day count convention and the following spot rates:
1-Month USD MRR is 2.48%, 3-Month USD MRR is 2.58%, 6-Month USD
MRR is 2.62%, and 1-Year USD MRR is 2.72%.

1. Based on market quotes on Canadian dollar (C$) MRR, the six-month C$
MRR and the nine-month C$ MRR rates are presently at 1.5% and 1.75%,
respectively. Assume a 30/360-day count convention. The 6 x 9 FRA fixed

rate (FRA)) will be closest to:

A. 2.00%.
B. 2.23%.
¢ 2.25%.

Solution:
B is correct. Based on the information given, we know L;g; = 1.50% and
Ly70 = 1.75%. The 6 x 9 FRA rate is thus:

FRAq = {[1 + Lyty]/[1 + Lyt ] — 1}t

FRA, = {[1 + 0.0175(270/360)]/[1 + 0.015(180/360)] — 1}/(90/360)

FRA, =[(1.013125/1.0075) — 1]/(0.25) = 0.022333, or 2.23%.

2. Given these four spot rates in the MRR term structure, how many FRA rates

can be calculated?

A. 4 FRA rates
B. 6 FRA rates
C. 12 FRA rates

Solution:

B is correct. Based on the four MRR spot rates given, we can compute six
separate FRA rates as follows: 1 x 3,1 x 6,1 x 12,3 x 6,3 x 12, and 6 x 12

FRA rates.

3. The 1 x 3 FRA fixed rate will be closest to:

A. 2.43%.
B. 2.53%.
€ 2.62%.
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Solution:

C is correct. Based on the information given, we know L3, = 2.48% and Ly
=2.58%. The 1 x 3 FRA rate is thus:

FRA( = {[1 + Lytr)/[1 + Lyty] — 13/t
FRA, = {[1 + 0.0258(90/360)]/[1 + 0.0248(30/360)] — 1}/(60/360)
FRA, = [(1.00645/1.00207) — 1]/(0.1667) = 0.026220, or 2.62%.

We can now value an existing FRA (with rate FRA) using the same general
approach as we did with the forward contracts previously covered. Specifically, we
can enter into an offsetting transaction at the new rate that would be set on an FRA
that expires at the same time as our original FRA. By taking the opposite position,
the new FRA offsets the old one. That is, if we are long the old FRA, we will pay fixed
and receive the floating rate L, at h. We can go short a new FRA and receive fixed
(with rate FRA) that will obligate us to pay L, at h.

Consider the following strategy. Let us assume that we initiate an FRA that expires
in 90 days and is based on 90-day MRR (so, a 3 x 6 FRA). The fixed rate at initiation
FRA( = 2.49% and t, = 90/360. We are long the FRA, so we will pay the fixed rate of
2.49% and receive floating MRR. Having entered the long FRA, we wish to value our
position 30 days later, at Time g, when there are 60 days remaining in the life of the
FRA (note that this is now a 2 x 5 FRA, as one month has passed since FRA initiation).
Assume, at this point, the rate on an FRA based on 90-day MRR that expires in 60
days (FRA,) is 2.59%. Remember, the original FRA has a fixed rate set at 2.49% when
it was initiated. Now, 30 days later, a new offsetting FRA can be created at 2.59%.
To value the original FRA (at Time g), we short a new FRA that will receive fixed at
2.59% and pay floating MRR at time h. Effectively, we are now receiving fixed at 2.59%
and paying fixed at 2.49%. The value of the offset position is 10 bps times (90/360),
as follows, times the notional amount, which is then discounted to back to Time g:

10 bps: FRA, — FRA( = 2.59% — 2.49% = 0.10%

90/360: t,, = m/NTD, as L, is the 90-day MRR rate underlying both FRAs

Because the cash flows at T are now known with certainty at g, this offsetting trans-
action at Time g has eliminated any floating-rate risk at Time T. That is, we had a
long FRA at time 0 and added a short FRA at time g. Since the notional amounts and
times to maturity of the offsetting transaction are the same, the floating portion of
the FRA cash flows (L) at time T will exactly cancel, [L,, — FRA(] + [FRAg -L,]=
[FRA, - FRA].

Our task, however, is to determine the fair value of the original FRA at Time g.
Therefore, we need the present value of this Time T cash flow at Time g. That is, the
value of the original FRA is the PV of the difference in the new FRA rate and the old
FRA rate times the notional amount. Specifically, we let Vg be the value at Time g
of the original FRA that was initiated at Time 0, expires at Time h, and is based on
m-day MRR, L. Note that discounting will be over the period T — g. With Dr_gas
the discount rate and NA as the notional amount. So,

Long FRA value at Time g: Vg =

NA x {[FRA, — FRA(] tp,}/[1+ D7 gtr_g))- (7

Thus, the Time g value of the receive-floating FRA initiated at Time 0 (V) is just the
present value of the difference in FRA rates, one entered at Time g and one entered at
Time 0. Traditionally, it is assumed that the discount rate, D, is equal to the under-

lying floating rate, Ly, but that is not necessary. Note that here it is D(1_g).
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The value of a receive-fixed or short FRA at time g is the negative of the long

value (—Vg), so we have: —Vg = -1 x (NA x {[FRAg — FRA(] t}/[1+ D(T—g) t(T—g)])'

Short FRA value at Time g =

NA x {[FRA( — FRAG] tp,}/[1+ Di7_g) t(r_g)] (8)

EXAMPLE 10

FRA Valuation

1. Suppose we entered a receive-floating (long) 6 x 9 FRA with Canadian dollar
notional amount of C$10,000,000 at Time 0. The six-month spot C$ MRR
was 0.628%, and the nine-month C$ MRR was 0.712%. Also, assume the 6 x
9 FRA rate is quoted in the market at 0.877%. After 90 days have passed, the
three-month C$ MRR is 1.25% and the six-month C$ MRR is 1.35%, which
we will use as the discount rate to determine the value at g.

Assuming the appropriate discount rate is C$ MRR, the value of the original
receive-floating 6 x 9 FRA will be closest to:

A. C$14,105.

B. C$14,200.

¢ C$14,625.

Solution:

A is correct. Initially, we have L;gq = 0.628%, Ly = 0.712%, and FRA, =
0.877%.

After 90 days (g = 90), we have Lg = 1.25% and Lg, = 1.35%. Interest rates
rose during this period; hence, the FRA has gained value because the posi-
tion is receive-floating. First, we compute the new FRA rate at Time g and
then estimate the fair FRA value as the discounted difference in the new and
old FRA rates. The new FRA rate at Time g, denoted FRAg, is the rate on an
FRA expiring in 90 days in which the underlying is 90-day C$ MRR (so, a 3
x 6 FRA). That rate is found using Equation 6. The shorter spot rate is now
for h — g (180 — 90 = 90) days, which is the new time until both FRAs expire.
The reference spot rate for the underlying maturity is now in T — g (270 — 90
= 180) days.

FRAg = {[1 + Lyg trg)l/[1 + Log tn-g)] = 13/t

T — g = 180 days and h — g = 90 days, so we have:

FRA, = {[1 + Lygo (180/360))/[1 + Loy (90/360)] — 1}/(90/360).
Substituting the values given in this problem, we find:

FRA, = {[1 + 0.0135 (180/360)]/[1 + 0.0125 (90/360)] — 1}/(90/360) =
[(1.006750/1.003125) — 1]/0.25

=0.014455, or 1.445%.
Therefore, using Equation 7, we have:
Vg = 10,000,000 x {[0.01445 —0.00877] (90/360)}/[1 + 0.0135 (180/360)]
= 14,105.
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We now turn to the specific features of various forward and futures markets. The
same general principles will apply, but the specifics will be different.

PRICING FIXED-INCOME FORWARD AND FUTURES
CONTRACTS

] describe how fixed-income forwards and futures are priced, and
calculate and interpret their no-arbitrage value

Fixed-income forward and futures contracts have several unique issues that influ-
ence the specifics of the carry arbitrage model. First, in some countries the prices of
fixed-income securities (termed “bonds” here) are quoted without the interest that
has accrued since the last coupon date. The quoted price is sometimes known as
the clean price. Naturally when buying a bond, one must pay the full price, which is
sometimes called the dirty price, so the accrued interest is included. Nonetheless, it
is necessary to understand how the quoted bond price and accrued interest compose
the true bond price and the effect this convention has on derivatives pricing. The
quotation convention for futures contracts, whether based on clean or dirty prices,
usually corresponds to the quotation convention in the respective bond market. In
this section, we will largely treat forwards and futures the same, except in certain
places where noted.

In general, accrued interest is computed based on the following linear interpo-
lation formula:

Accrued interest = Accrual period X Periodic coupon amount, or

Al = (NAD/NTD) x (C/n),

where NAD denotes the number of accrued days since the last coupon payment,
NTD denotes the number of total days during the coupon payment period, n denotes
the number of coupon payments per year (commonly n = 2 for semi-annual), and
C is the stated annual coupon amount. For example, after two months (60 days), a
3% semi-annual coupon bond with par of 1,000 would have accrued interest of Al =
(60/180) x (30/2) = 5. Note that accrued interest is expressed in currency units (not
percent), and the number of total days (NTD) depends on the coupon payment fre-
quency. As in the example, semi-annual indicates coupons are paid twice per year, so
with 360 days per year, NTD = 360/2= 180.

Second, fixed-income futures contracts often have more than one bond that can
be delivered by the seller. Because bonds trade at different prices based on maturity
and stated coupon, a mathematical adjustment to the amount required when settling
a futures contract, known as the conversion factor (CF), is used to make all deliverable
bonds approximately equal in price. According to the Chicago Mercantile Exchange,
“A conversion factor is the approximate decimal price at which $1 par of a security
would trade if it had a six percent yield-to-maturity” So, the CF adjusts each bond to
an equivalent 6% coupon bond (i.e., benchmark bond). Other exchanges use different
conversion factors, and these are illustrated later in the text and examples.

Third, when multiple bonds can be delivered for a particular futures contract, a
cheapest-to-deliver bond typically emerges after adjusting for the conversion factor.
The conversion factor adjustment, however, is not precise. Thus, if there are several
candidates for delivery, the bond that will be delivered is the one that is least expensive
for the seller to purchase in the open market to settle the obligation.
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For bond markets in which the quoted price includes the accrued interest and in
which futures or forward prices assume accrued interest is in the bond price quote, the
futures or forward price simply conforms to the general formula we have previously
discussed. Recall that the futures or forward price is simply the future value of the
underlying in which finance costs, carry costs, and carry benefits are all incorporated, or

F( = Future value of underlying adjusted for carry cash flows
= FV(SO + CCO — CBo)

Let Time 0 be the forward contract trade initiation date and Time T be the for-
ward contract expiration date, as shown in Exhibit 10. For the fixed-income bond,
let Y denote the time to maturity of the bond at Time T, when the forward contract
expires. Therefore, T + Y denotes the underlying instrument’s current (Time 0) time
to maturity. Let By denote the quoted bond price observed at Time 0 of a fixed-rate
bond that matures at Time T + Y and pays a fixed coupon rate.

Exhibit 10: Timeline for Bond Futures and Forwards

Time 0, Time T,

Forward or Forward or TimeY, TimeT+Y
Futures Futures Time to Underlying
Contract Contract Maturity of Bond
Initiation Expiration Bond at Time T Matures

| EEEEEE EEEEEEEE ]

| | |
Quoted Bond By Quoted Bond Br
Price Price
Accrued Interest: |Al, Accrued Interest: |Alp
Spot Bond price: [Sy =By + Aly| [Spot Bond Price: [St =Bt + Al
Quoted Forward Qg Profiton Long  [Vr=Br—Fy=(Sr-Alp) -F,
or Futures Price: Forward or

Forward of Fy=Qux CF| |Futures:
Futures Adjusted Profit on Short |-V =Fy-Br=Fy-(St—Aly)
Price: Forward or

Futures:

For bonds quoted without accrued interest, let Al denote the accrued interest at Time
0. The carry benefits are the bond’s fixed coupon payments, so CBj = PVCI, meaning
the present value of all coupon interest (CI) paid over the forward contract horizon
from Time 0 to Time T. The corresponding future value of these coupons paid over
the contract horizon to time T is CB1 = FVCL Finally, there are no carry costs, and
thus CC = 0. To be consistent with prior notation, we have:

Sy = Quoted bond price + Accrued interest = B + Al,.

We could just insert this price (Sy) into the previous equation, letting CB, = PVCI,
and thereby obtain the futures price the straightforward and traditional way. But
fixed-income futures contracts often permit delivery of more than one bond and use
the conversion factor system to provide this flexibility. In these markets, the futures
price, Fy, is defined as the quoted futures price, Q, times the conversion factor, CF.
Note that in this section, we will use the letter F to denote either the quoted forward
price or the futures price times the conversion factor. In fact, the futures contract settles
against the quoted bond price without accrued interest. Thus, as shown in Exhibit 10,
the total profit or loss on a long position in fixed-income futures at expiration (Time
T) is the quoted bond price minus the initial futures price or:
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vt = B —F,. Moreover, based on our notation, we can also say,
vr = (St —Alyp) —F.

The fixed-income forward or futures price including the conversion factor, termed
the “adjusted price,” can be expressed as:

= FV of underlying adjusted for carry cash flows from Times 0 to T

=FV[S, + CCy — CBy] = FV[S, + 0 — PVCI] = FV[B,, + Al, — PVCI]. )

In other words, the actual futures price is F,, but in the market the availability of
multiple deliverable bonds gives rise to the adjustment factor. Hence, the price you
would see quoted is Qg, where Q, = Fy/CE.

Recall that the bracketed term By, + Al — PVCI in Equation 9 is just the full spot
price Sy minus the present value of the coupons over the life of the forward or futures
contract. The fixed-income forward or futures price (F;) is thus the future value of
the quoted bond price plus accrued interest less any coupon payments made during
the life of the contract. Again, the quoted bond price plus the accrued interest is the
spot price: It is in fact the price you would have to pay to buy the bond. Market con-
ventions in some countries just happen to break this price out into the quoted price
plus the accrued interest.

Why Equation 9 must hold is best understood by illustrating what happens when
the futures price is not in equilibrium. In fact, in the following scenario, the futures
are overpriced relative to the bond, giving rise to an arbitrage opportunity.

Assume we observe a 3-month forward contract, so T = 0.25, on a bond that
expires at some time in the future, T + Y, and this bond is currently quoted (B at
107% of par. There are no coupon payments for this bond over the life of the forward
contract, so PVCI = 0.0. Other pertinent details of the bond and futures are presented
in Exhibit 11.

Exhibit 11: Bond and Futures Information for lllustrating Disequilibrium

and Arbitrage Opportunity

Bond

Quoted Bond Price By 107.00
PV of Coupon Interest PVCI 0
Accrued Interest at Time 0 Al 0.07
Accrued Interest at Time T Alt 0.20
Futures

Quoted Futures Price Qo 135.00
Conversion Factor CF 0.80
Adjusted Futures Price Fo (= Qo x CF) 108.00

Interest Rate

For Discounting/Compounding r 0.20%

We observe that the full spot price of the bond is:

Sp =B+ Aly =107 + 0.07 = 107.07.
The futures price (F(), which is the future value adjusted for carry cash flows (using
Equation 9), is:

Fo = FV[B, + Al, — PVCI] = (107 + 0.07 — 0)(1.002)*-33 = 107.12.
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Note that the adjusted futures price using the quoted futures price (Qq = 135) and the
conversion factor (CF = 0.80) is Fy = 108. Adding the accrued interest at expiration
(Al = 0.20) to the adjusted futures price gives 108.20. Remember, if you are selling
a bond you receive the accrued interest; if you are buying a bond you pay the accrued
interest. The adjusted futures price plus accrued interest should equal the future value
of the full bond price adjusted for any carry cash flows given by Equation 9. Here,
the adjusted futures price (including accrued interest) is 108.20, while the cost to buy
and carry the bonds is 107.12. This implies that the futures contract is overpriced by
(108.2 — 107.12) = 1.08, thus there is an arbitrage opportunity. In this case, we would
simultaneously: 1) sell the overpriced futures contract; 2) borrow funds to purchase
the bonds; and 3) buy the underpriced deliverable bonds.

So, to capture the 1.08 with no risk, an arbitrageur might wish to buy this bond
and carry it and short the futures contract at 108. At maturity, the arbitrageur simply
delivers the bond to cover the futures contract and repays the loan. Arbitrage should
allow for the capture of any over (or under) pricing. Selling the futures contract at
108 involves no initial cash flow. The short futures locks in a sale price of 108 + 0.2
= 108.20 for the bond just purchased for 107.07. Since there are no carry benefits, it
costs the arbitrageur 107.12, = FV(107.07) = (107.07)(1+0.002)%-25, to carry the bond
to expiration. The result is a risk-free profit at expiration of 1.08, = 108.00 + 0.2 —
107.12, for which the Time 0 PV is 1.0795, = 1.08(1.002) 025,

The value of the Time 0 cash flows should be zero to prevent an arbitrage oppor-
tunity. This example shows the arbitrage profit as a 1.0795 cash flow at Time O or
1.08 at time T per bond. If the value had been negative—meaning the full bond price
exceeded the adjusted future price plus accrued interest—then the arbitrageur would
conduct the reverse carry arbitrage of short selling the bond, lending the proceeds,
and buying the futures (termed reverse carry arbitrage because the underlying is not
carried but is sold short).

In equilibrium, the adjusted futures price of the bond plus any accrued interest
must equal the cost of buying and holding the spot bond until time T. That is, to
eliminate an arbitrage opportunity:

Fy + Al = FV[B, + Al, — PVCI], which implies, F, = FV(S,) — Alt - FVCL
In this example, equilibrium is not met. The adjusted futures price, Fy = 108, promises
a profit of (108 — 106.92) = 1.08 at expiration, since

FV(Sy) — Al —FVCI=107.12-0.2 - 0 = 106.92.

For clarity, substituting for Fand Sy and solving for the quoted futures price (Q) results
in Equation 10, the conversion factor adjusted futures price (i.e., quoted futures price):

Qo = [1/CF] {FV [B, + Al, ] - Al; — FVCI} (10)
In this example we have,
Qo = [1/CF] {FV[B,, + Al,] — Al — FVCI}
= (1/0.8) {(1 +0.002)%-23(107 + 0.07) — 0.20 — 0.0} = 133.65.

Recall, a futures price of 135 was used as the quoted price, Q, (108 was the adjusted
futures price). Any quoted futures price higher than the equilibrium futures price of
133.65 (106.92 adjusted) will present arbitrage opportunities; hence, the arbitrage
transaction of selling the futures contract resulted in a riskless positive cash flow.
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EXAMPLE 11

Estimating the Euro-Bund Futures Price

1. Euro-bund futures have a contract value of €100,000, and the underlying
consists of long-term German debt instruments with 8.5 to 10.5 years to
maturity. They are traded on the Eurex. Suppose the underlying 2% coupon
(semi-annual payment) German bund is quoted at €108 and has accrued in-
terest of €0.083 (15 days since last coupon paid). The euro-bund futures con-
tract matures in one month (30 days). At contract expiration, the underlying
bund will have accrued interest of €0.25; there are no coupon payments due
until after the futures contract expires; and the current one-month risk-free
rate is 0.1%. The conversion factor is 0.729535.

In this case, we have the following:

T=1/12, CF = 0.729535, By = 108, FVCI = 0, Al, = (15/180 % 2%/2) =
€0.083, Al = (45/180 x 2%/2) = €0.25, and r

=0.1%.

The equilibrium euro-bund quoted futures price (Qg) based on the carry
arbitrage model will be closest to:

A €147.57.
B. €147.82.
C. €148.15.

Solution:

B is correct. The carry arbitrage model for forwards and futures is simply the
future value of the underlying with adjustments for unique carry features.
With bond futures, the unique features include the conversion factor, ac-
crued interest, and any coupon payments. Thus, the equilibrium euro-bund
futures price can be found using the carry arbitrage model (Equation 10):

Qo = [1/CF]{FV[B, + Aly] — Al — FVCI}.

Thus, we have:

Qg = [1/0.729535][(1 + 0.001)/12(108 + 0.083) — 0.25 — 0] = 147.82.

Note that the same result can be found by Q,, = F,/CF, where:

Fo=FV(Sy) — Al; — FVCI = (1 + 0.001)/12(108 + 0.083) — 0.25 — 0 = 107.84.

In equilibrium, the quoted euro-bund futures price should be approximately
€147.82 based on the carry arbitrage model.

Because of the mark-to-market settlement procedure, the value of a bond future is
essentially the price change since the previous day’s settlement. That value is captured
at the settlement at the end of the day, at which time the value of the bond futures
contract, like other futures contracts, resets to zero.

We now turn to the task of estimating the fair value of the bond forward contract
at a point in time during its life. Without daily settlement, the value of a forward is
not formally realized until expiration. Suppose the first transaction is buying (at Time
0) an at-market bond forward contract priced at F, with expiration of Time T. Later
(at Time t) consider selling a new bond forward contract priced at F,, again with
expiration of Time T. At the maturity of the forward contracts, we take delivery of
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the bond under the long forward and use it to make delivery under the short forward.
Assuming the same underlying, there is no price risk. The net cash flow at maturity is
the difference in the price at which we sold, F;, and the price we agreed to pay, F, or
(F; — Fp). To confirm the price risk on the underlying bond is zero, we could also add
the values of the long and the short forward positions at expiration Vi 15 + Vghore =
(Bt — Fp) + (F; — By) = F, — F,. Since the position is riskless, the value to the long at
time t should be:

V, = Present value of difference in forward prices at time t = PV [F; — F].

As a simple example of bond forward contract valuation, assume that two forward
contracts have been entered as follows: long forward at F = 119.12 and short forward
at F, = 119.92. Time t is one month before expiration, and both forward contracts
expire at Time T. Therefore, time to expiration in one-month is T — t = 1/12. Finally,
assume the appropriate interest rate for discounting is r = 0.5%.

The forward value observed at Time t for the Time T maturity bond forward con-
tracts is simply the present value of the difference in their forward prices —denoted
PV, 1 (F; — Fy). That is, we have:

V= (119.92 — 119.12)/(1 + 0.005)"/12 = 0.7997.

EXAMPLE 12

Estimating the Value of a Euro-Bund Forward Position

1. Suppose that one month ago, we purchased five euro-bund forward con-
tracts with two months to expiration and a contract notional value of
€100,000 each at a price of 145 (quoted as a percentage of par). The eu-
ro-bund forward contract now has one month to expiration. The current
annualized one-month risk-free rate is 0.1%. Based on the current forward
price of 148, the value of the euro-bund forward position will be closest to:

A €2,190.

B. €14,998.

¢ €15,012.
Solution:

B is correct. Because we are given both forward prices, the solution is simply
the present value of the difference in forward prices at expiration.

V, = PV[F, - Fy] = (148 — 145)/(1 + 0.001)"/12 = 2.99975.

This is 2.9997 per €100 par value because this forward price was quoted

as a percentage of par. Because five contracts each with €100,000 par were
entered, we have 0.029997(€100,000)5 = €14,998.75. Note that when interest
rates are low and the forward contract has a short maturity, then the present
value effect is minimal (about €1.25 in this example).

We conclude this section with some observations on the similarities and differences
between forward and futures contracts.

Comparing Forward and Futures Contracts

For every market considered here, the carry arbitrage model provides an approach
for both pricing and valuing forward contracts. Recall the two generic expressions:

Fo=FV(Sy + CCy — CBy) (Forward pricing)
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V=PV[F, - F] (Forward valuation)

Carry costs (CC) and financing costs increase the forward price, and carry benefits
(CB) decrease the forward price. The arbitrageur is carrying the underlying, and costs
increase the burden whereas benefits decrease the burden. The forward value can
be expressed as either the present value of the difference in forward prices or as a
function of the current underlying price adjusted for carry cash flows and the present
value of the initial forward price.

Futures prices are generally found using the same model, but futures values are
different because of the daily marking to market. Recall that the futures values are
zero at the end of each trading day because profits and losses are taken daily.

In summary, the carry arbitrage model provides a compelling way to price and
value forward and futures contracts. Stated concisely, the forward or futures price
is simply the future value of the underlying adjusted for any carry cash flows. The
forward value is simply the present value of the difference in forward prices at an
intermediate time in the contract. The futures value is zero after marking to market.
We turn now to pricing and valuing swaps.

PRICING AND VALUING SWAP CONTRACTS

] describe how interest rate swaps are priced, and calculate and
interpret their no-arbitrage value

Based on the foundational concepts we have studied on using the carry arbitrage model
for pricing and valuing forward and futures contracts, we now apply this approach to
pricing and valuing swap contracts.

A swap contract is an agreement to exchange (or swap) a series of cash flows at
certain periodic dates. For example, an interest rate swap might exchange quarterly cash
flows based on a floating rate for those based on a fixed rate. An interest rate swap is
like an FRA except that it hedges multiperiod interest-rate risk, whereas an FRA only
hedges single-period interest-rate risk. Similarly, in a currency swap the counterparties
agree to exchange two series of interest payments, each denominated in a different
currency, with the exchange of principal payments at inception and at maturity. Swap
contracts can be synthetically created as either a portfolio of underlying instruments
(such as bonds) or a portfolio of forward contracts (such as FRAs). Swaps are most
easily understood as a portfolio of underlying bonds, so we will follow that approach.

Cash flows from a generic receive-floating and pay-fixed interest rate swap are
shown in Exhibit 12. The cash flows are determined by multiplying a specified notional
amount by a (fixed or floating) reference rate. In a fixed-for-floating interest rate swap
(i.e., pay-fixed, receive-floating, also known as a plain vanilla swap), the fixed-rate
payer in the swap would make a series of payments based on a fixed rate of interest
applied to the notional amount. The counterparty would receive their fixed payments
in return for making payments based on a floating rate applied to the same notional
amount. The floating rate used as a reference will be referred to as the market reference
rate (MRR). In our examples, we will use the MRR.
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Exhibit 12: Generic Swap Cash Flows: Pay-Fixed, Receive-Floating

Initiation Swap
Date S,—-FS S,-FS S,,—FS Expiration
S,—FS
0 1 2 n-1 n

Our generic swap involves a series of n future cash flows at points in time represented
simply here as 1, 2, ..., n. Let S; denote the floating interest rate cash flow based on
some underlying, and let FS denote the cash flow based on some fixed interest rate.
Notice how the cash flows are netted. If the floating rate S; increases above the agreed
fixed rate FS, so S; > ES, the fixed-rate payer (i.e., floating-rate receiver) will receive
positive cash flow. If rates fall, so S; < FS, the fixed-rate receiver (i.e., floating-rate
payer) will receive the positive cash flow. We assume that the last cash flow occurs at
the swap expiration. Later we will let S; denote the floating cash flows tied to currency
movements or equity movements.

We again will rely on the arbitrage approach for determining the pricing of a
swap. This procedure involves finding the fixed rate such that the value of the swap
at initiation is zero. Recall that the goal of the arbitrageur is to generate positive
cash flows with no risk and no investment of one’s own capital. To understand swap
valuation, we match the swap cash flows by synthetically creating a replicating port-
folio from other instruments. The swap must have the same value as the synthetic
portfolio, or arbitrage will result. A pay-fixed, receive-floating swap is equivalent to a
short position (i.e., issuer) in a fixed-rate bond and a long position (i.e., investor) in a
floating-rate bond. Assuming both bonds were initially priced at par, the initial cash
flows are zero and the par payments at maturity offset each other. In other words,
the swap rate is the rate at which the present value of all the expected floating-rate
payments received over the life of the floating-rate bond equal the present value of
all the expected fixed-rate payments made over the life of the fixed-rate bond. Thus,
the fixed bond payment should be equivalent to the fixed swap payment. Exhibit 13
shows the view of a swap as a pair of bonds. Note that the coupon dates on the bonds
match the settlement dates on the swap, and the maturity date matches the expiration
date of the swap. As with all derivative instruments, numerous technical details have
been simplified here. We will explore some of these details shortly.
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Exhibit 13: Receive-Floating, Pay-Fixed as a Portfolio of Bonds

Initiation Swap
Date S, -FS S,-FS S,,—FS Expiration
S,—FS
Swap
0 1 2 n—1 n
Par
Variable Rate Bond S, S, S, S,
+
| | I
Fixed Rate Bond FS FS FS FS
Par
0 1 2 n-1 n

It is worth noting that our replicating portfolio did not need to use a pair of bonds.
Swaps can also be viewed as a portfolio of forward or futures contracts. However, in
practice futures have standardized characteristics, so there is rarely a set of futures
contracts that can perfectly replicate a swap. In addition, because a single forward
contract can be viewed as a portfolio of a call and a put (a long call and a short put
at the same strike price equal to the swap’s fixed rate would replicate the payoffs on
a pay-fixed swap), a swap can also be viewed as a portfolio of options. The procedure
is fairly straightforward in all cases. Just match the swap cash flows with the cash
flows from a portfolio of marketable underlying instruments and rely on the law of
one price and the absence of arbitrage to provide a value. Again, bonds are perhaps
the best instruments to replicate a swap because they are easy to value.

Market participants often use swaps to transform one series of cash flows into
another. For example, suppose that because of the relative ease of issuance, REB,
Inc. sells a fixed-rate bond to investors. Based on careful analysis of the interest rate
sensitivity of the company’s assets, REB’s leadership deems a MRR-based variable
rate bond to be a more appropriate liability. By entering a receive-fixed, pay-floating
interest rate swap, REB can create a synthetic floating-rate bond, as illustrated in
Exhibit 15. REB issues fixed-rate bonds and thus must make periodic fixed-rate-based
payments to the bond investors, denoted FIX. REB then enters a receive-fixed (FIX)
and pay-floating (FLT) interest rate swap. The two fixed-rate payments cancel, leav-
ing on net the floating-rate payments. Thus, we say that REB has created a synthetic
floating-rate bond.

Exhibit 14: REB’s Synthetic Floating-Rate Bond Based on Fixed-Rate Bond

Issuance with Receive-Fixed Swap

FIX

A

Bond ‘FIX
Investors

Swap
Counterparty

REB, Inc.

v

FLT

The example in Exhibit 14 is for a swap in which the underlying is an interest rate.

1M
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There are also currency swaps and equity swaps. Currency swaps can be used in
a similar fashion, but the risks being addressed are both interest rate and currency
exposures. Equity swaps can also be used in a similar fashion, but the risk being
addressed is equity exposure.

Swaps have several technical nuances that can have a significant influence on
pricing and valuation. Differences in payment frequency and day count methods
often have a material impact on pricing and valuation. Another issue is identifying the
appropriate discount rate to apply to the future cash flows. We turn now to examining
three types of swap contracts—interest rate, currency, and equity—with a focus on
pricing and valuation.

Interest Rate Swap Contracts

In this section we will focus on the pricing and valuing of interest rate swap contracts.
Our approach will view a swap as a pair of bonds, a long position in one bond and
a short position in another bond. At inception of a fixed-for-floating swap, a fixed
rate is selected so that the present value of the floating-rate payments is equal to the
present value of the fixed-rate payments, meaning the swap value is zero for both
parties at inception. The fixed rate (FS) is the swap rate. Determining the swap rate is
equivalent to pricing the swap. As the market rates change and time passes over the
term of the swap, the value of the swap changes. The swap value (the value of the two
constituent bonds) can be positive (an asset) or negative (a liability) to the pay-fixed
or receive-fixed swap holders.

Swaps are OTC products with many variations. For example, a plain vanilla
MRR-based interest rate swap can involve different frequencies of cash flow settle-
ments and day count conventions. In fact, a swap can have both semi-annual payments
and quarterly payments as well as actual day counts and day counts based on 30 days
per month. Unless stated otherwise, we will assume for simplicity that the notional
amounts are all equal to one (NA = 1). Swap values per 1 notional amount can be sim-
ply multiplied by the actual notional amount to arrive at the swap’s fair market value.

Interest rate swaps have two legs, typically a floating leg (FLT) and a fixed leg
(FIX). The floating leg cash flow—denoted S; because the rate (rp ;) may change (or
float) during each period i—can be expressed as:

and the fixed leg cash flow (denoted FS) can be expressed as:
FS = APgix % rprx = (NADgx/NTDgix) * rgpx.

AP denotes the accrual period, rg; denotes the observed annual floating rate appro-
priate for Time i, NAD denotes the number of accrued days during the payment
period, NTD denotes the total number of days during the year applicable to each
cash flow, and rp;x denotes the fixed annual swap rate. The accrual period accounts
for the payment frequency and day count methods. The two most popular day count
methods are known as 30/360 and ACT/ACT. As the name suggests, 30/360 treats
each month as having 30 days; thus, a year has 360 days. ACT/ACT treats the accrual
period as having the actual number of days divided by the actual number of days in
the year (365 or 366). Finally, the convention in the swap market is that the floating
interest rate is assumed to be advanced set and settled in arrears; thus, rg;1; is set
at the beginning of the period and paid at the end. If we assume constant and equal
accrual periods (so, APp; 1 = APpx), the receive-fixed, pay-floating net cash flow can
be expressed as:

FS —S; = AP x (rprx — IfLTi)s

and the pay-fixed, receive-floating net cash flow can be expressed as:
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S; —FS = AP x (tpr; — Iprx)-

As a simple example, if the fixed rate is 5%, the floating rate is 5.2%, and the accrual
period is 30 days based on a 360-day year, the payment of a receive-fixed, pay-floating
swap is calculated as:

FS - S; = (30/360) x (0.05 — 0.052) =—-0.000167 per notional of 1.

Because the floating rate exceeds the fixed rate, the receive-fixed (pay-floating) party
would pay this amount (0.000167 per notional of 1) to the pay-fixed (receive-floating)
party. In other words, only a single net payment is made by the receive-fixed party
to the counterparty. The sign of the net payment is negative as it is an outflow (i.e.,
negative cash flow) for the receive-fixed (pay-floating) party. Moreover, assuming the
notional amount (NA) is £100 million, the net payment made by the receive-fixed party
is £16,700 (= —0.000167 x £100,000,000). Finally, if, instead, the fixed rate exceeds the
floating rate, the sign of the net payment would be positive as it would be an inflow
(i.e., positive cash flow) to the receive-fixed party from the pay-fixed counterparty.

We now turn to swap pricing. Exhibit 15 shows the cash flows for an interest rate
swap along with a pair of bonds of equal par value. Suppose (at Step 1) the arbitra-
geur enters a receive-fixed, pay-floating interest rate swap with some initial value,
Vswap- Replicating this swap with bonds would entail being long a fixed-rate bond (as
the arbitrageur is receiving the fixed-rate coupon) and short a floating-rate bond (as
she is paying the floating rate). Therefore, to price this swap, the arbitrageur creates
the opposite of the replicating portfolio. So, at Step 2 she purchases a floating-rate
bond whose value is denoted V1. Note that the terms of the variable rate bond are
selected to match exactly the floating payments of the swap. Next, a fixed-rate bond
is sold short (Step 3)—equivalent to borrowing funds—with terms to match exactly
the fixed payments of the swap.

Exhibit 15: Cash Flows for Receive-Fixed, Pay-Floating Swap Offset with

Bonds

Position Step Time 0 Time 1 Time 2 Timen
Swap Receive-fixed, Viswap +FS-S; +FS-5, +FS-S,
pay-floating
swap
Offsetting  Buy floating-rate -Vt +S; +Sy +S, + Par
Portfolio bond
Short-sell +VEx -ES -ES —(FS +
fixed-rate bond Par)
Net Cash Flows V., = 0 0 0 0
=Verr +
Vex =0

This portfolio offsets the cash flows from the swap, so the net cash flows from Time 1
to Time n will all be equal to zero. So, in equilibrium we must have V., = Vg1 +
Vrx = 0 to prevent an arbitrage opportunity. The value of a receive-fixed, pay-floating
swap is:

A% = Value of fixed bond — Value of floating bond = Vg — Vg 1 (11)

swap
The value of a receive-fixed, pay-floating interest rate swap is simply the value of

buying a fixed-rate bond and issuing (i.e., selling) a floating-rate bond. Remember, the
fixed-rate and floating-rate bond values are just the PVs of all the expected interest
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and par payments. Pricing the swap means to determine the fixed rate (r;x) such that
the value of the swap at initiation is zero. Said differently, to price the swap, the value
of the fixed bond must equal the value of the floating bond in Equation 11.

As stated earlier, the value of a fixed bond (Vx) is the sum of the PV(All coupons)
+ PV(Par). If C is the coupon amount and par is 1, the value of a fixed-rate bond is,
VErx = sum of PV of all coupons (C) + PV of par value, or:

Value fixed-rate bond: Viyy = Czn 1PV,-(l) +PV,(1). (12)
i=

Notice the coupon amount in Equation 12 is multiplied by a summation term. This
term includes the present value discount factors, PV(1), for each cash flow (or coupon
payment). These PV factors are derived from the term structure of interest rates at
the time of valuation. The summation adds up the PV factor for each coupon as it
sequentially occurs. The sum of the PV of all the coupons is added to the PV of par
at maturity (Time n). The present value expression is based on spot rates and is
computed using the formula, PV;(1) = ﬁ. Spot interest rates (Rspot;)
1 + Rspot; (W)
will help us value each individual cash flow. As an illustration, consider the following
term structure of rates for USD cash flows and the computation of their associated
PV factors, as shown in Exhibit 16:

Exhibit 16: Present Value Factors Using the Term Structure

USS$ Spot Interest Rates Present Value
Days to Maturity (%) (USS1)
90 2.10 0.994777
180 2.25 0.988875
270 2.40 0.982318
360 2.54 0.975229
Sum: 3.941199

The PV factors are computed for each rate in the term structure as:

1
NAD

1+ Rspot; (NTDI> '

Using this formula, we compute the PV factor for a unit cash flow of 1. For example, at
90 days, we have a spot rate of 2.10%, which implies a discount (PV) factor of 0.994777
=$1/[1 + 0.0210 (90/360)]. Similarly, for 360 days, we have a spot rate of 2.54%, which
implies a PV factor of 0.975229 = 1/[1 + 0.0254(360/360)].

The present value factors make it straightforward to value a fixed-rate bond under a
given term structure. For example, the value of a fixed 4% bond with quarterly interest
payments and Par = 1 under the term structure in Exhibit 16 can be computed using
Equation 12. The quarterly coupon payment, C, is 4%/4 on par of 1 or 0.01/quarter.

PV, (1) =

Ve = CZ?:IPV,-(I) +PV,(1)=0.01(3.941199) +0.975229 (1) = 1.014641.

So, using Equation 12 and the PV factors and their sum from Exhibit 16, we can
quickly value the bond at 101.464% of par.

To find the fixed rate needed to price a swap, we first make a slight modification to
the notation in Equation 12. Since the coupon C is just the fixed interest rate multiplied
by Par (and Par is assumed to be 1), we can substitute FS = C, so that:
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n
Vire = FS Z,-:1 PV;(1) +PV,(1).

The value of a floating-rate bond, V|, at the reset date is 1 (par) because the interest
payment is set to match the discount rate. Recall that when the YTM (discount rate)
of a bond is equal to the coupon rate, the bond sells at par. Here, we assume par is 1.
Because the floating rate and the discount rate are initially the same for our floating
bond, at the reset date we have V1 = par = 1.

Setting the value of the fixed bond in Equation 12 equal to 1 (the value of the
floating bond at swap initiation, so Vgjx = 1 = V1), we obtain:

n n
Viry = FSY PV +PV,(1) = rpyx APY PV + PV, (1) = 1
i=1 i=1

This expression leads to the swap pricing equation, which sets rg;x for the fixed bond:
=PV
o L 13
> v AP 1

The fixed swap rate, the “price” that swap traders quote among one another, is sim-
ply one minus the final present value term divided by the sum of present values and
multiplied by 1/AP. The fixed swap leg cash flow (FS) for a unit of notional amount
(NA) is simply the fixed swap rate adjusted for the accrual period, or:

TrIx =

FS = APgix * rppx (Fixed swap cash flow per unit of NA).

We can multiply FS times the notional amount later to find the cash flow for a swap
in practice.

EXAMPLE 13

Solving for the Fixed Swap Rate Based on Present Value
Factors

1. Suppose we are pricing a five-year MRR-based interest rate swap with annu-
al resets (30/360 day count). The estimated present value factors, PV; (1), are
given in the following table.

Maturity (years) Present Value Factors
1 0.990099
2 0.977876
3 0.965136
4 0.951529
5 0.937467

The fixed rate of the swap (rppy) will be closest to:

A 1.0%.
B. 1.3%.
C 1.6%.

Solution:

B is correct. Note that the sum of present values is:

5
Zi:l PV;(1 = 0.990099 + 0.977876 + 0.965136 + 0.951529 + 0.937467
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= 4.822107.

Since the final cash flow for a bond consists of the n! coupon plus par, we
use the PV factor for the last cash flow, here cash flow 5, twice in Equation
13. We sum it with the other PV factors for the individual coupons in the
denominator, and we apply it to Par in the numerator. Since the coupons are
annual, AP = 1. Therefore, the solution for the fixed swap rate is:

1—-0.937467 _ 360

TFIX = 4822107 <360 ~ 0012968

From pricing a swap in Example 13, we now turn to interest rate swap valuation
for a receive fixed (pay floating) swap. As noted previously, the fixed-rate receiver
is effectively long a fixed bond and short a floating-rate bond. After initiation, this
position will have a positive value when the fixed bond is trading at a premium to par
(i.e., interest rates have fallen).

At any time after initiation, the market value of an existing swap can be understood
by pricing a new offsetting swap. Assume gy  is the swap rate at initiation. After ini-
tiation, the term structure of interest rates will likely imply a different swap rate, rg;x ;.

The approach to value a multi-period swap is like the approach to valuing a single
period FRA (i.e., multiplying the PV of the difference between the old FRA and the
new FRA rates by a notional amount; Equation 6). Valuation is based on arbitrage
transactions. Our initial swap position at Time O as a floating-rate payer would be
offset by a position at Time t as a floating-rate receiver. The floating cash flows from
paying and receiving will offset at each date (i), but the fixed payments will be dif-
ferent. We still receive the fixed rate, rg;x , initially agreed to, but for the purposes
of valuation we additionally assume the role as a fixed-rate payer at the new rate,
Iy, The cash flows per unit of NA at each future date will always be based on the
difference between the rate we initially received at Time 0 and the current rate paid
at Time t, so (FSy - FS;) = AP (rppxq - Irys) - Thus, the value of a receive-fixed
swap at some future point in Time (t) is simply the sum of the present values of the
difference in fixed swap rates times the stated notional amount (NA), or:

Vswaps = NA x (FSo—FS,) x Z;PVZ- (Value of receive-fixed swap). (14)

In our valuation equation, n is the number of remaining cash flows from time t.
Although this n may be different than the number of cash flows initially used to
price the swap at time 0, we use the same notation. It is also important to be clear on
which side of the swap this value applies. Notice the cash flow FS; in Equation 14 is
positive. This is because the swap was initially set up (at Time 0) as a receive-fixed
(FSy), pay-floating swap. To establish a value, the swap is offset with a pay-fixed,
receive-floating swap at Time t. Thus, when FS; has a positive sign, Equation 14
provides the value to the party initially receiving fixed. The negative of this amount
is the value to the fixed-rate payer.

Now, since the fixed-rate payer is effectively long a floating bond and short a fixed
bond, the position will have positive value when the fixed bond is trading at a dis-
count to par (i.e., interest rates have risen). The fixed-rate payer is also the floating
receiver and thus benefits as interest rates rise. At any date, the market value of a
swap to the fixed-rate payer is based on the present value of the difference between
the new offsetting fixed cash flow FS; to be received and the fixed cash flow FSg he
or she originally agreed to pay. It will be the negative of the receive-fixed swap value
(Vswap,) given by Equation 14, and we can compute it as follows:

n
~Vewap, = —1 [NAX (FSo—FS,) x ZH PVi]
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= NAx (FS,~FSg) x X" PV, (Value of pay-fixed swap). (15)
-

Exhibit 17 provides a summary of the swap legs and the associated replicating and
offsetting portfolios for each swap leg. The replicating portfolio (at time 0) provides
the same cash flows as our swap. The offsetting portfolio (at time t) will offset the
cash flows from our replication of the swap and help us determine a value. Note that
the floating cash flows at Time 0 and Time t cancel each other out. For valuation
purposes, this allows us to focus on the difference in fixed swap rates. So, the value
of a receive-fixed swap at time t is based on the difference between the initial fixed
swap rate and the fixed swap rate at time t, or rgjx o — rppy ¢ @s shown in the last row
of Exhibit 17.

Exhibit 17: Swaps and Related Replicating and Offsetting Portfolios

Receive-Fixed, Pay-Floating Pay-Fixed, Receive-Floating
Swap Portfolio Position Rates Portfolio Position Rates
Replicating Initiationt =0 Long Short TE[X 0 Long Short TErTo
Portfolio Fixed-Rate Floating-Rate  —rprq Floating-Rate ~ Fixed-Rate —rgpy g
Bond Bond Bond Bond
Offsetting Time =t Short Long TELTt Short Long e ¢
Portfolio Fixed-Rate Floating-Rate  — rppy Floating-Rate ~ Fixed-Rate — rgpp,
Bond Bond Bond Bond
Rates for Swap Time =t TEIX0 TEIX
Valuation ~ TEIx: - YEIx,0

The examples illustrated here show swap valuation only on a payment date. If a swap
is being valued between payment dates, some adjustments are necessary. We do not
pursue this topic here.

EXAMPLE 14

Solving for Receive-Fixed Swap Value Based on Present
Value Factors

Suppose two years ago we entered a €100,000,000 seven-year receive-fixed
MRR-based interest rate swap with annual resets. The fixed rate in the swap
contract entered two years ago was 2.0%. The estimated present value factors,
PV;i(1), are repeated from the previous example.

Maturity (years) Present Value Factors
1 0.990099
2 0.977876
3 0.965136
4
5

0.951529
0.937467
Sum 4.822107

We know from the previous example that the current equilibrium fixed swap
rate is close to1.30% (two years after the swap was originally entered).

1. The value for the swap party receiving the fixed rate will be closest to:

A. —€5,000,000.
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B. €3,375,000.
C. €4,822,000.
Solution:

B is correct. rpxg = 2.0%, and gy, = 1.3%. We assume annu-
al resets (AP = 360/360 = 1), so the cash flow per unit notional is
FSy = 2.0% and FS; = 1.3%.

The swap value to the fixed-rate receiver is:
5
Vewap,: = NAx (FSq—FS,) x X7’ BV
b =
=€100,000,000 x (0.02 —0.013) x 4.822107 = €3,375,000.

2. The value for the swap party paying the fixed rate will be closest to:
A. —€4,822,000.
B. -€3,375,000.
C.  €5,000,000.

Solution:

B is correct. The equivalent pay-fixed swap value is simply the negative of
the receive-fixed swap value:

5
~Vswap, = NAx (FS,~FSj) x Zi:lPVi

=€100,000,000 x (0.013 —0.02) x 4.822107
=—€3,375,000.

PRICING AND VALUING CURRENCY SWAP
CONTRACTS

] describe how currency swaps are priced, and calculate and interpret
their no-arbitrage value

A currency swap is a contract in which two counterparties agree to exchange future
interest payments in different currencies. In a currency swap, one party is long a bond
(fixed or floating) denominated in one currency and short a bond (fixed or floating) in
another currency. The procedure for pricing and valuing currency swaps is like the
pricing and valuation of interest rate swaps. Currency swaps come in a wide array of
types and structures. We review a few key features:

1. Currency swaps often involve an exchange of notional amounts at both the
initiation of the swap and at the expiration of the swap.

2. The payment on each leg of the swap is in a different currency unit, such as
euros and Japanese yen, and the payments are not netted.

3. Each leg of the swap can be either fixed or floating.
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Pricing a currency swap involves solving for three key variables: two fixed interest
rates (each in a different currency) and one notional amount. We must determine
the appropriate notional amount in one currency, given the notional amount in the
other currency, as well as two fixed-interest rates such that the currency swap value
is zero at initiation.

We will focus on fixed-for-fixed currency swaps, so we essentially trade cash flows
on a bond in one currency for cash flows on a bond in another currency. Let k be
the currency units, such as euros and yen. Letters are used here rather than numbers
to avoid confusion with calendar time. The value of a fixed-rate bond in currency k
with par of 1 can be expressed generically as the present value of the coupons plus
the present value of par, or:

Vi= G PV;(D) +PV, (Pary).

Cy is the coupon in currency k, and Pary is the Par value paid at maturity in
currency k. The value of a fixed-for-fixed currency swap, Vg is the difference in the
price of two bonds. That is, the value of a currency swap is simply the value of a bond
in currency a (V,) less the value of a bond in currency b (Vy,), expressed in terms of
currency a, as follows:

VCS = Va — Sovb.

Here, S is the spot exchange rate at time 0. To make each party indifferent between
the two bonds, the par or principal notional amounts are set to reflect the current
spot exchange rate. This will lead to the swap having zero value (Vg = 0) at inception
(to prevent any arbitrage opportunity), so

Va = Sovb.

The swap value may change after initiation as the exchange rate and interest rates on
the two currencies fluctuate. Currency swap valuation is best understood by considering
an example. Exhibit 18 provides an illustration of an at-market 10-year receive-fixed
US$ and pay-fixed € swap. The US$ bond has an annual coupon of US$30 and par of
US$1,150. The annual coupon amount of the euro-denominated bond is €9 with par
of €1,000. Both bonds are assumed to be trading at par (note, this is $1,150 for the
US$ bond, not the usual $1,000) and have a 10-year maturity. We proceed as follows:

= Step 1: We enter the receive-fixed US$ and pay-fixed € swap.
In Steps 2 and 3, we create a portfolio to offset the swap cash flows.

= Step 2 involves short-selling a US bond (so, paying the fixed US$ coupon on
the bond) to offset the US dollar inflows from the swap.

= Step 3 involves purchasing a euro bond (so, receiving the fixed € coupon on
the bond), which provides offsetting cash flows for the pay-fixed € portion
of the swap.
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Exhibit 18: Numerical Example of Currency Swap Offset with Bonds

Position Step Time 0 Time 1 Time 2 Time 10
Swap 1. Receive-fixed +$30 +$30 +($30 + $1,150)
US$, pay-fixed —($1.5/€) x —($1.1/€) x —($1.2/€) x
euro swap €9 = €9 = (€9 + €1,000) =
0 +$16.5 +$20.1 -$30.8
Offsetting Bond 2. Short-sell US$ +$1,150 -$30 -$30 —($30 + $1,150)
Portfolio bond
3. Buy euro bond —($1.15/€) x +($1.5/€) x +($1.1/€) x +($1.2/€) x
€1,000 = €9 = €9 = (€9 + €1,000) =
-$1,150 +$13.5 +$9.9 $1,210.8
Offsetting
Portfolio Cash 0 -$16.5 -$20.1 +$30.8
Flows
Overall Net Cash 0 0 0 0 0
Flows

The cash flows from the bond portfolio will exactly offset the cash flows from the
swap. This illustration assumes a current spot exchange rate (Sy) at which €1 trades
for US$1.15, so Sy = $1.15/€1. Selected future spot exchange rates are S; = $1.50/€1,
Sy = $1.10/€1, and S = $1.20/€1. These future spot exchange rates are used to show
the conversion of future euro cash flows into US dollars, but notice that the overall
net cash flows are all zero regardless of the future spot exchange rates. In other words,
we could have used any numbers for S;, S,, and S;. Regardless of exchange rates in
the future, the bond portfolio and the swap always have offsetting cash flows. Since
the portfolio and swap produce identical (although opposite) cash flows, the law of
one price will allow us to determine a value for our swap in terms of a pair of bonds.

Since the net cash flows are 0 at every time t, the portfolio must be worth 0 initially.
Exhibit 18 provides the intuition for solving for the notional amount (NA). For a zero
cash flow at initiation, the NA (or par value) of the bond denominated in currency a
(NA,) must equal the spot exchange S, rate times the notional amount (or par value)
of the bond denominated in currency b (NAy). That is,

NA, =S x NA,,

The exchange rate is stated as number of units of currency a to buy one unit of currency
b. The spot exchange rate in Exhibit 18 is $1.15/€1, so currency a (in the numerator) is
US$. At the prevailing exchange rate S, it takes $1.15 to buy one euro. NA, = $1,150
and S, = $1.15/€1, so NAy = $1,150/($1.15/€1) = €1,000. Therefore, the swap value at
initiation is equal to zero, as it should be:

Ves =V, = SoVyp = $1,150 — (S1.15/€1) x €1,000 = 0.

At any time during the life (tenor) of the swap shown in Exhibit 18, the opposite cash
flows from the offsetting bond transactions result in a zero net cash flow. If the initial
swap value is not at market or zero, then there are arbitrage opportunities. If the initial
swap value is positive, then a set of arbitrage transactions would be implemented to
capture the initial value with no net cash outflow. If the initial swap value is negative,
then the opposite set of transactions would be implemented. The goal is to determine
the fixed rates of the swap such that the current swap value is zero.

Because the fixed swap rate does not depend on the notional amounts, the fixed
swap rates are found in the same manner as the fixed swap rate in an interest rate swap.
For emphasis, we repeat the equilibrium fixed swap rate equations for each currency:

1-PV, (D =PV, (D

n,a
ry = o ——xsand = < X 5. (16)
AP > PO AP

a n
2 PVidD
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We now have a solution for each of the three swap variables: one notional amount
(NA, = Sy x NAy ) and two fixed interest rates from Equation 16. Again, the fixed
swap rate in each currency is simply one minus the final present value term divided
by the sum of present values. We need to be sure that the present value terms are
expressed in the appropriate currency. We illustrate currency swap pricing with spot
rates by way of an example.

EXAMPLE 15

Currency Swap Pricing with Spot Rates

A US company needs to borrow 100 million Australian dollars (A$) for one year
for its Australian subsidiary. The company decides to issue US$-denominated
bonds in an amount equivalent to A$100 million. Then, the company enters
into a one-year currency swap with quarterly reset (30/360 day count) and the
exchange of notional amounts at initiation and at maturity. At the swap’s initi-
ation, the US company receives the notional amount in Australian dollars and
pays to the counterparty, a swap dealer, the notional amount in US dollars. At
the swap’s expiration, the US company pays the notional amount in Australian
dollars and receives from the counterparty the notional amount in US dollars.
Based on interbank rates, we observe the following spot rates today, at Time 0,
and compute their PV factors and sums:

US$ Spot
AS$ Spot Interest Interest Present
Days to Rates Present Value Rates Value
Maturity (%) (AS$1) (%) (US$1)
90 2.50 0.9937892 0.10 0.999750
180 2.60 0.987167 0.15 0.999251b
270 2.70 0.980152 0.20 0.998502
360 2.80 0.972763 0.25 0.997506
Sum: 3.933870 Sum: 3.995009

2 A$0.993789 = 1/[1 + 0.0250(90/360)].
b 15$0.999251 = 1/[1 + 0.00150(180/360)].

Assume that the counterparties in the currency swap agree to an A$/US$
spot exchange rate of 1.140 (expressed as number of Australian dollars for US$1).

1. The annual fixed swap rates for Australian dollars and US dollars, respec-
tively, will be closest to:
A. 2.80% and 0.10%.
B. 2.77% and 0.25%.
C. 2.65% and 0.175%.

Solution:

B is correct. Since the PV factors are given, we do not need to compute
them from the spot rates. Using Equation 16, the Australian dollar periodic
fixed swap rate is:
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1 =PV, 4upD y 10972763, 360

FAUD = G4 P = 30933870 90
2P VD

= 0.027695 or 2.7695%.

The US dollar periodic fixed swap rate is:

1 =PV, ysp(D y 1—0.997506 _ 360

rusp T o AP = —3595000 X 90
ZLUSDPVZ-(I)

= 0.002497 or 0.2497%.

The annualized rate is simply (360/90) times the period results: 2.7695% for
Australian dollars and 0.2497% for US dollars.

2. The notional amount (in US$ millions) will be closest to:

A. 88.
B. 100.
¢ 114.

Solution:

A is correct. The US dollar notional amount is calculated as A$100 million
divided by the current spot exchange rate, A$1.140/US$1. From NA, = S x
NAy, we have A$100,000,000 = A$1.14/US$1 x Ny Solving for Nj, we have
US$87,719,298 = A$100,000,000/(A$1.14/US$1).

3. The fixed swap quarterly payments in the currency swap will be closest to:

A. A$692,000 and US$55,000.
B. A$220,000 and US$173,000.
C. A$720,000 and US$220,000.

Solution:

A is correct. The fixed swap quarterly payments in currency units equal
the periodic swap rate times the appropriate notional amounts. From the
answers to 1 and 2, we have

FSA$ = NAA$ X (AP) X rA$

= A$100,000,000 x (90/360) x (0.027695)
= A$692,375
and

FSyss = NAygs x (AP) x ryygg

= US$87,719,298 x (90/360) x (0.002497)
= US$54,759.

One approach to pricing currency swaps is to view the swap as a pair of fixed-rate
bonds. The main advantage of this approach is that all foreign exchange considerations
are moved to the initial exchange rate. We do not need to address future foreign cur-
rency transactions. Also, note that a fixed-for-floating currency swap (i.e., pay-fixed
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currency a, receive-floating currency b) is simply a fixed-for-fixed currency swap
(i.e., pay-fixed currency a, receive-fixed currency b) paired with a fixed-for-floating
interest rate swap (i.e., pay-fixed currency b, receive-floating currency b). Also, we
do not technically “price” a floating-rate swap because we do not designate a single
coupon rate and because the value of such a swap is par on any reset date. Thus, we
have the capacity to price any variation of currency swaps.

We now turn to currency swap valuation. Recall that with currency swaps, there
are two main sources of risk: interest rates associated with each currency and their
exchange rate. The value of a fixed-for-fixed currency swap at some future point in
time, say Time t, is simply the difference in a pair of fixed-rate bonds, one expressed
in currency a and one expressed in currency b. To express the bonds in the same
currency units, we convert the currency b bond into units of currency a through a
spot foreign exchange transaction at a new rate, S;. The value of a “receive currency
a, pay currency b” (fixed-for-fixed) swap at any time t expressed in terms of currency
a is the difference in bond values:

VCS = Va - StVb.

Substituting the valuation equation for each of the bonds, we have:

Ves
n n
= <FSaZi=1PVi(1) +NA, PVn(l)) —S[<Fsb2i=lpvi(1) +NA, PVn(1)>.

Note that the fixed swap amount (FS) is the per-period fixed swap rate times the
notional amount. Therefore, the currency swap valuation equation can be expressed as:

Ves
n
= NA APy 3 PYAD+ PV, D] = SN A AP % 7y

27_1P14(1)+PV,1(1)]. )
i= 17

As mentioned, the terms in Equation 17 represent the difference in value of two
fixed-rate bonds. The first term in braces is the value of a long position in a bond with
face value of 1 unit of currency a, which is then multiplied by the notional amount of
the swap in currency a (NA,). This product represents the value of the cash inflows
to the counterparty receiving interest payments in currency a. The second term (after
the minus sign) implies outflows and represents the value of a short bond position
with face value of 1 unit of currency b, which is multiplied by the product of the
swap notional amount in currency b (NA,) and the current (Time t) exchange rate,
S; (stated in units of currency a per unit of currency b). This gives the value of the
payments, in currency a terms, made by the party receiving interest in currency a and
paying interest in currency b. Vg is then the value of the swap to the party receiving
currency a, while the value of the swap to the party receiving currency b is simply the
negative of that amount, —Vg.

Equation 17 seems formidable, but it is a straightforward idea. We hold a bond in
currency a, and we are short a bond in currency b (which we must express in terms of
currency a). It is best understood by an example of a firm that has entered a currency
swap and needs to determine the current value.

Example 16 continues the case of the company using a currency swap to effec-
tively convert a bond issued in US dollars into a bond issued in Australian dollars. In
studying the problem, take care to identify currency a (implied by how the exchange
rate, S, is given) and the party receiving interest payments in currency a in the swap.
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EXAMPLE 16

Currency Swap Valuation with Spot Rates

This example builds on the previous example addressing currency swap pricing.
Recall that a US company needed to borrow 100 million Australian dollars (A$)
for one year for its Australian subsidiary. The company decided to borrow in US
dollars (US$) an amount equivalent to A$100 million by issuing US-denominated
bonds. The company then entered a one-year currency swap with a swap dealer.
The swap uses quarterly reset (30/360 day count) and exchange of notional
amounts at initiation and at maturity. At the swap’s expiration, the US company
pays the notional amount in Australian dollars and receives from the dealer the
notional amount in US dollars. The fixed rates were found to be 2.7695% for
Australian dollars and 0.2497% for US dollars. Initially, the notional amount in
US dollars was determined to be US$87,719,298 with a spot exchange rate of
A$1.14 for US$1.

Assume 60 days have passed since swap initiation and we now observe the
following updated market information:

A$ Spot USS$ Spot

Days to Interest Rates Present Value Interest Rates Present Value
Maturity (%) (AS$1) (%) (USS$1)
30 2.00 0.998336 0.50 0.999584
120 1.90 0.993707 0.40 0.998668
210 1.80 0.989609 0.30 0.998253
300 1.70 0.986031 0.20 0.998336

Sum: 3.967683 Sum: 3.994841

The currency spot exchange rate (S,) is now A$1.13 for US$1.

1. The current value to the swap dealer in A$ of the currency swap entered 60
days ago will be closest to:
A. —A$13,557,000.
B. A$637,620.
C. A$2,145,200.

Solution:

C is correct. The US firm issues $87.7 million of bonds and enters a swap
with the swap dealer. The initial exchange rate is given as 1.14A$/1US$, so
currency a is A$. The swap dealer is receiving quarterly interest payments
in currency a (A$). The swap is diagrammed for Example 15 and Example 16
as shown below:
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Swap Cash Flows:
Initial Cash Flows Exchanged
AS$100M/1.14 = US$87.719M R
US Firm AS$100M Swap Dealer

Quarterly Cash Flows Exchanged
A$692,375 = (0.00692375) x AS100M
US Firm  75§54,759 = (0.00062425) x US$87,719,298 Swap Dealer

Terminal Cash Flows Exchanged

A$100M
US Firm US$87.719M Swap Dealer

After 60 days, the new exchange rate is 1.13A$/1US$ and the term structure
of interest rates has changed in both markets. Equation 17 gives the value
of the swap at Time t, V-5 This is the value of the swap to the party receiv-
ing interest payments in Australian dollars, which is the swap dealer. Thus,
using Equation 14, the value to the swap dealer receiving A$ is:

Ves
— N4, [AP * Prima . PVAD + PVn(l)] = S,NA,,[AP % i
X PYM+Pr,m).

-

Vs =A$100,000,000 x [0.00692375 (3.967683) + 0.986031] — 1.13 (A$/1US$) x
(US$87,719,298) x [0.00062425 (3.994841) + 0.998336]

= A$2,145,167.

The first term in Equation 17 represents the PV of the dealer’s incoming
cash flows in A$, effectively a long position in an A$ bond. Remember, the
dealer is receiving quarterly interest payments in A$ and will receive the
A$100M terminal payment at swap maturity. To compute the PV of the A$
cash flows, the notional amount is multiplied by a term inside the braces,
which represents the periodic interest rate multiplied by the sum of the PV
factors for the four payments plus the PV factor for the terminal cash flow
(where the PV factors reflect the new term structure). The second term is
the PV of the dealer’s US$ outflows (effectively a short bond in currency b,
here US$). The PV of the quarterly interest payments and terminal payment
are calculated using the new term structure and converted into A$ at S,.
Thus, we have the value of the long A$ bond minus the value of short US$
bond (stated in A$ terms). This gives V-, which is the value of the swap to
the party receiving currency a and is the value from the perspective of the
swap dealer.

2. The current value to the US firm in US$ of the currency swap entered 60
days ago will be closest to:
A. -$2,673,705.
B. —$1,898,400.
C. $334,730.
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Solution:

B is correct. In terms of Solution 1, the current value of the swap to the US
firm is —Vg. This represents the value to the firm making interest payments
in currency a (A$).

—Vg =—A$2,145,167, which when converted to USS at S, is:
—Vs = —A$2,145,167 x (1US$/1.13A8) = -US$1,898,378.

Note that the US company initially issues a bond in US$ in their home mar-
ket and uses the swap to effectively convert to an A$ bond issue. Under-
standing the swap as two bonds, the US firm is long a US$ bond (US$ is cur-
rency b in this example, which the US firm is receiving) and short a bond in
A$ (currency a, which the US firm is paying). The swap offsets the US firm’s
US$ bond issue. The swap allows the US firm to make A$ interest payments
to the swap dealer, or to effectively issue a bond in A$ (currency a).
Alternatively, if the exchange rate had been stated as S, = 1US$/1.13A$ or
equivalently as S, = $0.885/A$, then currency a would be USS$. In that case,
the swap value, Vg can be understood in terms of the firm receiving US$
since the swap gives the US firm the equivalent of a long position in a US$
bond. The first term in the following equation represents the value of the
US$ bond to the US firm in the swap. The second term is the value of the A$
bond position (short for the US firm) expressed in US$ terms.

Ves
n
= NA AP rpyy 3 PYAD+ PV, D] = S,N Ay [ AP x 7y
X PV +PVn(1)].
.

Vg = $87,719,298 x [0.00062422 (3.994841) + 0.998336] — (1USS/AS1.13) x
(A$100,000,000) x [0.00692381 (3.967683) + 0.986031]

= _US$1,898,410.

The swap value is negative to the US firm due to changes in the term struc-
ture and exchange rate. The A$ has strengthened against the US$, so now
the US firm must pay periodic interest and principal cash flows in A$ at a
rate of 1.13A$/1US$. That is, for each US$ the US firm gets fewer A$ for
making payments to the dealer. The new term structure now offers lower
interest rates to A$ borrowers, and this also contributes to the negative swap
value for the US firm. The firm had agreed to pay higher periodic A$ rates in
the swap, but now the present value of those outflows has increased.

7 PRICING AND VALUING EQUITY SWAP CONTRACTS

describe how equity swaps are priced, and calculate and interpret
their no-arbitrage value

[

Drawing on our prior definition of a swap, we define an equity swap in the following
manner: An equity swap is an OTC derivatives contract in which two parties agree
to exchange a series of cash flows whereby one party pays a variable series that will be
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determined by an equity and the other party pays either (1) a variable series determined
by a different equity or rate or (2) a fixed series. An equity swap is used to convert
the returns from an equity investment into another series of returns, which, as noted,
either can be derived from another equity series or can be a fixed rate. Equity swaps
are widely used in equity portfolio investment management to modify returns and
risks. Equity swaps allow parties to benefit from returns of an equity or index without
owning any shares of the underlying equity. An equity swap may also be used to hedge
risk exposure to an equity or index for a certain period.

We examine three types of equity swaps: 1) receive-equity return, pay-fixed; 2)
receive-equity return, pay-floating; and 3) receive-equity return, pay-another equity
return. Like interest rate swaps and currency swaps, equity swaps have several unique
nuances. We highlight just a few. First, the underlying reference instrument for the
equity leg of an equity swap can be an individual stock, a published stock index, or a
custom portfolio. Second, the equity leg cash flow(s) can be with or without dividends.
Third, all the interest rate swap nuances exist with equity swaps that have a fixed or
floating interest rate leg.

We focus here on viewing an equity swap as a portfolio of an equity position and
a bond. The equity swap cash flows can be expressed as follows:

NA(Equity return — Fixed rate) (for receive-equity, pay-fixed),
NA(Equity return — Floating rate) (for receive-equity, pay-floating), and

NA(Equity return, — Equity returny) (for receive-equity, pay-equity),

where a and b denote different equities. Note that an equity-for-equity swap can
be viewed simply as a receive-equity a, pay-fixed swap combined with a pay-equity b,
receive-fixed swap. The fixed payments cancel out, and we have synthetically created
an equity-for-equity swap.

The cash flows for an equity leg (S;) of an equity swap can be expressed as:

S; = NAg R,

where R denotes the periodic return of the equity either with or without divi-
dends as specified in the swap contract, and NAf denotes the notional amount. The
cash flows for a fixed-interest rate leg (FS) of an equity swap are the same as those of
an interest rate swap, or:

FS = NAg x APprx X 1px,
where APpiy denotes the accrual period for the fixed leg (for which we assume

the accrual period is constant) and rppy here denotes the annual fixed rate on the
equity swap.

EXAMPLE 17

Equity Swap Cash Flows

Suppose we entered a receive-equity index and pay-fixed swap. It is quarterly
reset, 30/360 day count, €5,000,000 notional amount, pay-fixed (1.6% annualized,
quarterly pay, or 0.4% per quarter).

1. If the equity index return was 4.0% for the quarter (not annualized), the
equity swap cash flow will be closest to:

A. —€220,000.
B. —€180,000.
C. €180,000.
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Solution:

C is correct. Note that the equity index return is reported on a quarterly
basis. It is not an annualized number. The fixed leg is often reported on an
annual basis. Thus, one must carefully interpret the different return conven-
tions. In this case, receive-equity index counterparty cash flows (S; — FS =
NAg x AP x (Rg — rppx)) are as follows:

€5,000,000 x (90/360) x (0.160 — 0.016) = €5,000,000 x (0.040 — 0.004)
= €180,000 (Receive 4%, pay 0.4% for the quarter).

2. If the equity index return was —6.0% for the quarter (not annualized), the
equity swap cash flow will be closest to:

A. —€320,000.

B. —€180,000.

C. €180,000.
Solution:

A is correct. Similar to 1, we have (S; — FS = NAg x AP x (Rg — repy)):

€5,000,000 x (90/360) x (—0.240 — 0.016) = €5,000,000 x (—0.060 — 0.004)
= —€320,000 (Receive —6%, pay 0.4% for the quarter).

When the equity leg of the swap is negative, then the receive-equity coun-
terparty must pay both the equity return as well as the fixed rate (or whatev-
er are the payment terms). Note also that equity swaps may cause liquidity
problems. As seen here, if the equity return is negative, then the receive-eq-
uity return, pay-floating or pay-fixed swap may result in a large negative
cash flow for the receive-equity return party.

For equity swaps, the equity position could be a wide variety of claims, including
the return on a stock index with or without dividends and the return on an individual
stock with or without dividends. For our objectives here, we ignore the influence of
dividends with the understanding that the equity swap leg assumes all dividends are
reinvested in the equity position. The arbitrage transactions for an equity swap when
dividends are not included are extremely complex and beyond our objectives. The
equity leg of the swap is produced by selling the equity position on a reset date and
reinvesting the original equity notional amount (NAg), leaving a remaining balance
that is the cash flow required of the equity swap leg (S;). Technically, we just sell off
any equity value in excess of NAg or purchase additional shares to return the equity
value to NA¢, effectively generating S;. Exhibit 19 shows the cash flows from an equity
swap offset with an equity and bond portfolio.

Exhibit 19: Cash Flows for Receive-Fixed, Pay-Equity Swap Offset with Equity and Bond Portfolio

Position Steps Time 0 Time 1 Time 2 Timen

Equity Swap 1. Receive-fixed, pay-equity -Veq +FS -5, +FS -5, +FS -5,
swap

Offset Portfolio 2. Buy NA of equity - NAg +S; +S, +S, + NAg
3. Short sell fixed-rate bond +Vire (C=FS) -FS -FS —(FS + Par)

Net cash flows -Veq — NAE + Vi 0 0 0 NAg — Par
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Assume a portfolio manager has a large position in a stock that he/she expects to
underperform in the future. Perhaps for liquidity or tax reasons, the manager prefers
not to sell the stock but considers a receive-fixed, pay equity swap. Exhibit 19 shows
the cash flows from such a swap as well as the offsetting portfolio (to eliminate arbi-
trage), which will assist us in valuing the swap. In Step 1, we enter a receive-fixed, pay
equity swap. Steps 2 and 3 provide the offsetting cash flows to those of the swap, which
are buy NA worth of equity and short sell a fixed-rate bond (with coupon equal to
the fixed interest rate leg cash flows), respectively. Notice that from Time 1 ton — 1
the sum of these three transactions is always zero. Note also that the final (Time n)
cash flow for the long position in the equity includes the periodic return (S,) plus the
sale proceeds of the underlying equity position (NAg). For the terminal cash flows to
equal zero, we must either set the bond par value to equal the initial equity position
(NAf = Par) or finance this difference. In this latter case, the bond par value could be
different from the notional amount of equity.

As shown, the swap and pair of offsetting transactions produce 0 net cash flow from
period 1 to period n — 1. In equilibrium, we require ~Vgq — NAg + Vg — PV(Par
— NAg) = 0. That is, if the portfolio has initial value with no required cash outflow,
then arbitrage will be possible. Hence, the equity swap value is:

Assuming equilibrium (Vg = 0), the fixed swap rate can be expressed as the rgy rate
such that Vg = NAg + PV(Par — NAg). Note that assuming NA = Par = 1 and using
our fixed bond pricing (Equation 13), we have the pricing equation for an equity swap:

1-PV,(D 1
Trix = @n * P
2. PV
-

You should recognize that the pricing of an equity swap is identical to Equation 11
for the pricing of a comparable interest rate swap, even though the future cash flows
are dramatically different. If the swap required a floating payment, there would be no
need to price the swap; the floating side effectively prices itself at par automatically at
the start. If the swap involves paying one equity return against another, there would
also be no need to price it. You could effectively view this arrangement as paying
equity ‘a” and receiving the fixed rate as specified and receiving equity “b” and paying
the same fixed rate. The fixed rates would cancel.

Finding the value of an equity swap after the swap is initiated, say at Time t (so,
VEQ,)» is similar to valuing an interest rate swap except that rather than adjusting the
floating-rate bond for the last floating rate observed (remember, advanced set), we
adjust the value of the notional amount of equity, as shown in Equation 18:

VEiQ.t = Vix(Co) — (S¢/Si_1)NAg — PV(Par — NAg), (18)

where Vpix (Cy) denotes the value at Time t of a fixed-rate bond initiated with
coupon Cg at Time 0, S; denotes the current equity price, S;_; denotes the equity price
observed at the last reset date, and PV() denotes the present value function from the
swap maturity date to Time t.
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EXAMPLE 18

Equity Swap Pricing

1. In Examples 13 and 14 related to interest rate swaps, we considered a five-
year, annual reset, 30/360 day count, MRR-based swap. The following table
provides the present values per €1, PV; (1).

Maturity

(years) Present Value Factors
1 0.990099

2 0.977876

3 0.965136

4 0.951529

5 0.937467

Assume an annual reset MRR-based floating-rate bond trading at par. The
fixed rate was previously found to be 1.2968% (see Example 13). Given these
same data (just shown), the fixed interest rate in the EURO STOXX 50 equi-
ty swap is closest to:

A. 0.0%.

B. 1.1%.

¢ 1.3%.

Solution:

C is correct. The fixed rate on an equity swap is the same as that on an
interest rate swap, or 1.2968% as in Example 13. That is, the fixed rate on an
equity swap is simply the fixed rate on a comparable interest rate swap.

5
Z, . PV; (1) = 0.990099 + 0.977876 + 0.965136 + 0.951529 + 0.937467
=
=4.822107.
Using Equation 13, the solution for the fixed swap rate is:

_ 1-0.937467 _ 360 _
FEX = —2gs107 X 3¢ = 0-012968, or 1.2968%.

EXAMPLE 19

Equity Swap Valuation

Suppose six months ago we entered a receive-fixed, pay-equity five-year annual
reset swap in which the fixed leg is based on a 30/360 day count. At the time
the swap was entered, the fixed swap rate was 1.5%, the equity was trading at
100, and the notional amount was 10,000,000. Now all spot interest rates have
fallen to 1.2% (a flat term structure), and the equity is trading for 105. Assume
the Par value of the bond is equal to NA¢.

1. The current fair value of this equity swap is closest to:

A. —€300,000.
B. —€500,000.


Examples 13
14
Example 13
Example 13
Equation 13
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C. €500,000.

Solution:

A is correct. Because we have not yet passed the first reset date, there are
five remaining cash flows for this equity swap. The fair value of this swap is
found by solving for the fair value of the implied fixed-rate bond. We then
adjust for the equity value. The fixed rate of 1.5% results in fixed cash flows
of 150,000 at each settlement. Applying the respective present value factors,
which are based on the new spot rates of 1.2% (i.e., new term structure is
flat), gives us the following:

Date Present Value

(Years) Factors (PV) Fixed Cash Flow PV (Fixed Cash Flow)
0.5 0.994036 150,000 149,105

1.5% 0.982318 150,000 147,348

2.5 0.970874 150,000 145,631

35 0.959693 150,000 143,954

4.5 0.948767 10,150,000 9,629,981

Total: 10,216,019

* Answers may differ due to rounding: PV(1.5) = 1/(1 + 3 x (0.012/2)) = 0.982318.
Using Equation 18, we have,
Vet = Vix(Co) — (S¢/S_1)NAE — PV(Par — NAE).
Therefore, the fair value of this equity swap is:

Vi, = 10,216,019 — [(105/100) x 10,000,000] — 0 = —283,981.

2. The value of the equity swap will be closest to zero if the stock price is:

A. 100.

B. 102.

C 105.
Solution:

B is correct. The value of the fixed leg of the swap is 102.16% of par, =
(10,216,019/10,000,000) x 100]. Therefore, a stock price (S;) of 102.1602 will
result in a value of zero for the swap, as follows:

VEq,: = 10,216,019 — [(102.1602/100) x 10,000,000] — 0 = 0.

SUMMARY

This reading on forward commitment pricing and valuation provides a foundation for
understanding how forwards, futures, and swaps are both priced and valued.
Key points include the following:

= The arbitrageur would rather have more money than less and abides by two
fundamental rules: Do not use your own money, and do not take any price
risk.
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= The no-arbitrage approach is used for the pricing and valuation of forward
commitments and is built on the key concept of the law of one price, which
states that if two investments have the same future cash flows, regardless
of what happens in the future, these two investments should have the same
current price.

= Throughout this reading, the following key assumptions are made:

* Replicating and offsetting instruments are identifiable and investable.
e Market frictions are nil.

e Short selling is allowed with full use of proceeds.

¢ Borrowing and lending are available at a known risk-free rate.

= Carry arbitrage models used for forward commitment pricing and valuation
are based on the no-arbitrage approach.

= With forward commitments, there is a distinct difference between pricing
and valuation. Pricing involves the determination of the appropriate fixed
price or rate, and valuation involves the determination of the contract’s cur-
rent value expressed in currency units.

»  Forward commitment pricing results in determining a price or rate such
that the forward contract value is equal to zero.

= Using the carry arbitrage model, the forward contract price (F) is:
Fo=FV(Sy) = So(1 +1)T (assuming annual compounding, r)
Fo=FV (SO) =35 exp’<! (assuming continuous compounding, r.)

= The key forward commitment pricing equations with carry costs (CC) and
carry benefits (CB) are:

Fo=FV[S, + CCy— CBg] (with discrete compounding)

Fo = Syexp (rCC-CB) T(with continuous compounding)

Futures contract pricing in this reading can essentially be treated the same as

forward contract pricing.

= The value of a forward commitment is a function of the price of the underly-
ing instrument, financing costs, and other carry costs and benefits.

= The key forward commitment valuation equations are:

o R e}
Long Forward: ¥, = PV [Ft Fo] TN
and
L S ]
Short Forward: Vv, =PV [Fo Ft] T U+ plr

With the PV of the difference in forward prices adjusted for carry costs and
benefits. Alternatively,

Fy

Long Forward: V, = S,—PV|[F,| = S;‘W

and
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__fo
Ca+nt

Short Forward: — V; = PV [FO] =5 S;

=  With equities and fixed-income securities, the forward price is determined
such that the initial forward value is zero.

= A forward rate agreement (FRA) is a forward contract on interest rates. The
FRA’s fixed interest rate is determined such that the initial value of the FRA
is zero.

= FRA settlements amounts at Time h are:

Pay-fixed (Long): NA x {[L,, — FRA(] t,,}/[1 + Dyyt,,] and
Receive-fixed (Short): NA x {FRAy— L] t,}/[1 + Dyt

= The FRA’s fixed interest rate (annualized) at contract initiation is:
FRAq = {[1 + Lytp]/[1 + Lyt,] — 1} /4.

= The Time g value of an FRA initiated at Time O is:

Long FRA: V, = NA x {[FRA, — FRA(] t}/[1+ D(1_g) t(1_g)] and
Short FRA: -V, = NA x {[FRA( — FRA] ty,}/[1+ D(1_g) t(1_g)]-

= The fixed-income forward (or futures) price including conversion factor (i.e.,
adjusted price) is:

Fy = Qg x CF = FV[S, + CC, — CBy] = FV[B, + Al — PVCI],

and the conversion factor adjusted futures price (i.e., quoted futures price)
is:

Qp = [1/CF] {FV [By + Aly] — Al — FVCI}.

= The general approach to pricing and valuing swaps as covered here is using
a replicating portfolio or offsetting portfolio of comparable instruments,
typically bonds for interest rate and currency swaps and equities plus bonds
for equity swaps.

= The swap pricing equation, which sets rpy for the implied fixed bond in an
interest rate swap, is:

=PV,

TFIX = 7 000« AP
2. PV
= The value of an interest rate swap at a point in Time t after initiation is the

sum of the present values of the difference in fixed swap rates times the
stated notional amount, or:

n
Vewup: = NA x (FS,—FS,) x Z 1PVl- (Value of receive-fixed swap)
, =
and
n
—Vewups = NA X (FSI— FSO) x Z 1PV,- (Value of pay-fixed swap).
, =
= With a basic understanding of pricing and valuing a simple interest rate

swap, it is a straightforward extension to pricing and valuing currency swaps
and equity swaps.
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= The solution for each of the three variables, one notional amount (NA,)
and two fixed rates (one for each currency, a and b), needed to price a
fixed-for-fixed currency swap are:

1PV, 1=PV,,(D

NA, =S xNA,. r, = ——————*x—pand r = —F——— X =5
D i PoX prm AP

= The currency swap valuation equation, for valuing the swap at time ¢ (after
initiation), can be expressed as:

Ves
n
~ N4, [AP < piva 2 PVD +P Vn(l)] - StNAb[AP i
n
X PV + PV,
=
= For a receive-fixed, pay equity swap, the fixed rate (rppy) for the implied
fixed bond that makes the swap’s value (Vi) equal to “0” at initiation is:
L=PV,MD
Trix = o AP
2 PV
» The value of an equity swap at Time t (Vgq ), after initiation, is:

VEQ,t = Virx(Co) — (S¢/Si_))NAg — PV(Par — NAp)

where Vg (Cp) is the Time t value of a fixed-rate bond initiated with cou-
pon C, at Time 0, S, is the current equity price, S;_; is the equity price at the last reset
date, and PV() is the PV function from the swap maturity date to Time t.
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PRACTICE PROBLEMS

The following information relates to questions
1-6

Tim Doyle is a portfolio manager at BestFutures Group, a hedge fund that fre-
quently enters into derivative contracts either to hedge the risk of investments it
holds or to speculate outside of those investments. Doyle works alongside Diane
Kemper, a junior analyst at the hedge fund. They meet to evaluate new invest-
ment ideas and to review several of the firm’s existing investments.

Carry Arbitrage Model

Doyle and Kemper discuss the carry arbitrage model and how they can take
advantage of mispricing in bond markets. Specifically, they would like to execute
an arbitrage transaction on a Eurodollar futures contract in which the underlying
Eurodollar bond is expected to make an interest payment in two months. Doyle
makes the following statements:

Statement 1  If the Eurodollar futures price is less than the price suggested
by the carry arbitrage model, the futures contract should be
purchased.

Statement 2 Based on the cost of carry model, the futures price would be
higher if the underlying Eurodollar bond’s upcoming interest
payment was expected in five months instead of two.

Three-Year Treasury Note Futures Contract

Kemper then presents two investment ideas to Doyle. Kemper’s first investment
idea is to purchase a three-year Treasury note futures contract. The underlying
1.5%, semi-annual three-year Treasury note is quoted at a clean price of 101. It
has been 60 days since the three-year Treasury note’s last coupon payment, and
the next coupon payment is payable in 120 days. Doyle asks Kemper to calculate
the full spot price of the underlying three-year Treasury note.

10-Year Treasury Note Futures Contract

Kemper’s second investment idea is to purchase a 10-year Treasury note futures
contract. The underlying 2%, semi-annual 10-year Treasury note has a dirty

price of 104.17. It has been 30 days since the 10-year Treasury note’s last coupon
payment. The futures contract expires in 90 days. The quoted futures contract
price is 129. The current annualized three-month risk-free rate is 1.65%. The con-
version factor is 0.7025. Doyle asks Kemper to calculate the equilibrium quoted
futures contract price based on the carry arbitrage model.

Japanese Government Bonds

After discussing Kemper’s new investment ideas, Doyle and Kemper evaluate one
of their existing forward contract positions. Three months ago, BestFutures took
a long position in eight 10-year Japanese government bond (JGB) forward con-
tracts, with each contract having a contract notional value of 100 million yen. The
contracts had a price of JPY153 (quoted as a percentage of par) when the con-
tracts were purchased. Now, the contracts have six months left to expiration and
have a price of JPY155. The annualized six-month interest rate is 0.12%. Doyle
asks Kemper to value the JGB forward position.

Interest Rate Swaps
Additionally, Doyle asks Kemper to price a one-year plain vanilla swap. The spot
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rates and days to maturity at each payment date are presented in Exhibit 1.

Exhibit 1: Selected US Spot Rate Data

Days to Maturity Spot Interest Rates (%)
90 1.90
180 2.00
270 2.10
360 2.20

Finally, Doyle and Kemper review one of BestFutures’s pay-fixed interest rate
swap positions. Two years ago, the firm entered into a JPY5 billion five-year inter-
est rate swap, paying the fixed rate. The fixed rate when BestFutures entered into
the swap two years ago was 0.10%. The current term structure of interest rates for
JPY cash flows, which are relevant to the interest rate swap position, is presented
in Exhibit 2.

Exhibit 2: Selected Japanese Interest Rate Data

Yen Spot Interest

Maturity (Years) Rates (%) Present Value Factors
0.03 0.9997
0.06 0.9988
0.08 0.9976

Sum 2.9961

Doyle asks Kemper to calculate the value of the pay-fixed interest rate swap.

1. Which of Doyle’s statements regarding the Eurodollar futures contract price is
correct?

A. Only Statement 1
B. Only Statement 2

C. Both Statement 1 and Statement 2

2. 'The full spot price of the three-year Treasury note is:

A. 101.00.
B. 101.25.
(. 101.50.

3. The equilibrium 10-year Treasury note quoted futures contract price is closest to:

A. 147.94.
B. 148.89.

C. 149.78.
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4. The value of the JGB long forward position is closest to:

A. JPY15,980,823.
B. JPY15,990,409.

(. JPY16,000,000.

5. Based on Exhibit 1, the fixed rate of the one-year plain vanilla swap is closest to:

A. 0.48%.
B. 2.20%.
¢ 2.88%.

6. Based on Exhibit 2, the value of the pay-fixed interest rate swap is closest to:

A. -JPY6,491,550.
B. -JPY2,980,500.

C. -JPY994,793.

The following information relates to questions
7-11

Donald Troubadour is a derivatives trader for Southern Shores Investments. The
firm seeks arbitrage opportunities in the forward and futures markets using the
carry arbitrage model.

Troubadour identifies an arbitrage opportunity relating to a fixed-income futures
contract and its underlying bond. Current data on the futures contract and
underlying bond are presented in Exhibit 1. The current annual compounded
risk-free rate is 0.30%.

Exhibit 1: Current Data for Futures and Underlying Bond

Futures Contract Underlying Bond

Quoted futures price 125.00 Quoted bond price 112.00
Conversion factor 0.90 Accrued interest since last coupon 0.08
payment
Time remaining to contract expiration Three Accrued interest at futures contract 0.20
months expiration
Accrued interest over life of futures contract 0.00

Troubadour next gathers information on a Japanese equity index futures con-
tract, the Nikkei 225 Futures Contract:

Troubadour holds a long position in a Nikkei 225 futures contract that has a re-
maining maturity of three months.The continuously compounded dividend yield
on the Nikkei 225 Stock Index is 1.1%, and the current stock index level is 16,080.
The continuously compounded annual interest rate is 0.2996%.

Troubadour next considers an equity forward contract for Texas Steel, Inc. (TSI).
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Information regarding TSI common shares and a TSI equity forward contract is
presented in Exhibit 2.

Exhibit 2: Selected Information for TSI

= The price per share of TSI's common shares is $250.

= The forward price per share for a nine-month TSI equity forward con-
tract is $250.562289.

= Assume annual compounding.

Troubadour takes a short position in the TSI equity forward contract. His super-
visor asks, “Under which scenario would our position experience a loss?”

Three months after contract initiation, Troubadour gathers information on TSI
and the risk-free rate, which is presented in Exhibit 3.

Exhibit 3: Selected Data on TSI and the Risk-Free Rate (Three Months Later)

= The price per share of TSI's common shares is $245.
= The risk-free rate is 0.325% (quoted on an annual compounding basis).

= TSI recently announced its regular semiannual dividend of $1.50 per
share that will be paid exactly three months before contract expiration.

= The market price of the TSI equity forward contract is equal to the
no-arbitrage forward price.

7. Based on Exhibit 1 and assuming annual compounding, the arbitrage profit on
the bond futures contract is closest to:

A. 0.4158.
B. 0.5356.
C. 0.6195.

8. The current no-arbitrage futures price of the Nikkei 225 futures contract is closest

to:

A. 15,951.81.
B. 16,047.86.
¢ 16,112.21.

9. Based on Exhibit 2, Troubadour should find that an arbitrage opportunity relat-
ing to TSI shares is

A. not available.
B. available based on carry arbitrage.

(. available based on reverse carry arbitrage.

10. The most appropriate response to Troubadour’s supervisor’s question regarding




© CFA Institute. For candidate use only. Not for distribution.
Practice Problems 69

the TSI forward contract is:

A. adecrease in TSI’s share price, all else equal.
B. an increase in the risk-free rate, all else equal

C. adecrease in the market price of the forward contract, all else equal.

11. Based on Exhibits 2 and 3, and assuming annual compounding, the per share val-
ue of Troubadour’s short position in the TSI forward contract three months after
contract initiation is closest to:

A. $1.6549.
B. $5.1561.
C $6.6549.

The following information relates to questions
12-20

Sonal Johnson is a risk manager for a bank. She manages the bank’s risks using a
combination of swaps and forward rate agreements (FRAs).

Johnson prices a three-year MRR-based interest rate swap with annual resets
using the present value factors presented in Exhibit 1.

Exhibit 1: Present Value Factors

Maturity (years) Present Value Factors
1 0.990099
2 0.977876
3 0.965136

Johnson also uses the present value factors in Exhibit 1 to value an interest rate
swap that the bank entered into one year ago as the pay-fixed (receive-floating)
party. Selected data for the swap are presented in Exhibit 2. Johnson notes that
the current equilibrium two-year fixed swap rate is 1.12%.

Exhibit 2: Selected Data on Fixed for Floating Interest Rate
Swap

Swap notional amount $50,000,000

Original swap term Three years, with annual resets

Fixed swap rate (since initiation) 3.00%

One of the bank’s investments is exposed to movements in the Japanese yen,

and Johnson desires to hedge the currency exposure. She prices a one-year
fixed-for-fixed currency swap involving yen and US dollars, with a quarterly re-
set. Johnson uses the interest rate data presented in Exhibit 3 to price the curren-
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cy swap.
Exhibit 3: Selected Japanese and US Interest Rate Data

Days to

Maturity Yen Spot Interest Rates US Dollar Spot Interest Rates

90 0.05% 0.20%

180 0.10% 0.40%

270 0.15% 0.55%

360 0.25% 0.70%

Johnson next reviews an equity swap with an annual reset that the bank entered
into six months ago as the receive-fixed, pay-equity party. Selected data regarding
the equity swap, which is linked to an equity index, are presented in Exhibit 4. At
the time of initiation, the underlying equity index was trading at 100.00.

Exhibit 4: Selected Data on Equity Swap

Swap notional amount $20,000,000
Original swap term Five years, with annual resets
Fixed swap rate 2.00%

The equity index is currently trading at 103.00, and relevant US spot rates, along
with their associated present value factors, are presented in Exhibit 5.

Exhibit 5: Selected US Spot Rates and Present Value Factors

Maturity (years) Spot Rate Present Value Factors
0.5 0.40% 0.998004
1.5 1.00% 0.985222
2.5 1.20% 0.970874
3.5 2.00% 0.934579
4.5 2.60% 0.895255

Johnson reviews a 6 x 9 FRA that the bank entered into 90 days ago as the
pay-fixed/receive-floating party. Selected data for the FRA are presented in
Exhibit 6, and current MRR data are presented in Exhibit 7. Based on her interest
rate forecast, Johnson also considers whether the bank should enter into new
positions in 1 x 4 and 2 x 5 FRAs.

Exhibit 6: 6 x 9 FRA Data

FRA term 6x9
FRA rate 0.70%
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FRA notional amount US$20,000,000
FRA settlement terms Advanced set, advanced settle

Exhibit 7: Current MRR (Market Reference Rate)

30-day MRR 0.75%
60-day MRR 0.82%
90-day MRR 0.90%
120-day MRR 0.92%
150-day MRR 0.94%
180-day MRR 0.95%
210-day MRR 0.97%
270-day MRR 1.00%

Three months later, the 6 x 9 FRA in Exhibit 6 reaches expiration, at which time
the three-month US dollar MRR is 1.10% and the six-month US dollar MRR is
1.20%. Johnson determines that the appropriate discount rate for the FRA settle-
ment cash flows is 1.10%.

12. Based on Exhibit 1, Johnson should price the three-year MRR-based interest rate
swap at a fixed rate closest to:

A. 0.34%.
B. 1.16%.

¢ 1.19%.

13. From the bank’s perspective, using data from Exhibit 1, the current value of the
swap described in Exhibit 2 is closest to:

A. —$2,951,963.
B. —$1,849,897.

€. —$1,943,000.

14. Based on Exhibit 3, Johnson should determine that the annualized equilibrium
fixed swap rate for Japanese yen is closest to:

A. 0.0624%.
B. 0.1375%.

. 0.2496%.

15. From the bank’s perspective, using data from Exhibits 4 and 5, the fair value of
the equity swap is closest to:

A. —$1,139,425.
B. -$781,322.

C -$181,323.
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16. Based on Exhibit 5, the current value of the equity swap described in Exhibit 4
would be zero if the equity index was currently trading the closest to:

A. 97.30.
B. 99.09.

C. 100.00.

17. From the bank’s perspective, based on Exhibits 6 and 7, the value of the 6 x 9
FRA 90 days after inception is closest to:

A. $14,820.
B. $19,647.
¢ $29,635.
18. Based on Exhibit 7, the no-arbitrage fixed rate on a new 1 x 4 FRA is closest to:
A. 0.65%.
B. 0.73%.
¢ 0.98%.
19. Based on Exhibit 7, the fixed rate on a new 2 x 5 FRA is closest to:
A. 0.61%.
B. 1.02%.

¢ 1.71%.

20. Based on Exhibit 6 and the three-month US dollar MRR at expiration, the pay-
ment amount that the bank will receive to settle the 6 x 9 FRA is closest to:

A. $19,945.
B. $24,925.

C $39,781.
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SOLUTIONS

1. Cis correct. Doyle’s first statement is correct. Unless the Eurodollar futures con-
tract’s quoted price is equal to the no-arbitrage futures price, there is an arbitrage
opportunity. Moreover, if the quoted futures price is less than the no-arbitrage
futures price, then to take advantage of the arbitrage opportunity, the Eurodollar
futures contract should be purchased and the underlying Eurodollar bond should
be sold short. Doyle would then lend the short sale proceeds at the risk-free
rate. The strategy that comprises those transactions is known as reverse carry
arbitrage.

Doyle’s second statement is also correct. Based on the cost of carry model, the fu-
tures price is calculated as the future value of the sum of the underlying plus the
underlying carry costs minus the future value of any ownership benefits. If the
Eurodollar bond’s interest payment was expected in five months instead of two,
the benefit of the cash flow would occur three months later, so the future value

of the benefits term would be slightly lower. Therefore, the Eurodollar futures
contract price would be slightly higher if the Eurodollar bond’s interest payment
was expected in five months instead of two months.

A is incorrect because Doyle’s Statement 2 is correct (not incorrect). Based on
the cost of carry model, the futures price would be higher if the underlying Euro-
dollar bond’s interest payment took place in five months instead of two months.

B is incorrect because Doyle’s Statement 1 is correct (not incorrect). If the
Eurodollar’s futures contract price is less than the price suggested by the carry
arbitrage model, the futures contract should be purchased.

2. Bis correct. The full spot price of the three-year Treasury note is calculated as

Sy = Quoted bond price + Accrued interest = B + Alj,.

Accrued interest (AD = Accrual period x Periodic coupon amount
_ (NAD fol

= (¥m) * ()

Al = (60/180) x (1.5/2) = 0.25.

Sp =101 +0.25 = 101.25.

A is incorrect because 101 is the quoted clean (not the full spot) price of the
three-year Treasury note. The clean price excludes accrued interest; the full price,
also referred to as the dirty price, includes accrued interest.

C is incorrect because the number of days until the next coupon payment (in-
stead of the accrual period) is incorrectly used to compute accrued interest:

Al = (120/180) x (1.5/2) = 0.50.

Sp =101 +0.50 = 101.50.

3. Ais correct. The equilibrium 10-year quoted futures contract price based on the
carry arbitrage model is calculated as

0, = (1/CF) x [FV(B, + Aly) — Al;~ FVCI].
CF = 0.7025.

By = 104.00.




© CFA Institute. For candidate use only. Not for distribution.
74 Learning Module 1 Pricing and Valuation of Forward Commitments

Aly=0.17.
Aly= (120/180 x 2/2) = 0.67.

FVCI=0.

Qp = (1/0.7025) x [(1+0.0165)312(104.17) — 0.67 - 0] = 147.94.

B is incorrect because accrued interest at expiration is not subtracted in the equi-
librium quoted futures contract price formula:

Qp = (1/0.7025) x [(1+0.0165)312(104.17) — 0] = 148.89.

Cis incorrect because the future value is incorrectly calculated (the exponent of
3/12 is omitted):

Qp = (1/0.7025 = [(1+0.0165) (104.17 —0.67 — 01 = 149.78.

4. Bis correct. The value of the JGB forward position is calculated as

V, = PV[F,—Fy| = (155—153)/(1+0.0012)1s = 1.9988.

Therefore, the value of the long forward position is 1.9988 per JPY100 par value.

For the long position in eight contracts with each contract having a par value of
100 million yen, the value of the position is calculated as

0.019988 x (JPY100,000,000) x 8 = JPY15,990,409.

A is incorrect because the present value of the difference between the price when
the contracts were purchased and the current price of the contracts was incor-
rectly computed (the exponent of 6/12 is omitted):

V,=F,— Fy= (155 — 153)/(1 + 0.0012) = 1.9980.

0.019980 x (JPY'100,000,000) x 8 = JPY15,980,823.

C is incorrect because the absolute difference (not the present value of the differ-
ence) between the price when the contracts were purchased and the current price
of the contracts was computed:

V,=F,— Fy=(155-153)=2.

0.02 x (JPY100,000,000) x 8 = JPY16,000,000.

5. Bis correct. The swap’s fixed rate is calculated as

1-PV,(D

TEix = Gn *4P
2 PV

PV, (1) = 1/[1 + Rspot; (NAD/NTD)].

90 — day PV factor = 1/[1 + 0.019 x (90/360)] = 0.9953.
180 — day PV factor = 1/[1 + 0.020 x (180/360)] = 0.9901.
270 — day PV factor = 1/[1 + 0.021 x (270/360)] = 0.9845.

360 — day PV factor = 1/[1 + 0.022 x (360/360)] = 0.9785.

4
Z» 1PV,-(I) = 0.9953 + 0.9901 + 0.9845 + 0.9785 = 3.9483.
=
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1—-0.9785

FIX = T90/360) x 3.9a83] _ 0-022 = 2.2%

A is incorrect because the 90-day PV factor is incorrectly used in the numerator
of the swap pricing equation instead of the final present value term:

_ o 1-09953 _
"FIX = T90/360) x 3.9a83] _ 0-0048 = 0.48%

C is incorrect because the sum of the present value terms excludes the final pres-

ent value term:

3
Z. IPVi(l) = 0.9953 +0.9901 + 0.9845 = 2.9699.
i=

B 1-09785  _ _
"FIX = [(90/360)  2.9699] _ 0-0288 = 2.88%

6. Bis correct. The value of the pay-fixed interest rate swap is calculated as

~Vyups = NAx (FS,— FSg) Z PV,

3
FS, = rpy = [1-PV,(D] /ZFIPV,-(I) = (1-0.9976)/2.9961 = 0.000801
= 0.08%.

3
~Vswaps = NAx (FS,—FSg) x Zi=1 PV;

= JPY5billion x (0.000801 —0.001) x 2.9961
=-JPY2,980,500.

Given that rates have declined since the inception of the swap, the value of the
pay-fixed, receive-floating position is currently a loss of JPY2,980,500.

A is incorrect because the arithmetic average of the yen spot rates (instead of
the current fixed swap rate) was incorrectly used to calculate the value of the
pay-fixed swap:

Arithmetic average of yen spot rates = (0.0003 + 0.0006 + 0.0008)/3 = 0.0006.

~Vpupy = NAx (FS,—FS) Z PV,

= JPY5billion x (0.0006 — 0.001) x 2.9961
=-JPY6,491,550.

C is incorrect because the product of the notional amount and the difference
between the initial swap fixed rate and the current swap fixed rate was not multi-
plied by the sum of the present values:

~Vswups = NAx (FS,~FS;) = IPYS5billion x (0.0008 —0.001)
= —JPY994,793.
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7. Bis correct.
The no-arbitrage futures price is equal to the following:
Fy,=FV[B, + Al, - PVCI]
Fy=(1+0.003)%25(112.00 + 0.08 — 0) = 112.1640.

The adjusted price of the futures contract is equal to the conversion factor multi-
plied by the quoted futures price:

Fo = CF x Q
Fy = (0.90)(125) = 112.50.

Adding the accrued interest of 0.20 in three months (futures contract expiration)
to the adjusted price of the futures contract gives a total price of 112.70.

This difference means that the futures contract is overpriced by 112.70 —
112.1640 = 0.5360. The available arbitrage profit is the present value of this differ-
ence: 0.5360/(1.003)%-25 = 0.5356.

8. Bis correct. The no-arbitrage futures price is

Fy = Spexp (r4CC-CB) T

Fy = 16,080exp(0:002996 +0-0.011)(3/12) = 16,047.86.

9. A s correct. The carry arbitrage model price of the forward contract is
FV(S) = Sp(1 + )T = $250(1 + 0.003)%7> = $250.562289.

The market price of the TSI forward contract is $250.562289. A carry or reverse
carry arbitrage opportunity does not exist because the market price of the for-
ward contract is equal to the carry arbitrage model price.

10. B is correct. From the perspective of the long position, the forward value is equal
to the present value of the difference in forward prices:
V,=PV[F,- Fy],

where

F,=FV(S,+CC,—-CB,).

All else equal, an increase in the risk-free rate before contract expiration would
cause the forward price, F, to increase. This increase in the forward price would
cause the value of the TSI forward contract, from the perspective of the short, to
decrease. Therefore, an increase in the risk-free rate would lead to a loss on the
short position in the TSI forward contract.

11. C is correct. The no-arbitrage price of the forward contract, three months after
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12.

13.

14.

contract initiation, is

F25=FV(25(Sp25 + CCp 25 — CBy »5)

Fps = [$245 + 0 — $1.50/(1 + 0.00325)0-3 = 0-25))(1 + 0.00325)0-75 - 025) =
$243.8966.

Therefore, from the perspective of the long, the value of the TSI forward contract
is

Vo.25 = PVo25Fo.25 — Fol
Vo5 = (8243.8966 — $250.562289)/(1 + 0.00325)0-75 ~ 025 = _$6.6549.

Because Troubadour is short the TSI forward contract, the value of his position is
a gain of $6.6549.

C is correct. The swap pricing equation is
1-PV,(D
PINIZON
i=1
That is, the fixed swap rate is equal to 1 minus the final present value factor (in
this case, Year 3) divided by the sum of the present values (in this case, the sum of

Years 1, 2, and 3), and AP, which in this case is (360/360) = 1. The sum of present
values for Years 1, 2, and 3 is calculated as

reix =

Zn 1PVi(l) = 0.990099 + 0.977876 + 0.965136 = 2.933111.
i=

Thus, the fixed-swap rate is calculated as

1-0.965136
TFIX = ~ 3933111 — 0-01189 or 1.19%.

B is correct. The value of a swap from the perspective of the receive-fixed
(pay-floating) party is calculated as

V = NAx(FS,~FS,) x 3" PV,

The swap has two years remaining until expiration. The sum of the present values
for Years 1 and 2 is

Z; PV; = 0.990099 +0.977876 = 1.967975.

Given the current equilibrium two-year swap rate of 1.12% and the fixed swap
rate at initiation of 3.00%, the swap value per dollar notional is calculated as
V=1 x(360/360)(0.03 — 0.0112) x 1.967975 = 0.036998.

The current value of the swap, from the perspective of the receive-fixed party, is
$50,000,000 x 0.036998 = $1,849,897.

From the perspective of the bank, as the pay-fixed party, the value of the swap is
-$1,849,897.

C is correct. The equilibrium swap periodic (quarterly) fixed rate for yen is calcu-
lated as
1= PV, py(D
TIPY T ok .
2. P Vigpy (D
=11

The yen present value factors are calculated as

77
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1

PV(Di,JPY = NADI-> >

1+ RSpO ti,JPY( NTD
where

90-day PV factor = 1/[1 + 0.0005(90/360)] = 0.999875
180-day PV factor = 1/[1 + 0.0010(180/360)] = 0.999500
270-day PV factor = 1/[1 + 0.0015(270/360)] = 0.998876
360-day PV factor = 1/[1 + 0.0025(360/360)] = 0.997506

Sum of present value factors = 3.995757
Therefore, the yen periodic rate is calculated as

1-PV, (D  1-0.997506

rjpy T o4 =
ZA IPVi(l) 3.995757
-

= 0.000624 = 0.0624%.

The annualized rate is (360/90) times the periodic rate of 0.0624%, or 0.2496%.

B is correct. The value of an equity swap at time t is calculated as
ViQ,t = Vrix(Co) — (S¢/Si_1)NAg — PV(Par — NAg).

The swap was initiated six months ago, so the first reset has not yet passed; thus,
there are five remaining cash flows for this equity swap. The fair value of the swap
is determined by comparing the present value of the implied fixed-rate bond with
the return on the equity index. The fixed swap rate of 2.00%, the swap notional
amount of $20,000,000, and the present value factors in Exhibit 5 result in a pres-
ent value of the implied fixed-rate bond’s cash flows of $19,818,678:

PV (fixed cash
Date (in years) PV Factors Fixed Cash Flow flow)
0.5 0.998004 or $400,000 $399,202
1/[1 + 0.0040(180/360)]
1.5 0.985222 or $400,000 $394,089
1/[1 + 0.0100(540/360)]
2.5 0.970874 or $400,000 $388,350
1/[1 + 0.0120(900/360)]
3.5 0.934579 or $400,000 $373,832
1/[1 + 0.0200(1,260/360)]
4.5 0.895255 or $20,400,000 $18,263,205
1/[1 + 0.0260(1,620/360)]
Total $19,818,678

The value of the equity leg of the swap is calculated as (103/100)($20,000,000) =
$20,600,000.

Note the swap’s notional amount and the implied fixed-rate bond’s par value are
both $20,000,000; therefore, the term — PV(Par — NA) reduces to zero.

The swap was designed to profit if rates fell or equities declined. Neither hap-
pened, so the swap value will be negative for the bank. The fair value of the
equity swap, from the perspective of the bank (receive-fixed, pay-equity party) is
calculated as

Vio = $19,818,678 - $20,600,000 = —$781,322.
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16. B is correct. The equity index level at which the swap’s fair value would be zero
can be calculated by setting the swap valuation formula equal to zero and solving
for S,

Vi = VEix(Co) — (S¢S 1)NAE = 0.
The value of the fixed leg of the swap has a present value of $19,818,678, or

99.0934% of par value:
Date (years) PV Factors Fixed Cash Flow PV (fixed cash flow)
0.5 0.998004 $400,000 $399,202
1.5 0.985222 $400,000 $394,089
2.5 0.970874 $400,000 $388,350
3.5 0.934579 $400,000 $373,832
4.5 0.895255 $20,400,000 $18,263,205
Total $19,818,678

Treating the swap notional value as par value and substituting the present value
of the fixed leg and S into the equation yields

S,
0 = 99.0934 — (1—0’0) 100
Solving for S; yields
S, =99.0934.

17. A is correct. The current value of the 6 x 9 FRA is calculated as

V= NA x {[FRA, ~ FRA(Jty,}/[1 + D(1_g) ter_g))-

The 6 x 9 FRA expires six months after initiation. The bank entered into the
FRA 90 days ago; thus, the FRA will expire in 90 days. To value the FRA, the first
step is to compute the new FRA rate, which is the rate on Day 90 of an FRA that
expires in 90 days in which the underlying is the 90-day MRR:

FRAG = {[1 + Lytr)/[14Lyty] — 13/t

FRA, = {[1 + L1go(180/360)]/[1 + Lgg (90/360)] — 1}/(90/360)
Exhibit 7 indicates that Loy = 0.90% and L;gq = 0.95%, so

FRA, = {[1 +0.0095(180/360)]/[1 + 0.0090(90/360)] — 1}/(90/360)
FRA= {[1.00475/1.00225] — 1]} x 4 = 0.009978, or 0.9978%.

Therefore, given the FRA rate at initiation of 0.70% and notional principal of $20
million from Exhibit 1, the current value of the forward contract is calculated as

Vg =$20,000,000 = [(0.009978 — 0.0070)(90/360)]/[1 + 0.0095(180/360)].
= §$14,890.00/1.00475 = $14,819.61.

18. C s correct. The no-arbitrage fixed rate on the 1 x 4 FRA is calculated as

For a1l x 4 FRA, the two rates needed to compute the no-arbitrage FRA fixed rate
are Lzy = 0.75% and L;, = 0.92%. Therefore, the no-arbitrage fixed rate on the 1
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x 4 FRA rate is calculated as

FRA = {[1 + 0.0092(120/360))/[1 + 0.0075(30/360)] — 1}/(90/360).
FRA,= {[1.003066/1.000625] — 1} x 4 = 0.009761, or 0.98% rounded.

19. B is correct. The fixed rate on the 2 x 5 FRA is calculated as

FRA( = {[1 + Lyty}/[1 + Lyty] — 1}/,

For a 2 x 5 FRA, the two rates needed to compute the no-arbitrage FRA fixed rate
are Lgy= 0.82% and L5, = 0.94%. Therefore, the no-arbitrage fixed rate on the 2 x
5 FRA rate is calculated as

FRA = {[1 + 0.0094(150/360))/[1 + 0.0082(60/360)] — 1}/(90/360)
FRA, = {[(1.003917/1.001367) — 1} x 4 = 0.010186, or 1.02% rounded.

20. A is correct. Given a three-month US dollar MRR of 1.10% at expiration, the set-
tlement amount for the bank as the pay-fixed (receive-floating) party is calculated
as

Settlement amount pay-fixed (receive floating)

=NA x {[L,, — FRA(]t,,}/[1 + Dt 1}
Settlement amount pay-fixed (receive floating)

=$20,000,000 x {[0.011 —0.0070] x (90/360))/[1 + 0.011(90/360)]}.
Settlement amount pay-fixed (receive floating)

= $20,000,000 x (0.001)/1.00275 = $19,945.15.

Therefore, the bank will receive $19,945 (rounded) as the receive-floating party.
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describe and interpret the binomial option valuation model and its
component terms

describe how the value of a European option can be analyzed as the
present value of the option’s expected payoff at expiration

identify an arbitrage opportunity involving options and describe the
related arbitrage

calculate the no-arbitrage values of European and American options
using a two-period binomial model

calculate and interpret the value of an interest rate option using a
two-period binomial model

identify assumptions of the Black—Scholes—Merton option valuation
model

interpret the components of the Black—Scholes—Merton model
as applied to call options in terms of a leveraged position in the
underlying

describe how the Black-Scholes—Merton model is used to value
European options on equities and currencies

describe how the Black model is used to value European options on
futures

describe how the Black model is used to value European interest rate
options and European swaptions

interpret each of the option Greeks
describe how a delta hedge is executed
describe the role of gamma risk in options trading

define implied volatility and explain how it is used in options trading
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INTRODUCTION

A contingent claim is a derivative instrument that provides its owner a right but not
an obligation to a payoff determined by an underlying asset, rate, or other derivative.
Contingent claims include options, the valuation of which is the objective of this
reading. Because many investments contain embedded options, understanding this
material is vital for investment management.

Our primary purpose is to understand how the values of options are determined.
Option values, as with the values of all financial instruments, are typically obtained
using valuation models. Any financial valuation model takes certain inputs and turns
them into an output that tells us the fair value or price. Option valuation models,
like their counterparts in the forward, futures, and swaps markets, are based on the
principle of no arbitrage, meaning that the appropriate price of an option is the one
that makes it impossible for any party to earn an arbitrage profit at the expense of
any other party. The price that precludes arbitrage profits is the value of the option.
Using that concept, we then proceed to introduce option valuation models using two
approaches. The first approach is the binomial model, which is based on discrete
time, and the second is the Black—Scholes—Merton (BSM) model, which is based on
continuous time.

The reading is organized as follows. Section 2 introduces the principles of the
no-arbitrage approach to pricing and valuation of options. In Section 3, the binomial
option valuation model is explored, and in Section 4, the BSM model is covered. In
Section 5, the Black model, being a variation of the BSM model, is applied to futures
options, interest rate options, and swaptions. Finally, in Section 6, the Greeks are
reviewed along with implied volatility. Section 7 provides a summary.

Principles of a No-Arbitrage Approach to Valuation

Our approach is based on the concept of arbitrage. Hence, the material will be covered
from an arbitrageur’s perspective. Key to understanding this material is to think like
an arbitrageur. Specifically, like most people, the arbitrageur would rather have more
money than less. The arbitrageur, as will be detailed later, follows two fundamental rules:

Rule #1 Do not use your own money.

Rule # 2 Do not take any price risk.

Clearly, if we can generate positive cash flows today and abide by both rules, we
have a great business—such is the life of an arbitrageur. If traders could create a port-
folio with no future liabilities and positive cash flow today, then it would essentially
be a money machine that would be attractive to anyone who prefers more cash to
less. In the pursuit of these positive cash flows today, the arbitrageur often needs to
borrow to satisfy Rule #1. In effect, the arbitrageur borrows the arbitrage profit to
capture it today and, if necessary, may borrow to purchase the underlying. Specifically,
the arbitrageur will build portfolios using the underlying instrument to synthetically
replicate the cash flows of an option. The underlying instrument is the financial instru-
ment whose later value will be referenced to determine the option value. Examples
of underlying instruments include shares, indexes, currencies, and interest rates. As
we will see, with options we will often rely on a specific trading strategy that changes
over time based on the underlying price behavior.

Based on the concept of comparability, the no-arbitrage valuation approach
taken here is built on the concept that if two investments have the same future cash
flows regardless of what happens, then these two investments should have the same
current price. This principle is known as the law of one price. In establishing these
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foundations of option valuation, the following key assumptions are made: (1) Replicating
instruments are identifiable and investable. (2) There are no market frictions, such as
transaction costs and taxes. (3) Short selling is allowed with full use of proceeds. (4)
The underlying instrument follows a known statistical distribution. (5) Borrowing and
lending at a risk-free interest rate is available. When we develop the models in this
reading, we will be more specific about what these assumptions mean, in particular
what we mean by a known statistical distribution.

In an effort to demonstrate various valuation results based on the absence of
arbitrage, we will rely heavily on cash flow tables, which are a representation of the
cash flows that occur during the life of an option. For example, if an initial investment
requires €100, then from an arbitrageur’s perspective, we will present it as a —€100
cash flow. If an option pays off ¥1,000, we will represent it as a +¥1,000 cash flow. That
is, cash outflows are treated as negative and inflows as positive.

We first demonstrate how to value options based on a two-period binomial model.
The option payoffs can be replicated with a dynamic portfolio of the underlying
instrument and financing. A dynamic portfolio is one whose composition changes
over time. These changes are important elements of the replicating procedure. Based
on the binomial framework, we then turn to exploring interest rate options using a
binomial tree. Although more complex, the general approach is shown to be the same.

The multiperiod binomial model is a natural transition to the BSM option valu-
ation model. The BSM model is based on the key assumption that the value of the
underlying instrument follows a statistical process called geometric Brownian motion.
This characterization is a reasonable way to capture the randomness of financial
instrument prices while incorporating a pre-specified expected return and volatil-
ity of return. Geometric Brownian motion implies a lognormal distribution of the
return, which implies that the continuously compounded return on the underlying
is normally distributed.

We also explore the role of carry benefits, meaning the reward or cost of holding
the underlying itself instead of holding the derivative on the underlying.

Next we turn to Fischer Black’s futures option valuation model (Black model) and
note that the model difference, versus the BSM model, is related to the underlying
futures contract having no carry costs or benefits. Interest rate options and swaptions
are valued based on simple modifications of the Black model.

Finally, we explore the Greeks, otherwise known as delta, gamma, theta, vega, and
rho. The Greeks are representations of the sensitivity of the option value to changes
in the factors that determine the option value. They provide comparative information
essential in managing portfolios containing options. The Greeks are calculated based
on an option valuation model, such as the binomial model, BSM model, or the Black
model. This information is model dependent, so managers need to carefully select the
model best suited for their particular situation. In the last section, we cover implied
volatility, which is a measure derived from a market option price and can be interpreted
as reflecting what investors believe is the volatility of the underlying.

The models presented here are useful first approximations for explaining observed
option prices in many markets. The central theme is that options are generally priced
to preclude arbitrage profits, which is not only a reasonable theoretical assumption
but is sufficiently accurate in practice.

We turn now to option valuation based on the binomial option valuation model.
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BINOMIAL OPTION VALUATION MODEL

] describe and interpret the binomial option valuation model and its
component terms

The binomial model is a valuable tool for financial analysts. It is particularly useful
as a heuristic device to understand the unique valuation approach used with options.
This model is extensively used to value path-dependent options, which are options
whose values depend not only on the value of the underlying at expiration but also
how it got there. The path-dependency feature distinguishes this model from the
Black—Scholes—Merton option valuation model (BSM model) presented in the next
section. The BSM model values only path-independent options, such as European
options, which depend on only the values of their respective underlyings at expiration.
One particular type of path-dependent option that we are interested in is American
options, which are those that can be exercised prior to expiration. In this section, we
introduce the general framework for developing the binomial option valuation models
for both European and American options.

The binomial option valuation model is based on the no-arbitrage approach to
valuation. Hence, understanding the valuation of options improves if one can under-
stand how an arbitrageur approaches financial markets. An arbitrageur engages in
financial transactions in pursuit of an initial positive cash flow with no possibility of a
negative cash flow in the future. As it appears, it is a great business if you can find it.!

To understand option valuation models, it is helpful to think like an arbitrageur.
The arbitrageur seeks to exploit any pricing discrepancy between the option price and
the underlying spot price. The arbitrageur is assumed to prefer more money compared
with less money, assuming everything else is the same. As mentioned earlier, there
are two fundamental rules for the arbitrageur.

Rule #1 Do not use your own money. Specifically, the arbitrageur does not
use his or her own money to acquire positions. Also, the arbitrageur
does not spend proceeds from short selling transactions on activi-
ties unrelated to the transaction at hand.

Rule # 2 Do not take any price risk. The focus here is only on market price
risk related to the underlying and the derivatives used. We do not
consider other risks, such as liquidity risk and counterparty credit
risk.

We will rely heavily on these two rules when developing option valuation models.
Remember, these rules are general in nature, and as with many things in finance,
there are nuances.

In Exhibit 1, the two key dates are the option contract initiation date (identified
as Time 0) and the option contract expiration date (identified as Time T). Based on
the no-arbitrage approach, the option value from the initiation date onward will be
estimated with an option valuation model.

1 There is not a one-to-one correspondence between arbitrage and great investment opportunities. An
arbitrage is certainly a great investment opportunity because it produces a risk-free profit with no invest-
ment of capital, but all great investment opportunities are not arbitrage. For example, an opportunity to
invest €1 today in return for a 99% chance of receiving €1,000,000 tomorrow or a 1% chance of receiving
€0 might appear to be a truly great investment opportunity, but it is not arbitrage because it is not risk
free and requires the investment of capital.
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Exhibit 1: lllustration of Option Contract Initiation and Expiration

Contract Contract
Initiation Expiration
t=0 t=T

Let S, denote the underlying instrument price observed at Time t, where t is expressed
as a fraction of a year. Similarly, St denotes the underlying instrument price observed
at the option expiration date, T. For example, suppose a call option had 90 days to
expiration when purchased (T = 90/365), but now only has 35 days to expiration (t =
55/365). Further, let ¢, denote a European-style call price at Time t and with expira-
tion on Date t = T, where both t and T are expressed in years. Similarly, let C; denote
an American-style call price. At the initiation date, the subscripts are omitted, thus
¢ = ¢y. We follow similar notation with a put, using the letter p, in place of c. Let X
denote the exercise price.?

For example, suppose on 15 April a 90-day European-style call option contract with
a 14 July expiration is initiated with a call price of ¢ = €2.50 and T = 90/365 = 0.246575.

At expiration, the call and put values will be equal to their intrinsic value or exercise
value. These exercise values can be expressed as

ct = Max(0,St — X) and
pr = Max(0,X - Sy),

respectively. If the option values deviate from these expressions, then there will be
arbitrage profits available. The option is expiring, there is no uncertainty remaining, and
the price must equal the market value obtained from exercising it or letting it expire.

Technically, European options do not have exercise values prior to expiration
because they cannot be exercised until expiration. Nonetheless, the notion of the value
of the option if it could be exercised, Max(0,S; — X) for a call and Max(0,X — S,) for a
put, forms a basis for understanding the notion that the value of an option declines with
the passage of time. Specifically, option values contain an element known as time value,
which is just the market valuation of the potential for higher exercise value relative to
the potential for lower exercise value. The time value is always non-negative because
of the asymmetry of option payoffs at expiration. For example, for a call, the upside is
unlimited, whereas the downside is limited to zero. At expiration, time value is zero.

Although option prices are influenced by a variety of factors, the underlying
instrument has a particularly significant influence. At this point, the underlying is
assumed to be the only uncertain factor affecting the option price. We now look in
detail at the one-period binomial option valuation model. The one-period binomial
model is foundational for the material that follows.

2 In financial markets, the exercise price is also commonly called the strike price.
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ONE-PERIOD BINOMIAL MODEL

] describe and interpret the binomial option valuation model and its
component terms

] describe how the value of a European option can be analyzed as the
present value of the option’s expected payoff at expiration

Exhibit 2 illustrates the one-period binomial process for an asset priced at S. In the
figure on the left, each dot represents a particular outcome at a particular point in
time in the binomial lattice. The dots are termed nodes. At the Time 0 node, there
are only two possible future paths in the binomial process, an up move and a down
move, termed arcs. The figure on the right illustrates the underlying price at each
node. At Time 1, there are only two possible outcomes: S* denotes the outcome when
the underlying goes up, and S~ denotes the outcome when the underlying goes down.

Exhibit 2: One-Period Binomial Lattice with Underlying Distribution

IHlustrated

S*

Node

At Time 1, there are only two possible outcomes and two resulting values of the under-
lying, S* (up occurs) and S~ (down occurs). Although the one-period binomial model
is clearly unrealistic, it will provide key insights into the more realistic multiperiod
binomial as well as the BSM model.

We further define the total returns implied by the underlying movements as

S+
u = 5 (up factor) and

d = % (down factor).

The up factors and down factors are the total returns; that is, one plus the rate
of return. The magnitudes of the up and down factors are based on the volatility of
the underlying. In general, higher volatility will result in higher up values and lower
down values.

We briefly review option valuation within a one-period binomial tree. With this
review, we can move quickly to option valuation within a two-period binomial lattice
by performing the one-period exercise three times.
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We consider the fair value of a two-period call option value measured at Time 1
when an up move occurs, that is c*. Based on arbitrage forces, we know this option
value at expiration is either

¢ = Max(0,S*" — X) = Max(0,u®S - X), or
¢ = Max(0,8" — X) = Max(0,udS — X).

At this point, we assume that there are no costs or benefits from owning the
underlying instrument. Now consider the transactions illustrated in Exhibit 3. These
transactions are presented as cash flows. Thus, if we write a call option, we receive
money at Time Step 0 and may have to pay out money at Time Step 1. Suppose the
first trade is to write or sell one call option within the single-period binomial model.
The value of a call option is positively related to the value of the underlying. That
is, they both move up or down together. Hence, by writing a call option, the trader
will lose money if the underlying goes up and make money if the underlying falls.
Therefore, to execute a hedge, the trader will need a position that will make money
if the underlying goes up. Thus, the second trade needs to be a long position in the
underlying. Specifically, the trader buys a certain number of units, h, of the underlying.
The symbol h is used because it represents a hedge ratio.

Note that with these first two trades, neither arbitrage rule is satisfied. The future
cash flow could be either —c™ + hS™ or —c* + hS* and can be positive or negative. Thus,
the cash flows at the Time Step 1 could result in the arbitrageur having to pay out
money if one of these values is less than zero. To resolve both of these issues, we set
the Time Step 1 cash flows equal to each other—that is, —c* + hS* = —¢™ + hS~—and
solve for the appropriate hedge ratio:

o

h=G=g =20 (1)
We determine the hedge ratio such that we are indifferent to the underlying going
up or down. Thus, we are hedged against moves in the underlying. A simple rule for
remembering this formula is that the hedge ratio is the value of the call if the under-
lying goes up minus the value of the call if the underlying goes down divided by the
value of the underlying if it goes up minus the value of the underlying if it goes down.
The up and down patterns are the same in the numerator and denominator, but the
numerator contains the option and the denominator contains the underlying.

Because call prices are positively related to changes in the underlying price, we
know that h is non-negative. As shown in Exhibit 3, we will buy h underlying units
as depicted in the second trade, and we will finance the present value of the net cash
flows as depicted in the third trade. If we assume r denotes the per period risk-free
interest rate, then the present value calculation, denoted as PV, is equal to 1/(1 + r).
We need to borrow or lend an amount such that the future net cash flows are equal
to zero. Therefore, we finance today the present value of —hS~ + ¢~ which also equals
—hS* + c*. At this point we do not know if the finance term is positive or negative,
thus we may be either borrowing or lending, which will depend on ¢, h, and S.

Exhibit 3: Writing One Call Hedge with h Units of the Underlying and

Finance

Time Step 1 Time Step 1
Strategy Time Step O Down Occurs Up Occurs
1) Write one call option +C —c” —c*t

2) Buy h underlying units -hS +hS~ +hS*
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Time Step 1 Time Step 1
Strategy Time Step O Down Occurs Up Occurs
3) Borrow or lend —PV(-hS~ +¢") -hS™ + ¢ —hS* + ¢t
= —PV(-hS* + c¢*)
Net Cash Flow +c —hS 0 0
—-PV(-hS~ + ¢7)

The value of the net portfolio at Time Step 0 should be zero or there is an arbitrage
opportunity. If the net portfolio has positive value, then arbitrageurs will engage in
this strategy, which will push the call price down and the underlying price up until
the net is no longer positive. We assume the size of the borrowing will not influence
interest rates. If the net portfolio has negative value, then arbitrageurs will engage in
the opposite strategy—buy calls, short sell the underlying, and lend—pushing the call
price up and the underlying price down until the net cash flow at Time 0 is no longer
positive. Therefore, within the single-period binomial model, we have

+¢—hS—-PV(-hS +¢) =0
or, equivalently,
+¢—hS —PV(-hS" +¢*) = 0.

Therefore, the no-arbitrage approach leads to the following single-period call option
valuation equation:

¢c=hS +PV(-hS +¢") 2

or, equivalently, ¢ = hS + PV(~hS* + ¢*). In words, long a call option is equal to owning
h shares of stock partially financed, where the financed amount is PV(-~hS™ + ¢7), or
using the per period rate, (-hS~ + ¢7)/(1 + r).3

We will refer to Equation 2 as the no-arbitrage single-period binomial option
valuation model. This equation is foundational to understanding the two-period
binomial as well as other option valuation models. The option can be replicated with
the underlying and financing, a point illustrated in the following example.

EXAMPLE 1

Long Call Option Replicated with Underlying and
Financing

1. Identify the trading strategy that will generate the payoffs of taking a long
position in a call option within a single-period binomial framework.

A. Buyh = (c* + ¢7)/(S* + S7) units of the underlying and financing of —
PV(-hS~ + ¢")
B. Buyh = (c* - ¢7)/(S* — S7) units of the underlying and financing of —
PV(-hS~ + ¢")
C. Shortsell h = (c* — ¢7)/(S* — S7) units of the underlying and financing
of +PV(-=hS~ + ¢7)
Solution:

B is correct. The following table shows the terminal payoffs to be identical
between a call option and buying the underlying with financing.

3 Or, by the same logic, PV(~hS* + ¢*), which is (<hS* + ¢*)/(1 + r).
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Time Step 1 Time Step 1

Strategy Time Step O Down Occurs Up Occurs

Buy 1 call option —C +c” +c*

OR A REPLICATING PORTFOLIO

Buy h underlying units -hS +hS~ +hS*

Borrow or lend —PV(-hS™ + ¢) -hS™ + ¢ —hS* + ¢t
= —-PV(-hS* + c%)

Net —hS - PV(~hS™ + +C~ +ct

c)

Recall that by design, h is selected such that —hS~ + ¢™ = -hS* + ct orh =
(c* = c)/(ST — S7). Therefore, a call option can be replicated with the under-
lying and financing. Specifically, the call option is equivalent to a leveraged
position in the underlying.

Thus, the no-arbitrage approach is a replicating strategy: A call option is synthet-
ically replicated with the underlying and financing. Following a similar strategy with
puts, the no-arbitrage approach leads to the following no-arbitrage single-period put
option valuation equation:

p=hS + PV(-hS™ + p) 3)
or, equivalently, p = hS + PV(-hS* + p*) where

piop
h=2r <o )

Because p* is less than p~, the hedge ratio is negative. Hence, to replicate a long
put position, the arbitrageur will short sell the underlying and lend a portion of the
proceeds. Note that a long put position would be replicated by trading h units of the
underlying. With h negative, this trade is a short sale, and because —h is positive, the
value —hS results in a positive cash flow at Time Step O.

EXAMPLE 2

Long Put Option Replicated with Underlying and
Financing

1. Identify the trading strategy that will generate the payoffs of taking a long
position in a put option within a single-period binomial framework.

A. Short sell -h = —(p*™ — p7)/(S* — S7) units of the underlying and
financing of ~-PV(~hS~ + p7)

B. Buy -h = (p* — p7)/(S* — S7) units of the underlying and financing of
-PV(-hS~ + p7)

C. Shortsell h = (p* — p7)/(S* — S7) units of the underlying and financing
of +PV(~hS™ + p7)

Solution:

A is correct. Before illustrating the replicating portfolio, we make a few
observations regarding the hedge ratio. Note that by design, h is selected
such that —hS~ + p~ = —hS* + p* or h = (p* — p7)/(S* — S7). Unlike calls, the
put hedge ratio is not positive (note that p* < p~ but S* > S7). Remember
that taking a position in —h units of the underlying is actually short selling
the underlying rather than buying it. The following table shows the terminal
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payoffs to be identical between a put option and a position in the underlying
with financing.

Time Step 1 Time Step 1

Strategy Time Step 0 Down Occurs Up Occurs

Buy 1 Put Option -p +p~ +p*

OR A REPLICATING PORTFOLIO

Short sell —h -hS +hS~ +hS*

Underlying Units

Borrow or Lend —-PV(-hS~ + p7) -hS~ +p~ —hS* + p*
= —-PV(=hS* + p*)

Net —hS = PV(-hS~ + p7) +p~ +p*

Therefore, a put option can be replicated with the underlying and financing.
Specifically, the put option is simply equivalent to a short position in the
underlying with financing in the form of lending.

What we have shown to this point is the no-arbitrage approach. Before turning
to the expectations approach, we mention, for the sake of completeness, that the
transactions for replicating the payoffs for writing options are the reverse for those
of buying them. Thus, for writing a call option, the writer will be selling stock short
and investing proceeds (i.e. lending), whereas for a put, the writer will be purchasing
stock on margin (i.e. borrowing). Once again, we see the powerful result that the same
basic conceptual structure is used for puts and calls, whether written or purchased.
Only the exercise and expiration conditions vary.

The no-arbitrage results that have been presented can be expressed as the present
value of a unique expectation of the option payoffs.* Specifically, the expectations
approach results in an identical value as the no-arbitrage approach, but it is usually
easier to compute. The formulas are viewed as follows:

¢ =PV[nc" + (1 —m)c] and 4)

p=PV[mp"+(1-mp] (6
where the probability of an up move is
n=[FV(1)—d]/(u-d)
Recall the future value is simply the reciprocal of the present value or FV(1) = 1/
PV(1). Thus, if PV(1) = 1/(1 + r), then FV(1) = (1 + r). Note that the option values

are simply the present value of the expected terminal option payoffs. The expected
terminal option payoffs can be expressed as

E(c;) = nc* + (1 — m)c™ and

E(p))=mnp"+ (1 -m)p~

where c¢; and p; are the values of the options at Time 1. The present value and future
value calculations are based on the risk-free rate, denoted r.> Thus, the option values
based on the expectations approach can be written and remembered concisely as

¢ = PV,[E(c;)] and

p =PV,[E(p))]

4 It takes a bit of algebra to move from the no-arbitrage expression to the present value of the expected
future payoffs, but the important point is that both expressions yield exactly the same result.
5 We will suppress “r” most of the time and simply denote the calculation as PV. The “r” will be used at

times to reinforce that the present value calculation is based on the risk-free interest rate.



© CFA Institute. For candidate use only. Not for distribution.

One-Period Binomial Model

The expectations approach to option valuation differs in two significant ways from
the discounted cash flow approach to securities valuation. First, the expectation is not
based on the investor’s beliefs regarding the future course of the underlying. That is,
the probability, m, is objectively determined and not based on the investor’s personal
view. This probability has taken several different names, including risk-neutral (RN)
probability. Importantly, we did not make any assumption regarding the arbitrageur’s
risk preferences: The expectations approach is a result of this arbitrage process, not
an assumption regarding risk preferences. Hence, they are called risk-neutral prob-
abilities. Although we called them probabilities from the very start, they are not the
true probabilities of up and down moves.

Second, the discount rate is not risk adjusted. The discount rate is simply based on
the estimated risk-free interest rate. The expectations approach here is often viewed
as superior to the discounted cash flow approach because both the subjective future
expectation as well as the subjective risk-adjusted discount rate have been replaced
with more objective measures.

EXAMPLE 3

Single-Period Binomial Call Value

A non-dividend-paying stock is currently trading at €100. A call option has one
year to mature, the periodically compounded risk-free interest rate is 5.15%, and
the exercise price is €100. Assume a single-period binomial option valuation
model, where u = 1.35 and d = 0.74.

1. The optimal hedge ratio will be closest to:

A. 0.57.

B. 0.60.

C 0.65.
Solution:

A is correct. Given the information provided, we know the following:
S*=uS =1.35(100) = 135

S~ =dS = 0.74(100) = 74

¢t = Max(0,uS — X) = Max(0,135 — 100) = 35

¢ = Max(0,dS — X) = Max(0,74 — 100) = 0

With this information, we can compute both the hedge ratio as well as the
call option value. The hedge ratio is:
h ct—c” 35-0

= &= = T35 = 0.573770

2. The call option value will be closest to:

A. €13.
B. €15.
C €17.
Solution:

C is correct. The risk-neutral probability of an up move is
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n=[FV(1) —d]/(u—d)=(1.0515 - 0.74)/(1.35 — 0.74) = 0.510656,
where FV(1) = (1 +r) = 1.0515.

Thus the call value by the expectations approach is

¢ =PV[rc" + (1 —m)c] = 0.951022[(0.510656)35 + (1 — 0.510656)0]
=€16.998,

where PV(1) = 1/(1 + r) = 1/(1.0515) = 0.951022.
Note that the call value by the no-arbitrage approach yields the same
answer:

¢ =hS + PV(-hS™ + ¢) = 0.573770(100) + 0.951022[0.573770(74) + 0] =
€16.998.

The value of a put option can also be found based on put—call parity. Put—call
parity can be remembered as simply two versions of portfolio insurance, long stock
and long put or lend and long call, where the exercise prices for the put and call are
identical. Put—call parity with symbols is

S+p=PV(X)+c (7)

Put—call parity holds regardless of the particular valuation model being used. Depending
on the context, this equation can be rearranged. For example, a call option can be
expressed as a position in a stock, financing, and a put, or

c=S-PVX)+p

EXAMPLE 4

Single-Period Binomial Put Value

1. You again observe a €100 price for a non-dividend-paying stock with the
same inputs as the previous box. That is, the call option has one year to
mature, the periodically compounded risk-free interest rate is 5.15%, the
exercise price is €100, u = 1.35, and d = 0.74. The put option value will be
closest to:

A. €12.00.
B. €12.10.
¢ €12.20.

Solution:

B is correct. For puts, we know the following:
p" = Max(0,100 — uS) = Max(0,100 — 135) = 0
p- = Max(0,100 — dS) = Max(0,100 — 74) = 26

With this information, we can compute the put option value based on
risk-neutral probability from the previous example or [recall that PV(1) =
0.951022]

p=PV[ap" + (1 — m)p] = 0.951022[(0.510656)0 + (1 — 0.510656)26] = €12.10
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Two-Period Binomial Model: Call Options

Therefore, in summary, option values can be expressed either in terms of replicating
portfolios or as the present value of the expected future cash flows. Both expressions
yield the same valuations.

TWO-PERIOD BINOMIAL MODEL: CALL OPTIONS

] describe and interpret the binomial option valuation model and its
component terms

] identify an arbitrage opportunity involving options and describe the
related arbitrage

The two-period binomial lattice can be viewed as three one-period binomial lattices,
as illustrated in Exhibit 4. Clearly, if we understand the one-period model, then the
process can be repeated three times. First, we analyze Box 1 and Box 2. Finally, based
on the results of Box 1 and Box 2, we analyze Box 3.

Exhibit 4: Two-Period Binomial Lattice as Three One-Period

Binomial Lattices

S 1
N
Iy
S+—:S—+
S \— +
S
S 2
| B B
0 1 2

At Time 2, there are only three values of the underlying, S** (an up move occurs
twice), S™ ~ (a down move occurs twice), and St~ = S™* (either an up move occurs
and then a down move or a down move occurs and then an up move). For computa-
tional reasons, it is extremely helpful that the lattice recombines—that is, St~ = S™%,
meaning that if the underlying goes up and then down, it ends up at the same price
as if it goes down and then up. A recombining binomial lattice will always have just
one more ending node in the final period than the number of time steps. In contrast,
a non-recombining lattice of n time steps will have 2" ending nodes, which poses a
tremendous computational challenge even for powerful computers.

For our purposes here, we assume the up and down factors are constant through-
out the lattice, ensuring that the lattice recombines—that is S*~ = S~*. For example,
assume u = 1.25, d = 0.8, and Sy = 100. Note that S*~ = 1.25(0.8)100 = 100 and S~*
= 0.8(1.25)100 = 100. So the middle node at Time 2 is 100 and can be reached from
either of two paths.

The two-period binomial option valuation model illustrates two important con-
cepts, self-financing and dynamic replication. Self-financing implies that the replicating
portfolio will not require any additional funds from the arbitrageur during the life of
this dynamically rebalanced portfolio. If additional funds are needed, then they are
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financed externally. Dynamic replication means that the payoffs from the option can
be exactly replicated through a planned trading strategy. Option valuation relies on
self-financing, dynamic replication.

Mathematically, the no-arbitrage approach for the two-period binomial model
is best understood as working backward through the binomial tree. At Time 2, the
payoffs are driven by the option’s exercise value.

For calls:

¢ = Max(0,S™ — X) = Max(0,u?S — X),
¢ = Max(0,S" — X) = Max(0,udS — X), and
¢~ =Max(0,S"~ - X) = Max(0,d*S - X)

For puts:
p™ = Max(0,X — S™) = Max(0,X — u?S),
pt™ =Max(0,X — S™) = Max(0,X — udS), and
P~ =Max(0,X — S~ ) = Max(0,X — d2S)

At Time 1, the option values are driven by the arbitrage transactions that syn-
thetically replicate the payoffs at Time 2. We can compute the option values at Time
1 based on the option values at Time 2 using the no-arbitrage approach based on
Equations 1 and 2. At Time 0, the option values are driven by the arbitrage transac-
tions that synthetically replicate the value of the options at Time 1 (again based on
Equations 1 and 2).

We illustrate the no-arbitrage approach for solving the two-period binomial call
value. Suppose the annual interest rate is 3%, the underlying stock is S = 72, u = 1.356,
d = 0.541, and the exercise price is X = 75. The stock does not pay dividends. Exhibit
5 illustrates the results.

Exhibit 5: Two-Period Binomial Tree with Call Values and Hedge Ratios

Ttem Value
Underlying 132.389
Item Value Call 57.389
Underlying 97.632
Call 33.43048
Item Value Hedge Ratio 0.72124
Item Value
Underlying 72
Underlying 52.81891
Call 19.47407
It val Call 0
Hedge Ratio 0.56971 em aue
Underlying 38.952
Item Value
Call 0
Underlying 21.07303
Hedge Ratio 0
Call 0

We now verify selected values reported in Exhibit 5. At Time Step 2 and assuming up
occurs twice, the underlying stock value is u?S = (1.356)272 = 132.389, and hence, the
call value is 57.389 [= Max(0,132.389 — 75)]. The hedge ratio at Time Step 1, assuming
up occurs once, is

++ +—
+ _ ¢ - _ 57.389 -0 _
ht = Stt—gt— — 132389 -52.819 0.72124
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The RN probability of an up move throughout this tree is
n=[FV(1) —d]/(u—d)=(1.03 - 0.541)/(1.356 — 0.541) = 0.6
With this information, we can compute the call price at Time 1 when an up move
occurs as
c=PV[rc™ + (1 —m)c™ ] =(1/1.03)[(0.6)57.389 + (1 — 0.6)0] = 33.43048
and at Time Step 0,

_crt—c¢ _ 3343048-0 _
h = ST—S  97.632-38.952 0.56971

Thus, the call price at the start is
c=PV[rc* + (1 - m)c7] = (1/1.03)[(0.6)33.43048 + (1 — 0.6)0] = 19.47

From the no-arbitrage approach, the call payoffs can be replicated by purchasing h
shares of the underlying and financing —-PV(-~hS~ + c¢7). Therefore, we purchase 0.56971
shares of stock for 41.019 [= 0.56971(72)] and borrow 21.545 {or in cash flow terms,
—21.545 = (1/1.03)[-0.56971(38.952) + 0]}, replicating the call values at Time 0. We
then illustrate Time 1 assuming that an up move occurs. The stock position will now
be worth 55.622 [= 0.56971(97.632)], and the borrowing must be repaid with interest
or 22.191 [= 1.03(21.545)]. Note that the portfolio is worth 33.431 (55.622 — 22.191),
the same value as the call except for a small rounding error. Therefore, the portfolio
of stock and the financing dynamically replicates the value of the call option.

The final task is to demonstrate that the portfolio is self-financing. Self-financing
can be shown by observing that the new portfolio at Time 1, assuming an up move
occurs, is equal to the old portfolio that was formed at Time 0 and liquidated at
Time 1. Notice that the hedge ratio rose from 0.56971 to 0.72124 as we moved from
Time O to Time 1, assuming an up move occurs, requiring the purchase of additional
shares. These additional shares will be financed with additional borrowing. The total
borrowing is 36.98554 {= —PV(-hS*~ + ¢*7) = — (1/1.03)[-0.72124(52.81891) +0]}.
The borrowing at Time O that is due at Time 1 is 22.191. The funds borrowed at Time
1 grew to 36.98554. Therefore, the strategy is self-financing.

The two-period binomial model can also be represented as the present value of
an expectation of future cash flows. Based on the one-period results, it follows by
repeated substitutions that

¢ =PV[ric™ + 2n(1 - m)c™ + (1 — m)%c ] (8)
and
p=PV[a?p™ + 2n(l —m)p™ + (1 —n)?p ] )

Therefore, the two-period binomial model is again simply the present value of
the expected future cash flows based on the RN probability. Again, the option values
are simply the present value of the expected terminal option payoffs. The expected
terminal option payoffs can be expressed as

E(cy) = n%c™ + 2n(1 —m)e™ + (1 —m)%c
and
E(py) = n2p"™ + 2n(1 — m)p*~+ (1 - m)2p

Thus, the two-period binomial option values based on the expectations approach
can be written and remembered concisely as

¢ = PV/[En(c,)] and

p = PV{[En(p,)]
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It is vital to remember that this present value is over two periods, so the discount
factor with discrete rates is PV = [1/(1 + r)2]. Recall the subscript “r” just emphasizes
the present value calculation and is based on the risk-free interest rate.

EXAMPLE 5

Two-Period Binomial Model Call Valuation

You observe a €50 price for a non-dividend-paying stock. The call option has
two years to mature, the periodically compounded risk-free interest rate is 5%,
the exercise price is €50, u = 1.356, and d = 0.744. Assume the call option is
European-style.

1. The probability of an up move based on the risk-neutral probability is closest
to:

A. 30%.
B. 40%.
C 50%.
Solution:

C is correct. Based on the RN probability equation, we have:

= [FV(1) - d}/(u — d) = [(1 + 0.05) — 0.744]/(1.356 — 0.744) = 0.5 or 50%

2. The current call option value is closest to:

A. €9.53.
B. €9.71.
€. €9.87.

Solution:

B is correct. The current call option value calculations are as follows:
¢ = Max(0,u®S — X) = Max[0,1.3562(50) — 50] = 41.9368
¢ =c¢™ = Max(0,udS — X) = Max[0,1.356(0.744)(50) — 50] = 0.44320
¢~ = Max(0,d%S — X) = Max[0,0.7442(50) — 50] = 0.0
With this information, we can compute the call option value:

¢ = PV[E(c,)] = PVt + 2n(1 — m)c* + (1 —m)%c ]

=[1/(1 + 0.05)]%[0.5241.9368 + 2(0.5)(1 — 0.5)0.44320 + (1 — 0.5)20.0]

=9.71

It is vital to remember that the present value is over two periods, hence the
single-period PV is squared. Thus, the current call price is €9.71.

3. The current put option value is closest to:

A. €5.06.
B. €5.33.
C €5.94.
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Solution:

A is correct. The put option value can be computed simply by applying put—
call parity or p = ¢ + PV(X) - S = 9.71 + [1/(1 + 0.05)]250 — 50 = 5.06. Thus,
the current put price is €5.06.

TWO-PERIOD BINOMIAL MODEL: PUT OPTIONS

] describe and interpret the binomial option valuation model and its
component terms

] calculate the no-arbitrage values of European and American options
using a two-period binomial model

We now turn to consider American-style options. It is well-known that call options
on non-dividend-paying stock will not be exercised early because the minimum price
of the option exceeds its exercise value. To illustrate by example, consider a call on
a US$100 stock, with an exercise price of US$10 (that is, very deep in the money).
Suppose the call is worth its exercise value of only US$90. To get stock exposure, one
could fund and pay US$100 to buy the stock, or fund and pay only US$90 for the call
and pay the last US$10 at expiration only if the stock is at or above US$100 at that
time. Because the latter choice is preferable, the call must be worth more than the
US$90 exercise value. Another way of looking at it is that it would make no sense to
exercise this call because you do not believe the stock can go any higher and you would
thus simply be obtaining a stock that you believe would go no higher. Moreover, the
stock would require that you pay far more money than you have tied up in the call.
It is always better to just sell the call in this situation because it will be trading for
more than the exercise value.

The same is not true for put options. By early exercise of a put, particularly a
deep in-the-money put, the sale proceeds can be invested at the risk-free rate and
earn interest worth more than the time value of the put. Thus, we will examine how
early exercise influences the value of an American-style put option. As we will see,
when early exercise has value, the no-arbitrage approach is the only way to value
American-style options.

Suppose the periodically compounded interest rate is 3%, the non-dividend-paying
underlying stock is currently trading at 72, the exercise price is 75, u = 1.356, d =
0.541, and the put option expires in two years. Exhibit 6 shows the results for a
European-style put option.
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Exhibit 6: Two-Period Binomial Model for a European-Style Put Option

Item Value
Underlying 132.389
Item Value Put 0
Underlying 97.632
Put 8.61401
Item Value Hedge Ratio —-0.27876
Item Value
Underlying 72
Underlying 52.81891
Put 18.16876
It Val Put 22.18109
Hedge Ratio ~0.43029 em alue
Underlying 38.952
Item Value
Put 33.86353
Underlying 21.07303
Hedge Ratio -1
Put 53.92697

The Time 1 down move is of particular interest. The exercise value for this put option
is 36.048 [= Max(0,75 — 38.952)]. Therefore, the exercise value is higher than the put
value. So, if this same option were American-style, then the option would be worth
more exercised than not exercised. Thus, the put option should be exercised. Exhibit
7 illustrates how the analysis changes if this put option were American-style. Clearly,
the right to exercise early translates into a higher value.

Exhibit 7: Two-Period Binomial Model for an American-Style Put Option

Item Value
Underlying 132.389
Item Value Put 0
Underlying 97.632
Put 8.61401
Item Value Hedge Ratio —-0.27876
Item Value
Underlying 72
Underlying 52.81891
Put :
19.01710 Item Value Put 2218109
Hedge Ratio Underlying 38.952
s ~0.46752 Ttem Value
Put 33-86353
! 36.04800 Underlying 21.07303
Hedge Ratio -1 Put 53.92697

American-style option valuation requires that one work backward through the binomial
tree and address whether early exercise is optimal at each step. In Exhibit 7, the early
exercise premium at Time 1 when a down move occurs is 2.18447 (36.048 — 33.86353).
Also, if we replace 33.86353 with 36.048—in bold below for emphasis—in the Time 0
calculation, we obtain a put value of

p=PV[ap" + (1 — m)p] = (1/1.03)[(0.6)8.61401 + (1 — 0.6)36.048] = 19.02

Thus, the early exercise premium at Time 0 is 0.85 (19.02 — 18.17). From this illustra-
tion, we see clearly that in a multiperiod setting, American-style put options cannot
be valued simply as the present value of the expected future option payouts, as shown
in Equation 9. American-style put options can be valued as the present value of the
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expected future option payout in a single-period setting. Hence, when early exercise is
a consideration, we must address the possibility of early exercise as we work backward
through the binomial tree.

EXAMPLE 6

Two-Period Binomial American-Style Put Option Valuation

1. Suppose you are given the following information: Sy = 26, X = 25, u = 1.466,
d = 0.656, n = 2 (time steps), r = 2.05% (per period), and no dividends. The
tree is provided in Exhibit 8.

Exhibit 8: Two-Period Binomial American-Style Put Option

Item Value
Underlying 55.87806
Ttem Value Put 0
Underlying 38.116
Put 0
Item Value Hedge Ratio 0
Item Value
Underlying 26
Underlying 25.00410
Put 4.01174
Put 0
Hedge Ratio 035345 ltem Value
Underlying 17.056
Item Value
Put 7.44360
Underlying 11.18874
Hedge Ratio —0.99970
Put 13.81126

The early exercise premium of the above American-style put option is closest
to:

A. 0.27.

B. 0.30.

C. 0.35.

Solution:

A is correct. The exercise value at Time 1 with a down move is 7.944 [=
Max(0,25 — 17.056)]. Thus, we replace this value in the binomial tree and
compute the hedge ratio at Time 0. The resulting put option value at Time 0
is thus 4.28143 (see Exhibit 9).
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Exhibit 9: Solution

Item Value
Underlying 55.87806
Item Value Put 0
Underlying 38.116
Put 0
Item Value Hedge Ratio 0
Item Value
Underlying 26
Underlying 25.00410
Put 40H74
428143 Item Value Put 0
Hedge Ratio =93 Underlying 17.056
g ~0.37721 Item Value
Put :
uf 7.94400 Underlying 11.18874
Hedge Ratio -0.99970 Put 13.81126

In Exhibit 9, the early exercise premium at Time 1 when a down move oc-
curs is 0.5004 (7.944 — 7.44360). Thus, if we replace 7.44360 with 7.944—in
bold below for emphasis—in the Time 0 calculation, we have the put value
of

p=PV[mp" + (1 — m)p] = (1/1.0205)[(0.45)0 + (1 — 0.45)7.944] = 4.28

Thus, the early exercise premium at Time 0 when a down move occurs 0.27
(= 4.28 — 4.01).

TWO-PERIOD BINOMIAL MODEL: ROLE OF
DIVIDENDS

] describe and interpret the binomial option valuation model and its
component terms

We now briefly introduce the role of dividend payments within the binomial model.
Our approach here is known as the escrow method. Because dividends lower the value
of the stock, a call option holder is hurt. Although it is possible to adjust the option
terms to offset this effect, most option contracts do not provide protection against
dividends. Thus, dividends affect the value of an option. We assume dividends are
perfectly predictable; hence, we split the underlying instrument into two components:
the underlying instrument without the known dividends and the known dividends.®
For example, the current value of the underlying instrument without dividends can
be expressed as

§=5- y
where y denotes the present value of dividend payments. We use the » symbol to denote
the underlying instrument without dividends. In this case, we model the uncertainty
of the stock based on § and not S. At expiration, the underlying instrument value is
the same, S = Sy, because we assume any dividends have already been paid. The
value of an investment in the stock, however, would be St + y, which assumes the
dividend payments are reinvested at the risk-free rate.

6 The reading focuses on regular, “known” dividends. In the case of large, special dividends, option
exchanges may adjust the exercise price.
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Two-Period Binomial Model: Role of Dividends

To illustrate by example, consider a call on a US$100 stock with exercise price of
US$95. The periodically compounded interest rate is 1.0%, the stock will pay a US$3
dividend at Time Step 1, u = 1.224, d = 0.796, and the call option expires in two years.
Exhibit 10 shows some results for an American-style call option. The computations
in Exhibit 10 involve several technical nuances that are beyond the scope of our
objectives. The key objective here is to see how dividend-motivated early exercise
influences American options.

The Time 1 up move is particularly interesting. At Time 0, the present value of
the US$3 dividend payment is US$2.970297 (= 3/1.01). Therefore, 118.7644 = (100
— 2.970297)1.224 is the stock value without dividends at Time 1, assuming an up
move occurs. The exercise value for this call option, including dividends, is 26.7644
[= Max(0,118.7644 + 3 — 95)], whereas the value of the call option per the binomial
model is 24.9344. In other words, the stock price just before it goes ex-dividend is
118.7644 + 3 = 121.7644, so the option can be exercised for 121.7644 — 95 = 26.7644.
If not exercised, the stock drops as it goes ex-dividend and the option becomes worth
24.9344 at the ex-dividend price. Thus, by exercising early, the call buyer acquires the
stock just before it goes ex-dividend and thus is able to capture the dividend. If the
call is not exercised, the call buyer will not receive this dividend. The American-style
call option is worth more than the European-style call option because at Time Step 1
when an up move occurs, the call is exercised early, capturing additional value.

Exhibit 10: Two-Period Binomial Model for an American-Style Call Option

with Dividends

Item Value
Underlying 145.3676
Ttem Value Call 50.3676
Underlying 118.7644
249344
Call 26.7644
Item Value
Hedge Ratio 0.9909 Item Value
Underlying 100
Underlying 94.5364
Call ’
al
13.2497 Ttem Value Call 0
Hedge Ratio Underlying 77.2356
s 0.6445 Ttem Value
Call 0 ,
Underlying 61.4796
Hedge Ratio 0
Call 0

We now provide a comprehensive binomial option valuation example. In this example,
we contrast European-style exercise with American-style exercise.

EXAMPLE 7

Comprehensive Two-Period Binomial Option Valuation
Model Exercise

Suppose you observe a non-dividend-paying Australian equity trading for A$7.35.
The call and put options have two years to mature, the periodically compounded
risk-free interest rate is 4.35%, and the exercise price is A$8.0. Based on an
analysis of this equity, the estimates for the up and down moves are u = 1.445
and d = 0.715, respectively.
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1. Calculate the European-style call and put option values at Time Step 0 and
Time Step 1. Describe and interpret your results.

Solution:
The expectations approach requires the following preliminary calculations:

RN probability: © = [FV(1) — d]/(u — d)

= [(1 + 0.0435) — 0.715]/(1.445 — 0.715) = 0.45
¢ = Max(0,u%S — X)

= Max[0,1.4452(7.35) — 8.0] = 7.347

¢t~ = Max(0,udS - X)

= Max[0,1.445(0.715)7.35 — 8.0] = 0

¢~ = Max(0,d%S — X)

= Max[0,0.715%(7.35) - 8.0]1 =0
p™" = Max(0,X — uS)

= Max[0,8.0 — 1.4452(7.35)] = 0
p"~ = Max(0,X — udS)

= Max[0,8.0 — 1.445(0.715)7.35] = 0.406
p~~ = Max(0,X — d2S)

= Max[0,8.0 — 0.715%(7.35)] = 4.24

Therefore, at Time Step 1, we have (note that ¢y | 1 is read as the call value
expiring at Time Step 2 observed at Time Step 1, assuming an up move

occurs)
E(cy|T) =mct + (1 —m)c™ = 0.45(7.347) + (1 — 0.45)0 = 3.31
E(cy|7) =me ™+ (1 —m)e = 0.45(0.0) + (1 - 0.45)0.0 = 0.0
E(py|T) =mp™ + (1 - mp* = 0.45(0.0) + (1 — 0.45)0.406 = 0.2233

E(py|7) =np ™+ (1 —m)p —=0.45(0.406) + (1 — 0.45)4.24 = 2.51

Thus, because PV 5(1) = 1/(1 + 0.0435) = 0.958313, we have the Time Step 1
option values of

gl — —
¢t =PV, [E(c2 1)] =0.958313(3.31) = 3.17
¢ =PV, [E (cz‘;) ] =0.958313(0.0) = 0.0
pt =PV, [E (pz T) ] = 0. 958313(0.2233) = 0.214
p =PV, [E (pzh) ] =0.958313(2.51) = 2.41

At Time Step 0, we have
E(cy|o) =n2c™ + 2n(1 —m)c™ + (1 —m)2c ~

= 0.452%(7.347) + 2(0.45)(1 — 0.45)0 + (1 — 0.45)20 = 1.488
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E(pylo) =n?p™ +20(1 - mp™ + (1 —m)?p -
= 0.452(0) + 2(0.45)(1 — 0.45)0.406 + (1 — 0.45)%4.24 = 1.484
Thus,

¢ =PV, [E (Cz ’ ) ) ] =0.91836(1.488) = 1.37 and

p=PVios [E <p2 | ) ] =0.91836(1.484) = 1.36

With the two-period binomial model, the call and put values based on the
expectations approach are simply the present values of the expected payoffs.
The present value of the expected payoffs is based on the risk-free interest
rate and the expectations approach is based on the risk-neutral probability.
The parameters in this example were selected so that the European-style

put and call would have approximately the same value. Notice that the stock
price is less than the exercise price by roughly the present value factor or
7.35 = 8.0/1.04352. One intuitive explanation is put—call parity, which can be
expressed as ¢ — p = S — PV(X). Thus, if S = PV(X), then ¢ = p.

2. Calculate the European-style call and put option hedge ratios at Time Step
0 and Time Step 1. Based on these hedge ratios, interpret the component
terms of the binomial option valuation model.

Solution:

The computation of the hedge ratios at Time Step 1 and Time Step 0 will re-
quire the option values at Time Step 1 and Time Step 2. The terminal values
of the options are given in Solution 1.

ST = u2S = 1.445%(7.35) = 15.347
S =udS = 1.445(0.715)7.35 = 7.594
S~ =d?S =0.715%(7.35) = 3.758

S* = uS = 1.445(7.35) = 10.621

S~ =dS =0.715(7.35) = 5.255

Therefore, the hedge ratios at Time 1 are

A
+ _cT"=c" _ 17347-00 _
he = gv—g—= = T5347-7.59% — 0.9476
_ ¢ t—c¢ 0.0 —-0.0 .
he = g7-g =~ 7593758 ~ 00
A=
L PP 00-0406
hy = g —g— = 153477594 ~ 0.05237
po = PP 0406-424 _
p T g g~ 7.594-3.758 :

In the last hedge ratio calculation, both put options are in the money (p~*
and p~ 7). In this case, the hedge ratio will be —1, subject to a rounding error.
We now turn to interpreting the model’s component terms. Based on the
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no-arbitrage approach, we have for the call price, assuming an up move has
occurred, at Time Step 1,

CJr = hCJrS+ + PV1,2 (_h;S+7 o C+7>

=0.9476(10.621) + (1/1.0435)[-0.9476(7.594) + 0.0] = 3.1684

Thus, the call option can be interpreted as a leveraged position in the stock.
Specifically, long 0.9476 shares for a cost of 10.0645 [= 0.9476(10.621)]
partially financed with a 6.8961 {= (1/1.0435)[-0.9476(7.594) + 0.0]} loan.
Note that the loan amount can be found simply as the cost of the position in
shares less the option value [6.8961 = 0.9476(10.621) — 3.1684]. Similarly, we
have

@ = h;S_ = Pvl’z (7}1;577 o (,’77>

= 0.0(5.255) + (1/1.0435)[-0.0(3.758) + 0.0] = 0.0

Specifically, long 0.0 shares for a cost of 0.0 [= 0.0(5.255)] with no financing.
For put options, the interpretation is different. Specifically, we have

+ + ¢+
pt =PV, (7hp+s+++p++> +hrS
= (1/1.0435)[(~0.05237)15.347 + 0.0] + (~0.05237)10.621 = 0.2140

Thus, the put option can be interpreted as lending that is partially financed
with a short position in shares. Specifically, short 0.05237 shares for a cost
of 0.55622 [= (~0.05237)10.621] with financing of 0.77022 {= (1/1.0435)[~
(=0.05237)15.347 + 0.0]}. Note that the lending amount can be found simply
as the proceeds from the short sale of shares plus the option value [0.77022
= (0.05237)10.621 + 0.2140]. Again, we have

p_ = PV172 <7hp,S,+ +p7+> + h;S_
— (1/1.0435)[~(~1.0)7.594 + 0.406] + (~1.0)5.255 = 2.4115

Here, we short 1.0 shares for a cost of 5.255 [= (-1.0)5.255] with financing of
7.6665 {= (1/1.0435)[—(~1.0)7.594 + 0.406]}. Again, the lending amount can
be found simply as the proceeds from the short sale of shares plus the option
value [7.6665 = (1.0)5.255 + 2.4115].

Finally, we have at Time Step 0

ho= ct—c” _ _3.1684-0
c St—98— 10.621 — 5.255

= 0.5905
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p = PP _ 02140-24115
p T sT—s- ~ 10.621-5.255

= —0.4095

The interpretations remain the same at Time Step 0:
¢=hS +PVj (-h,S™+¢)
= 0.5905(7.35) + (1/1.0435)[-0.5905(5.255) + 0.0] = 1.37

Here, we are long 0.5905 shares for a cost of 4.3402 [=0.5905(7.35)] partially
financed with a 2.97 {= (1/1.0435)[-0.5905(5.255) + 0.0] or = 0.5905(7.35) —
1.37} loan.

p="PV((-h,S"+p") +h,S
= (1/1.0435){-[-0.4095(10.621)] + 0.214} + (~0.4095)7.35 = 1.36

Here, we short 0.4095 shares for a cost of 3.01 [= (-0.4095)7.35] with financ-
ing of 4.37 (= (1/1.0435){—[-0.4095(10.621)] + 0.214} or = (0.4095)7.35 +
1.36).

3. Calculate the American-style call and put option values and hedge ratios at
Time Step 0 and Time Step 1. Explain how your results differ from the Euro-
pean-style results.

Solution:

We know that American-style call options on non-dividend-paying stock
are worth the same as European-style call options because early exercise will
not occur. Thus, as previously computed, c* = 3.17, ¢ = 0.0, and ¢ = 1.37.
Recall that the call exercise value (denoted with EV) is simply the maximum
of zero or the stock price minus the exercise price. We note that the EVs are
less than or equal to the call model values; that is,

¢y =Max(0,S" — X) = Max(0,10.621 — 8.0) = 2.621 (< 3.1684)
gy = Max(0,8~ — X) = Max(0,5.255 — 8.0) = 0.0 (= 0.0)
cpy = Max(0,S — X) = Max(0,7.35 — 8.0) = 0.0 (< 1.37)

Therefore, the American-style feature for non-dividend-paying stocks has
no effect on either the hedge ratio or the option value. The binomial model
for American-style calls on non-dividend-paying stocks can be described
and interpreted the same as a similar European-style call. This point is
consistent with what we said earlier. If there are no dividends, an Ameri-
can-style call will not be exercised early.

This result is not true for puts. We know that American-style put options on
non-dividend-paying stock may be worth more than the analogous Euro-
pean-style put options. The hedge ratios at Time Step 1 will be the same

as European-style puts because there is only one period left. Therefore, as
previously shown, p* = 0.214 and p~ = 2.41.

The put exercise values are

Py =Max(0,X — S) = Max(0,8.0 — 10.621) = 0 (< 0.214)
Py =Max(0,X — S7) = Max(0,8.0 — 5.255) = 2.745 (> 2.41)

Because the exercise value for the put at Time Step 1, assuming a down
move occurred, is greater than the model value, we replace the model value
with the exercise value. Hence,
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p~=2.745

and the hedge ratio at Time Step 0 will be affected. Specifically, we now have

h - P =pT  0.2140-2.745

p = g7 _s ~ 10621 —5255 ~ 04717

and thus the put model value is

p = (1/1.0435)[0.45(0.214) + 0.55(2.745)] = 1.54

Clearly, the early exercise feature has a significant impact on both the
hedge ratio and the put option value in this case. The hedge ratio goes from
—0.4095 to —0.4717. The put value is raised from 1.36 to 1.54.

We see through the simple two-period binomial model that an option can be viewed
as a position in the underlying with financing. Furthermore, this valuation model can
be expressed as the present value of the expected future cash flows, where the expec-
tation is taken under the RN probability and the discounting is at the risk-free rate.

Up to this point, we have focused on equity options. The binomial model can be
applied to any underlying instrument though often requiring some modifications.
For example, currency options would require incorporating the foreign interest rate.
Futures options would require a binomial lattice of the futures prices. Interest rate
options, however, require somewhat different tools that we now examine.

INTEREST RATE OPTIONS AND MULTIPERIOD MODEL

] calculate and interpret the value of an interest rate option using a
two-period binomial model

In this section, we will briefly illustrate how to value interest rate options. There are
a wide variety of approaches to valuing interest rate options. We do not delve into
how arbitrage-free interest rate trees are generated. The particular approach used here
assumes the RN probability of an up move at each node is 50%.

Exhibit 11 presents a binomial lattice of interest rates covering two years along
with the corresponding zero-coupon bond values. The rates are expressed in annual
compounding. Therefore, at Time 0, the spot rate is (1.0/0.970446) — 1 or 3.04540%.”
Note that at Time 1, the value in the column labeled “Maturity” reflects time to matu-
rity not calendar time. The lattice shows the rates on one-period bonds, so all bonds
have a maturity of 1. The column labeled “Value” is the value of a zero-coupon bond
with the stated maturity based on the rates provided.

7 The values in the first box from the left are observed at t = 0. The values in the remainder of the lattice
are derived by using a technique that is outside the scope of this reading.
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Exhibit 11: Two-Year Binomial Interest Rate Lattice by Year

Maturity Value Rate

) 1 0.961810 | 3.9706
Maturity Value Rate

1 0.962386 3.9084

Maturity Value Rate Maturity Value Rate

1 0.970446 3.0454 1 0.968484 3.2542

Maturity Value Rate

1 0.974627 | 2.6034

Maturity Value Rate

1 0.977906 2.2593

The underlying instrument for interest rate options here is the spot rate. A call option
on interest rates will be in the money when the current spot rate is above the exercise
rate. A put option on interest rates will be in the money when the current spot rate
is below the exercise rate. Thus, based on the notation in the previous section, the
current spot rate is denoted S. Option valuation follows the expectations approach
discussed in the previous section but taken only one period at a time. The procedure
is illustrated with an example.

EXAMPLE 8

Option on Interest Rates

1. This example is based on Exhibit 11. Suppose we seek to value two-year
European-style call and put options on the periodically compounded one-
year spot interest rate (the underlying). Assume the notional amount of the
options is US$1,000,000 and the call and put exercise rate is 3.25% of par.
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Assume the RN probability is 50% and these option cash settle at Time 2
based on the observed rates.’

Solution:

Using the expectations approach introduced in the last section, we have (per
US$1) at Time Step 2

ctt = Max(0,S™ — X) = Max[0,0.039706 — 0.0325] = 0.007206

¢t~ =Max(0,S* — X) = Max[0,0.032542 — 0.0325] = 0.000042

¢~ = Max(0,S" ~ — X) = Max[0,0.022593 — 0.0325] = 0.0

ptt = Max(0,X — S*") = Max[0,0.0325 — 0.039706] = 0.0

p = Max(0,X — S*) = Max[0,0.0325 — 0.032542] = 0.0

p~— = Max(0,X — S~ ) = Max[0,0.0325 — 0.022593] = 0.009907
At Time Step 1, we have

¢t =PV y[act + (1 -m)c™]

= 0.962386[0.5(0.007206) + (1 — 0.5)0.000042]

= 0.003488

¢ =PV lnc™ + (1 -m)c ]

— 0.974627[0.5(0.000042) + (1 — 0.5)0.0]

= 0.00002

p =PV np™ + (1 -mp"]

~ 0.962386[0.5(0.0) + (1 — 0.5)0.0]

=0.0

p =PV ,[mp™ + (1 -m)p ]

=0.974627[0.5(0.0) + (1 — 0.5)0.009907]

= 0.004828

Notice how the present value factors are different for the up and down
moves. At Time Step 1 in the + outcome, we discount by a factor of
0.962386, and in the — outcome, we discount by the factor 0.974627. Be-
cause this is an option on interest rates, it should not be surprising that we
have to allow the interest rate to vary.

8 In practice, interest rate options usually have a settlement procedure that results in a deferred payoff. The
deferred payoff arises from the fact that the underlying interest rate is based on an instrument that pays
interest at the end of its life. For the instrument underlying the interest rate, the interest payment occurs
after the interest has accrued. To accommodate this reality in this problem, we would have to introduce an
instrument that matures at time three. The purpose of this example is merely to illustrate the procedure
for rolling backward through an interest rate tree when the underlying is the interest rate. We simplify this
example by omitting this deferred settlement. In Section 5.2, we discuss in detail the deferred settlement
procedure and incorporate it into the pricing model.
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Therefore, at Time Step 0, we have
¢ = PVyp lne* + (1 - m)c-]
=(.970446[0.5(0.003488) + (1 — 0.5)0.00002]
=0.00170216
p =PV lmp" + (1 -m)p]
=0.970446[0.5(0.0) + (1 — 0.5)0.004828]

=0.00234266

Because the notional amount is US$1,000,000, the call value is US$1,702.16
[= US$1,000,000(0.00170216)] and the put value is US$2,342.66 [=
US$1,000,000(0.00234266)]. The key insight is to just work a two-period
binomial model as three one-period binomial models.

We turn now to briefly generalize the binomial model as it leads naturally to the
Black—Scholes—Merton option valuation model.

Multiperiod Model

The multiperiod binomial model provides a natural bridge to the Black—Scholes—
Merton option valuation model presented in the next section. The idea is to take the
option’s expiration and slice it up into smaller and smaller periods. The two-period
model divides the expiration into two periods. The three-period model divides expi-
ration into three periods and so forth. The process continues until you have a large
number of time steps. The key feature is that each time step is of equal length. Thus,
with a maturity of T, if there are n time steps, then each time step is T/n in length.

For American-style options, we must also test at each node whether the option is
worth more exercised or not exercised. As in the two-period case, we work backward
through the binomial tree testing the model value against the exercise value and always
choosing the higher one.

The binomial model is an important and useful methodology for valuing options.
The expectations approach can be applied to European-style options and will lead
naturally to the BSM model in the next section. This approach simply values the option
as the present value of the expected future payoffs, where the expectation is taken
under the risk-neutral probability and the discounting is based on the risk-free rate.
The no-arbitrage approach can be applied to either European-style or American-style
options because it provides the intuition for the fair value of options.

BLACK-SCHOLES-MERTON (BSM) OPTION VALUATION
MODEL

] identify assumptions of the Black—Scholes—Merton option valuation
model

109
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The BSM model, although very complex in its derivation, is rather simple to use and
interpret. The objective here is to illustrate several facets of the BSM model with the
objective of highlighting its practical usefulness. After a brief introduction, we examine
the assumptions of the BSM model and then delve into the model itself.

Introductory Material

Louis Bachelier published the first known mathematically rigorous option valuation
model in 1900. By the late 1960s, there were several published quantitative option
models. Fischer Black, Myron Scholes, and Robert Merton introduced the BSM model
in 1973 in two published papers, one by Black and Scholes and the other by Merton.
The innovation of the BSM model is essentially the no-arbitrage approach introduced
in the previous section but applied with a continuous time process, which is equivalent
to a binomial model in which the length of the time step essentially approaches zero.
It is also consistent with the basic statistical fact that the binomial process with a
“large” number of steps converges to the standard normal distribution. Myron Scholes
and Robert Merton won the 1997 Nobel Prize in Economics based, in part, on their
work related to the BSM model.? Let us now examine the BSM model assumptions.

Assumptions of the BSM Model

The key assumption for option valuation models is how to model the random nature
of the underlying instrument. This characteristic of how an asset evolves randomly is
called a stochastic process. Many financial instruments enjoy limited liability; hence,
the values of instruments cannot be negative, but they certainly can be zero. In 1900,
Bachelier proposed the normal distribution. The key advantages of the normal distri-
bution are that zero is possible, meaning that bankruptcy is allowable, it is symmetric,
it is relatively easy to manipulate, and it is additive (which means that sums of normal
distributions are normally distributed). The key disadvantage is that negative stock
values are theoretically possible, which violates the limited liability principal of stock
ownership. Based on research on stock prices in the 1950s and 1960s, a preference
emerged for the lognormal distribution, which means that log returns are distributed
normally. Black, Scholes, and Merton chose to use the lognormal distribution.
Recall that the no-arbitrage approach requires self-financing and dynamic repli-
cation; we need more than just an assumption regarding the terminal distribution of
the underlying instrument. We need to model the value of the instrument as it evolves
over time, which is what we mean by a stochastic process. The stochastic process
chosen by Black, Scholes, and Merton is called geometric Brownian motion (GBM).
Exhibit 12 illustrates GBM, assuming the initial stock price is S = 50. We assume
the stock will grow at 3% (u = 3% annually, geometrically compounded rate). This
GBM process also reflects a random component that is determined by a volatility (o) of
45%. This volatility is the annualized standard deviation of continuously compounded
percentage change in the underlying, or in other words, the log return. Note that as a
particular sample path drifts upward, we observe more variability on an absolute basis,
whereas when the particular sample path drifts downward, we observe less variability
on an absolute basis. For example, examine the highest and lowest lines shown in
Exhibit 12. The highest line is much more erratic than the lowest line. Recall that a
10% move in a stock with a price of 100 is 10 whereas a 10% move in a stock with a
price of 10 is only 1. Thus, GBM can never hit zero nor go below it. This property is

9 Fischer Black passed away in 1995 and the Nobel Prize is not awarded posthumously.
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appealing because many financial instruments enjoy limited liability and cannot be
negative. Finally, note that although the stock movements are rather erratic, there are
no large jumps—a common feature with marketable financial instruments.

Exhibit 12: Geometric Brownian Motion Simulation (S =50, p=3%, o =

45%)
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Within the BSM model framework, it is assumed that all investors agree on the dis-

tributional characteristics of GBM except the assumed growth rate of the underlying.

This growth rate depends on a number of factors, including other instruments and

time. The standard BSM model assumes a constant growth rate and constant volatility.
The specific assumptions of the BSM model are as follows:

= The underlying follows a statistical process called geometric Brownian
motion, which implies that the continuously compounded return is nor-
mally distributed.

=  Geometric Brownian motion implies continuous prices, meaning that the
price of underlying instrument does not jump from one value to another;
rather, it moves smoothly from value to value.

= The underlying instrument is liquid, meaning that it can be easily bought
and sold.

= Continuous trading is available, meaning that in the strictest sense one must
be able to trade at every instant.

= Short selling of the underlying instrument with full use of the proceeds is
permitted.

= There are no market frictions, such as transaction costs, regulatory con-
straints, or taxes.

= No arbitrage opportunities are available in the marketplace.

= The options are European-style, meaning that early exercise is not allowed.

m
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= The continuously compounded risk-free interest rate is known and constant;
borrowing and lending is allowed at the risk-free rate.

= The volatility of the return on the underlying is known and constant.
= If the underlying instrument pays a yield, it is expressed as a continuous

known and constant yield at an annualized rate.

Naturally, the foregoing assumptions are not absolutely consistent with real financial
markets, but, as in all financial models, the question is whether they produce models
that are tractable and useful in practice, which they do.

EXAMPLE 9

BSM Model Assumptions

1. Which is the correct pair of statements? The BSM model assumes:
A. the return on the underlying has a normal distribution. The price of
the underlying can jump abruptly to another price.

B. brokerage costs are factored into the BSM model. It is impossible to
trade continuously.

(. volatility can be predicted with certainty. Arbitrage is non-existent in
the marketplace.

Solution:

C is correct. All four of the statements in A and B are incorrect within the
BSM model paradigm.

BSM MODEL: COMPONENTS

] interpret the components of the Black—Scholes—Merton model
as applied to call options in terms of a leveraged position in the
underlying

We turn now to a careful examination of the BSM model.

The BSM model is a continuous time version of the discrete time binomial model.
Given that the BSM model is based on continuous time, it is customary to use a con-
tinuously compounded interest rate rather than some discretely compounded alter-
native. Thus, when an interest rate is used here, denoted simply as r, we mean solely
the annualized continuously compounded rate.10 The volatility, denoted as o, is also
expressed in annualized percentage terms. Initially, we focus on a non-dividend-paying
stock. The BSM model, with some adjustments, applies to other underlying instru-
ments, which will be examined later.

The BSM model for stocks can be expressed as

¢ =SN(d,) — e "TXN(d,) (10)
and
p = ¢ "TXN(-d,) — SN(-d,) (11)

10 Note e" =1 + ry, where ryq is the annually compounded rate.
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where

IS0+ (r+0%/2)T
oNT

S
|

d2 = dl_O'\/T

N(x) denotes the standard normal cumulative distribution function, which is the
probability of obtaining a value of less than x based on a standard normal distribu-
tion. In our context, x will have the value of d; or d,. N(x) reflects the likelihood of
observing values less than x from a random sample of observations taken from the
standard normal distribution.

Although the BSM model appears very complicated, it has straightforward inter-
pretations that will be explained. N(x) can be estimated by a computer program or
a spreadsheet or approximated from a lookup table. The normal distribution is a
symmetric distribution with two parameters, the mean and standard deviation. The
standard normal distribution is a normal distribution with a mean of 0 and a standard
deviation of 1.

Exhibit 13 illustrates the standard normal probability density function (the standard
bell curve) and the cumulative distribution function (the accumulated probability and
range of 0 to 1). Note that even though GBM is lognormally distributed, the N(x)
functions in the BSM model are based on the standard normal distribution. In Exhibit
13, we see that if x = —1.645, then N(x) = N(-1.645) = 0.05. Thus, if the model value
of d is —1.645, the corresponding probability is 5%. Clearly, values of d that are less
than 0 imply values of N(x) that are less than 0.5. As a result of the symmetry of the
normal distribution, we note that N(-x) = 1 — N(x).

Exhibit 13: Standard Normal Distribution
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The BSM model can be described as the present value of the expected option payoff
at expiration. Specifically, we can express the BSM model for calls as ¢ = PV, [E(cT)]
and for puts as p = PV, [E(py)], where E(cy) = SerTN(dl) — XN(d,) and E(py) = XN(-
d,) - SerTN(—dl). The present value term in this context is simply e T As with
most valuation tasks in finance, the value today is simply the present value of the
expected future cash flows. It is important to note that the expectation is based on the
risk-neutral probability measure defined in Section 3.1. The expectation is not based

113



© CFA Institute. For candidate use only. Not for distribution.
114 Learning Module 2 Valuation of Contingent Claims

on the investor’s subjective beliefs, which reflect an aversion to risk. Also, the present
value function is based on the risk-free interest rate not on the investor’s required
return on invested capital, which of course is a function of risk.

Alternatively, the BSM model can be described as having two components: a
stock component and a bond component. For call options, the stock component
is SN(d;) and the bond component is e‘rTXN(dZ), The BSM model call value is the
stock component minus the bond component. For put options, the stock component
is SN(~d;) and the bond component is e "TXN(~d,). The BSM model put value is the
bond component minus the stock component.

The BSM model can be interpreted as a dynamically managed portfolio of the
stock and zero-coupon bonds.!! The goal is to replicate the option payoffs with
stocks and bonds. For both call and put options, we can represent the initial cost of
this replicating strategy as

Replicating strategy cost = ngS + ngB

where the equivalent number of underlying shares is ng = N(d;) > 0 for calls and
ng = —N(—d;) < 0 for puts. The equivalent number of bonds is ng = —-N(d,) < 0 for
calls and ng = N(=d,) > 0 for puts. The price of the zero-coupon bond is B = e "TX.
Note, if n is positive, we are buying the underlying and if n is negative we are selling
(short selling) the underlying. The cost of the portfolio will exactly equal either the
BSM model call value or the BSM model put value.

For calls, we are simply buying stock with borrowed money because ng > 0 and
ng < 0. Again the cost of this portfolio will equal the BSM model call value, and if
appropriately rebalanced, then this portfolio will replicate the payoff of the call option.
Therefore, a call option can be viewed as a leveraged position in the stock.

Similarly, for put options, we are simply buying bonds with the proceeds from
short selling the underlying because ng < 0 and ng > 0. The cost of this portfolio will
equal the BSM model put value, and if appropriately rebalanced, then this portfolio will
replicate the payoff of the put option. Note that a short position in a put will result in
receiving money today and ng > 0 and ng < 0. Therefore, a short put can be viewed as
an over-leveraged or over-geared position in the stock because the borrowing exceeds
100% of the cost of the underlying.

Exhibit 14 illustrates the direct comparison between the no-arbitrage approach
to the single-period binomial option valuation model and the BSM option valuation
model. The parallel between the h term in the binomial model and N(d,) is easy to
see. Recall that the term hedge ratio was used with the binomial model because we
were creating a no-arbitrage portfolio. Note for call options, —-N(d,) implies borrowing
money or short selling N(d,) shares of a zero-coupon bond trading at e"TX. For put
options, N(-d,) implies lending money or buying N(-d,) shares of a zero-coupon
bond trading at e "TX.

Exhibit 14: BSM and Binomial Option Valuation Model Comparison

Call Option Put Option
Option Valuation Model Terms Underlying Financing Underlying Financing
Binomial Model hS PV(-hS™ +¢) hS PV(-hS™ +p7)
BSM Model N(d,)S —N(d,)e"TX —N(-d;)S N(=dy)e X

11 When covering the binomial model, the bond component was generically termed financing. This com-
ponent is typically handled with bank borrowing or lending. With the BSM model, it is easier to understand
as either buying or short selling a risk-free zero-coupon bond.
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BSM Model: Components

If the value of the underlying, S, increases, then the value of N(d;) also increases
because S has a positive effect on d;. Thus, the replicating strategy for calls requires
continually buying shares in a rising market and selling shares in a falling market.

Within the BSM model theory, the aggregate losses from this “buy high/sell low”
strategy, over the life of the option, adds up exactly to the BSM model option premium
received for the option at inception.!2 This result must be the case; otherwise there
would be arbitrage profits available. Because transaction costs are not, in fact, zero,
the frequent rebalancing by buying and selling the underlying adds significant costs
for the hedger. Also, markets can often move discontinuously, contrary to the BSM
model’s assumption that prices move continuously, thus allowing for continuous hedg-
ing adjustments. Hence, in reality, hedges are imperfect. For example, if a company
announces a merger, then the company’s stock price may jump substantially higher,
contrary to the BSM model’s assumption.

In addition, volatility cannot be known in advance. For these reasons, options are
typically more expensive than they would be as predicted by the BSM model theory.
In order to continue using the BSM model, the volatility parameter used in the for-
mula is usually higher (by, say, 1% or 2%, but this can vary a lot) than the volatility of
the stock actually expected by market participants. We will ignore this point for now,
however, as we focus on the mechanics of the model.

EXAMPLE 10

lllustration of BSM Model Component Interpretation

Suppose we are given the following information on call and put options on a
stock: S = 100, X = 100, r = 5%, T = 1.0, and ¢ = 30%. Thus, based on the BSM
model, it can be demonstrated that PV(X) = 95.123, d; = 0.317, d, = 0.017, N(d,)
= 0.624, N(d,) = 0.507, N(~d,) = 0.376, N(~d,) = 0.493, c = 14.23, and p = 9.35.

1. The initial trading strategy required by the no-arbitrage approach to repli-
cate the call option payoffs for a buyer of the option is:

A. buy 0.317 shares of stock and short sell —0.017 shares of zero-coupon

bonds.
B. buy 0.624 shares of stock and short sell 0.507 shares of zero-coupon
bonds.
C. short sell 0.317 shares of stock and buy 0.017 shares of zero-coupon
bonds.
Solution:

B is correct. The no-arbitrage approach to replicating the call option in-
volves purchasing ng = N(d;) = 0.624 shares of stock partially financed with
ng = —N(d,) = —0.507 shares of zero-coupon bonds priced at B = Xe™"T =
95.123 per bond. Note that by definition the cost of this replicating strategy
is the BSM call model value or ngS + ngB = 0.624(100) + (-0.507)95.123 =
14.17. Without rounding errors, the option value is 14.23.

2. Identify the initial trading strategy required by the no-arbitrage approach to
replicate the put option payoffs for a buyer of the put.

A. Buy 0.317 shares of stock and short sell —0.017 shares of zero-coupon
bonds.

12 The validity of this claim does not rest on the validity of the BSM model assumptions; rather the validity
depends only on whether the BSM model accurately predicts the replication cost.

115



© CFA Institute. For candidate use only. Not for distribution.
116 Learning Module 2 Valuation of Contingent Claims

B. Buy 0.624 shares of stock and short sell 0.507 shares of zero-coupon

bonds.
C. Short sell 0.376 shares of stock and buy 0.493 shares of zero-coupon
bonds.
Solution:

C is correct. The no-arbitrage approach to replicating the put option is
similar. In this case, we trade ng = —N(—d;) = —0.376 shares of stock—spe-
cifically, short sell 0.376 shares—and buy ng = N(-d,) = 0.493 shares of
zero-coupon bonds. Again, the cost of the replicating strategy is ngS + ngB
=—0.376(100) + (0.493)95.123 = 9.30. Without rounding errors, the option
value is 9.35. Thus, to replicate a call option based on the BSM model, we
buy stock on margin. To replicate a put option, we short the stock and buy
zero-coupon bonds.

Note that the N(d,) term has an additional important interpretation. It is a unique
measure of the probability that the call option expires in the money, and correspond-
ingly, 1 — N(d,) = N(-d,) is the probability that the put option expires in the money.
Specifically, the probability based on the RN probability of being in the money, not
one’s own estimate of the probability of being in the money nor the market’s estimate.
That is, N(dy) = Prob(St > X) based on the unique RN probability.

BSM MODEL: CARRY BENEFITS AND APPLICATIONS

] describe how the Black-Scholes—Merton model is used to value
European options on equities and currencies

We now turn to incorporating various carry benefits into the BSM model. Carry ben-
efits include dividends for stock options, foreign interest rates for currency options,
and coupon payments for bond options. For other underlying instruments, there are
carry costs that can easily be treated as negative carry benefits, such as storage and
insurance costs for agricultural products. Because the BSM model is established in
continuous time, it is common to model these carry benefits as a continuous yield,
denoted generically here as y© or simply y.

The BSM model requires a few adjustments to accommodate carry benefits. The
carry benefit-adjusted BSM model is

¢ = Se"TN(d,) — e "TXN(d,) (12)
and

p = e "TXN(-d,) — Se YTN(-d,) (13)
where

_ In(S/0 + (r—y+o2/2)T
L oNT
Note that d, can be expressed again simply as d, = d; — 0VT. The value of a put
option can also be found based on the carry benefit-adjusted put—call parity:

p+Se?T=c+eTX (14)




© CFA Institute. For candidate use only. Not for distribution.

BSM Model: Carry Benefits and Applications

The carry benefit-adjusted BSM model can again be described as the present value
of the expected option payoff at expiration. Now, however, E(ct) = Se(r‘Y)TN(dl)
— XN(d,) and E(py) = XN(-d,) — Se(r‘Y)TN(—dl). The present value term remains
simply e~*T. Carry benefits will have the effect of lowering the expected future value
of the underlying

Again, the carry benefit adjusted BSM model can be described as having two
components, a stock component and a bond component. For call options, the stock
component is Se™YTN(d;) and the bond component is again e *TXN(d,). For put
options, the stock component is Se™YTN(-d;) and the bond component is again
e "TXN(~d,). Although both d; and d, are reduced by carry benefits, the general
approach to valuation remains the same. An increase in carry benefits will lower the
value of the call option and raise the value of the put option.

Note that N(d,) term continues to be interpreted as the RN probability of a call
option being in the money. The existence of carry benefits has the effect of lowering
d; and d,, hence the probability of being in the money with call options declines as
the carry benefit rises. This RN probability is an important element to describing how
the BSM model is used in various valuation tasks.

For stock options, y = §, which is the continuously compounded dividend yield.
The dividend-yield BSM model can again be interpreted as a dynamically managed
portfolio of the stock and zero coupon bonds. Based on the call model above applied
to a dividend yielding stock, the equivalent number of units of stock is now ng = e~
6TN(d1) > 0 and the equivalent number of units of bonds remains ng = -N(d,) < 0.
Similarly with puts, the equivalent number of units of stock is now ng = —e"¥TN(-d,)
< 0 and the equivalent number of units of bonds again remains ng = N(-d,) > 0.

With dividend paying stocks, the arbitrageur is able to receive the benefits of
dividend payments when long the stock and has to pay dividends when short the
stock. Thus, the burden of carrying the stock is diminished for a long position. The
key insight is that dividends influence the dynamically managed portfolio by lowering
the number of shares to buy for calls and raising the number of shares to short sell for
puts. Higher dividends will lower the value of d;, thus lowering N(d;). Also, higher
dividends will lower the number of bonds to short sell for calls and raise the number
of bonds to buy for puts.

EXAMPLE 11

BSM Model Applied to Equities

Suppose we are given the following information on an underlying stock and
options: S = 60, X = 60, r = 2%, T = 0.5, § = 2%, and o = 45%. Assume we are
examining European-style options.

1. Which answer best describes how the BSM model is used to value a call
option with the parameters given?

A. The BSM model call value is the exercise price times N(d;) less the
present value of the stock price times N(d,).

B. The BSM model call value is the stock price times e‘STN(dl) less the
exercise price times e "TN(d,).

(. The BSM model call value is the stock price times e‘éTN(—dl) less the

present value of the exercise price times e "TN(-d,).

Solution:

B is correct. The BSM call model for a dividend-paying stock can be ex-
pressed as Se“STN(dl) - Xe‘rTN(dz).
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2. Which answer best describes how the BSM model is used to value a put
option with the parameters given?

A. The BSM model put value is the exercise price times N(d;) less the
present value of the stock price times N(d,).

B. The BSM model put value is the exercise price times e‘6TN(—d2) less
the stock price times e‘rTN(—dz).

(. The BSM model put value is the exercise price times e‘rTN(—dz) less
the stock price times e’STN(—dl).

Solution:

C is correct. The BSM put model for a dividend-paying stock can be ex-
pressed as Xe‘rTN(—dZ) - Se‘5TN(—d1).

3. Suppose now that the stock does not pay a dividend—that is, & = 0%. Identi-
fy the correct statement.

A. The BSM model option value is the same as the previous problems
because options are not dividend adjusted.

B. The BSM model option values will be different because there is an
adjustment term applied to the exercise price, that is e=9T, which will
influence the option values.

(. The BSM model option value will be different because d;, dy, and the
stock component are all adjusted for dividends.

Solution:

C is correct. The BSM model option value will be different because d;, d,,
and the stock component are all adjusted for dividends.

EXAMPLE 12

How the BSM Model Is Used to Value Stock Options

1. Suppose that we have some Bank of China shares that are currently trading
on the Hong Kong Stock Exchange at HKD4.41. Our view is that the Bank
of China’s stock price will be steady for the next three months, so we decide
to sell some three-month out-of-the-money calls with exercise price at 4.60
in order to enhance our returns by receiving the option premium. Risk-
free government securities are paying 1.60% and the stock is yielding HKD
0.24%. The stock volatility is 28%. We use the BSM model to value the calls.

Which statement is correct? The BSM model inputs (underlying, exercise,
expiration, risk-free rate, dividend yield, and volatility) are:

A. 4.60, 4.41, 3, 0.0160, 0.0024, and 0.28.

B. 4.41, 4.60, 0.25, 0.0160, 0.0024, and 0.28.

C 4.41,4.41,0.3,0.0160, 0.0024, and 0.28.

Solution:

B is correct. The spot price of the underlying is HKD4.41. The exercise price
is HKD4.60. The expiration is 0.25 years (three months). The risk-free rate is
0.016. The dividend yield is 0.0024. The volatility is 0.28.
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BSM Model: Carry Benefits and Applications

For foreign exchange options, y = rf, which is the continuously compounded foreign
risk-free interest rate. When quoting an exchange rate, we will give the value of the
domestic currency per unit of the foreign currency. For example, Japanese yen (¥) per
unit of the euro (€) will be expressed as the euro trading for ¥135 or succinctly 135¥/€.
This is called the foreign exchange spot rate. Thus, the foreign currency, the euro, is
expressed in terms of the Japanese yen, which is in this case the domestic currency.
This is logical, for example, when a Japanese firm would want to express its foreign
euro holdings in terms of its domestic currency, Japanese yen.

With currency options, the underlying instrument is the foreign exchange spot
rate. Again, the carry benefit is the interest rate in the foreign country because the
foreign currency could be invested in the foreign country’s risk-free instrument. Also,
with currency options, the underlying and the exercise price must be quoted in the
same currency unit. Lastly, the volatility in the model is the volatility of the log return
of the spot exchange rate. Each currency option is for a certain quantity of foreign
currency, termed the notional amount, a concept analogous to the number of shares
of stock covered in an option contract. The total cost of the option would be obtained
by multiplying the formula value by the notional amount in the same way that one
would multiply the formula value of an option on a stock by the number of shares
the option contract covers.

The BSM model applied to currencies can be described as having two components,
a foreign exchange component and a bond component. For call options, the foreign
exchange componentis Se TN (d,) and the bond component is e "TXN(d,), where

r is the domestic risk-free rate. The BSM call model applied to currencies is simply
the foreign exchange component minus the bond component. For put options, the
foreign exchange component is Se ™" TN (-d,) and the bond component is e T XN(—

d,). The BSM put model applied to currencies is simply the bond component minus
the foreign exchange component. Remember that the underlying is expressed in terms
of the domestic currency.

EXAMPLE 13

BSM Model Applied to Value Options on Currency

A Japanese camera exporter to Europe has contracted to receive fixed euro (€)
amounts each quarter for his goods. The spot price of the currency pair is 135¥/€.
If the exchange rate falls to, say, 130¥/€, then the yen will have strengthened
because it will take fewer yen to buy one euro. The exporter is concerned that
the yen will strengthen because in this case, his forthcoming fixed euro will buy
fewer yen. Hence, the exporter is considering buying an at-the-money spot euro
put option to protect against this fall; this in essence is a call on yen. The Japanese
risk-free rate is 0.25% and the European risk-free rate is 1.00%.

1. What are the underlying and exercise prices to use in the BSM model to get
the euro put option value?

A. 1/135;1/135

B. 135; 135
C. 135;130
Solution:

B is correct. The underlying is the spot FX price of 135 ¥/€. Because the put
is at-the-money spot, the exercise price equals the spot price.
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2. What are the risk-free rate and the carry rate to use in the BSM model to get
the euro put option value?
A. 0.25%; 1.00%
B. 0.25%; 0.00%
(. 1.00%; 0.25%

Solution:

A is correct. The risk-free rate to use is the Japanese rate because the
Japanese yen is the domestic currency unit per the exchange rate quoting
convention. The carry rate is the foreign currency’s risk-free rate, which is
the European rate.

BLACK OPTION VALUATION MODEL AND EUROPEAN
OPTIONS ON FUTURES

] describe how the Black model is used to value European options on
futures

We turn now to examine a modification of the BSM model when the underlying is a
forward or futures contract.

In 1976, Fischer Black introduced a modified version of the BSM model approach
that is applicable to options on underlying instruments that are costless to carry, such
as options on futures contracts—for example, equity index futures—and options on
forward contracts. The latter include interest rate-based options, such as caps, floors,
and swaptions.

European Options on Futures

We assume that the futures price also follows geometric Brownian motion. We ignore
issues like margin requirements and marking to market. Black proposed the following
model for European-style futures options:

¢ = e "T[F(T)N(d,) — XN(d,)] (15)
and
p = e T[XN(=d,) - Fo(T)N(-d,)] (16)
where
- In [Fy (D) /)?+ (e22)T and
oNT
dy = d| - oNT

Note that Fy(T) denotes the futures price at Time 0 that expires at Time T, and ¢ denotes
the volatility related to the futures price. The other terms are as previously defined.
Black’s model is simply the BSM model in which the futures contract is assumed to
reflect the carry arbitrage model. Futures option put—call parity can be expressed as

c=e"[Fy(T) - X] +p amn
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As we have seen before, put—call parity is a useful tool for describing the valuation
relationship between call and put values within various option valuation models.

The Black model can be described in a similar way to the BSM model. The Black
model has two components, a futures component and a bond component. For call
options, the futures component is FO(T)e‘rTN(dl) and the bond component is again
e "TXN(d,). The Black call model is simply the futures component minus the bond
component. For put options, the futures component is F(T)e "TN(~d,) and the bond
component is again e "I XN(~d,). The Black put model is simply the bond component
minus the futures component.

Alternatively, futures option valuation, based on the Black model, is simply com-
puting the present value of the difference between the futures price and the exercise
price. The futures price and exercise price are appropriately adjusted by the N(d)
functions. For call options, the futures price is adjusted by N(d;) and the exercise
price is adjusted by —N(d,) to arrive at difference. For put options, the futures price
is adjusted by —N(—d;) and the exercise price is adjusted by +N(-d,).

EXAMPLE 14

European Options on Futures Index

The S&P 500 Index (a spot index) is presently at 1,860 and the 0.25 expiration
futures contract is trading at 1,851.65. Suppose further that the exercise price is
1,860, the continuously compounded risk-free rate is 0.2%, time to expiration is
0.25, volatility is 15%, and the dividend yield is 2.0%. Based on this information,
the following results are obtained for options on the futures contract.!3

Options on Futures

Calls Puts
N(d,;) =0.491 N(-d;) = 0.509
N(d,) = 0.461 N(-d,) = 0.539
c = US$51.41 p = US$59.76

1. Identify the statement that best describes how the Black model is used to
value a European call option on the futures contract just described.

A. The call value is the present value of the difference between the exer-
cise price times 0.461 and the current futures price times 0.539.

B. The call value is the present value of the difference between the cur-
rent futures price times 0.491 and the exercise price times 0.461.

C. The call value is the present value of the difference between the cur-
rent spot price times 0.491 and the exercise price times 0.461.

Solution:

B is correct. Recall Black’s model for call options can be expressed as c = e~
"TIEN(T)N(d;) — XN(dy)].

13 We ignore the effect of the multiplier. As of this writing, the S&P 500 futures option contract has a
multiplier of 250. The prices reported here have not been scaled up by this amount. In practice, the option
cost would by 250 times the option value.
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2. Which statement best describes how the Black model is used to value a
European put options on the futures contract just described?

A. The put value is the present value of the difference between the exer-
cise price times 0.539 and the current futures price times 0.509.

B. The put value is the present value of the difference between the cur-
rent futures price times 0.491 and the exercise price times 0.461.

C. The put value is the present value of the difference between the cur-
rent spot price times 0.491 and the exercise price times 0.461.

Solution:

A is correct. Recall Black’s model for put options can be expressed as p = e~
"T[XN(=dy) — Fo(T)N(=d})].

3. What are the underlying and exercise prices to use in the Black futures op-
tion model?

A. 1,851.65; 1,860

B. 1,860; 1,860

C. 1,860; 1,851.65
Solution:

A is correct. The underlying is the futures price of 1,851.65 and the exercise
price was given as 1,860.

1 2 INTEREST RATE OPTIONS

[

describe how the Black model is used to value European interest rate
options and European swaptions

With interest rate options, the underlying instrument is a reference interest rate, such
as three-month MRR. An interest rate call option gains when the reference interest
rate rises and an interest rate put option gains when the reference interest rate falls.
Interest rate options are the building blocks of many other instruments.

For an interest rate call option on three-month MRR with one year to expiration,
the underlying interest rate is a forward rate agreement (FRA) rate that expires in one
year. This FRA is observed today and is the underlying rate used in the Black model.
The underlying rate of the FRA is a 3-month MRR deposit that is investable in 12
months and matures in 15 months. Thus, in one year, the FRA rate typically converges
to the three-month spot MRR.

Interest rates are typically set in advance, but interest payments are made in
arrears, which is referred to as advanced set, settled in arrears. For example, with a
bank deposit, the interest rate is usually set when the deposit is made, say tj—lf but
the interest payment is made when the deposit is withdrawn, say t.. The deposit,
therefore, has t,| = G-t time until maturity. Thus, the rate is advanced set, but the
payment is settled in arrears. Likewise with a floating rate loan, the rate is usually set
and the interest accrues at this known rate, but the payment is made later. Similarly,
with some interest rate options, the time to option expiration (tj_;) when the interest
rate is set does not correspond to the option settlement (t) when the cash payment is
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Interest Rate Options

made, if any. For example, if an interest rate option payment based on three-month
MRR is US$5,000 determined on January 15th, the actual payment of the US$5,000
would occur on April 15.

Interest rates are quoted on an annual basis, but the underlying implied deposit
is often less than a year. Thus, the annual rates must be adjusted for the accrual
period. Recall that the accrual period for a quarterly reset 30/360 day count FRA is
0.25 (= 90/360). If the day count is on an actual (ACT) number of days divided by
360 (ACT/360), then the accrual period may be something like 0.252778 (= 91/360),
assuming 91 days in the period. Typically, the accrual period in FRAs is based on
30/360 whereas the accrual period based on the option is actual number of days in
the contract divided by the actual number of days in the year (identified as ACT/
ACT or ACT/365).

The model presented here is known as the standard market model and is a variation
of Black’s futures option valuation model. Again, let ti_1 denote the time to option
expiration (ACT/365), whereas let t; denote the time to the maturity date of the
underlying FRA. Note that the interest accrual on the underlying begins at the option
expiration (Time tj—l)- Let FRA(O,tj_l,tm) denote the fixed rate on a FRA at Time 0
that expires at Time t;_;, where the underlying matures at Time t; (= t;_; + tp,)), with
all times expressed on an annual basis. We assume the FRA is 30/360 day count. For
example, FRA(0,0.25,0.5) = 2% denotes the 2% fixed rate on a forward rate agreement
that expires in 0.25 years with settlement amount being paid in 0.75 (= 0.25 + 0.5)
years.* Let Ry denote the exercise rate expressed on an annual basis. Finally, let o
denote the interest rate volatility. Specifically, o is the annualized standard deviation
of the continuously compounded percentage change in the underlying FRA rate.

Interest rate options give option buyers the right to certain cash payments based
on observed interest rates. For example, an interest rate call option gives the call
buyer the right to a certain cash payment when the underlying interest rate exceeds
the exercise rate. An interest rate put option gives the put buyer the right to a certain
cash payment when the underlying interest rate is below the exercise rate.

With the standard market model, the prices of interest rate call and put options
can be expressed as

¢ = uPre(570) [FRA (0,6 1,4, ) N (d)) — RyN (dy) ] (18)
and

p = UPre () [RyN (~dy) — FRA (0,6 1,1, ) N (=) | (19)
where

AP denotes the accrual period in years

In [FRA (0,111, IRy] + (@%/2)1;,

d, = P
d2 = dlfo'qufl

The formulas here give the value of the option for a notional amount of 1. In practice,
the notional would be more than one, so the full cost of the option is obtained by
multiplying these formula amounts by the notional amount. Of course, this point is
just the same as finding the value of an option on a single share of stock and then
multiplying that value by the number of shares covered by the option contract.

14 Note that in other contexts the time periods are expressed in months. For example with months, this
FRA would be expressed as FRA(0,3,6). Note that the third term in parentheses denotes the maturity of
the underlying deposit from the expiration of the FRA.
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Immediately, we note that the standard market model requires an adjustment when
compared with the Black model for the accrual period. In other words, a value such
as FRA(O,tj_l,tm) or the strike rate, Ry, as appearing in the formula given earlier, is
stated on an annual basis, as are interest rates in general. The actual option premium
would have to be adjusted for the accrual period. After accounting for this adjustment,
this model looks very similar to the Black model, but there are important but subtle
differences. First, the discount factor, e " (4-1+4n) , does not apply to the option expi-
ration, t;_;. Rather, the discount factor is applied to the maturity date of the FRA or
tj (= ti_1 + ty,). We express this maturity as (j_; + t;;) rather than t; to emphasize the
settlement in arrears nature of this option. Second, rather than the underlying being
a futures price, the underlying is an interest rate, specifically a forward rate based on
a forward rate agreement or FRA(O,tj_l,tm). Third, the exercise price is really a rate
and reflects an interest rate, not a price. Fourth, the time to the option expiration, t_1
is used in the calculation of d; and d,. Finally, both the forward rate and the exercise
rate should be expressed in decimal form and not as percent (for example, 0.02 and
not 2.0). Alternatively, if expressed as a percent, then the notional amount adjustment
could be divided by 100.

As with other option models, the standard market model can be described as
simply the present value of the expected option payoff at expiration. Specifically, we
can express the standard market model for calls as ¢ = PV[E(ctj)] and for puts as p
= PV[E(ptj)], where E(ctj) = (AP)[FRA(O,tj_l,tm)N(dl) - RyN(d,)] and E(ptj) = (AP)
[RyN(-d,) - FRA(O,tj_l,tm)N(—dl)]. The present value term in this context is simply
e”"j = e"\l-1*tn) . Again, note we discount from Time t;, the time when the cash
flows are settled on the FRA.

There are several interesting and useful combinations that can be created with
interest rate options. We focus on a few that will prove useful for understanding
swaptions in the next section. First, if the exercise rate is selected so as to equal the
current FRA rate, then long an interest rate call option and short an interest rate put
option is equivalent to a receive-floating, pay-fixed FRA.

Second, if the exercise rate is again selected so it is equal to the current FRA rate,
then long an interest rate put option and short an interest rate call option is equiva-
lent to a receive-fixed, pay-floating FRA. Note that FRAs are the building blocks of
interest rate swaps.

Third, an interest rate cap is a portfolio or strip of interest rate call options in
which the expiration of the first underlying corresponds to the expiration of the sec-
ond option and so forth. The underlying interest rate call options are termed caplets.
Thus, a set of floating-rate loan payments can be hedged with a long position in an
interest rate cap encompassing a series of interest rate call options.

Fourth, an interest rate floor is a portfolio or strip of interest rate put options in
which the expiration of the first underlying corresponds with the expiration of the sec-
ond option and so forth. The underlying interest rate put options are termed floorlets.
Thus, a floating-rate bond investment or any other floating-rate lending situation can
be hedged with an interest rate floor encompassing a series of interest rate put options.

Fifth, applying put—call parity as discussed earlier, long an interest rate cap and
short an interest rate floor with the exercise prices set at the swap rate is equivalent to
a receive-floating, pay-fixed swap. On a settlement date, when the underlying rate is
above the strike, both the cap and the swap pay off to the party. When the underlying
rate is below the strike on a settlement date, the party must make a payment on the
short floor, just as the case with a swap. For the opposite position, long an interest
rate floor and short an interest rate cap result in the party making a payment when
the underlying rate is above the strike and receiving one when the underlying rate is
below the strike, just as is the case for a pay-floating, receive-fixed swap.
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Finally, if the exercise rate is set equal to the swap rate, then the value of the cap
must be equal to the value of the floor at the start. When an interest rate swap is ini-
tiated, its current value is zero and is known as an at-market swap. When an exercise
rate is selected such that the cap value equals the floor value, then the initial cost of
being long a cap and short the floor is also zero. This occurs when the cap and floor
strike are equal to the swap rate.

EXAMPLE 15

European Interest Rate Options

Suppose you are a speculative investor in Singapore. On 15 May, you anticipate
that some regulatory changes will be enacted, and you want to profit from this
forecast. On 15 June, you intend to borrow 10,000,000 Singapore dollars to fund
the purchase of an asset, which you expect to resell at a profit three months
after purchase, say on 15 September. The current three-month SORA (that is,
Singapore MRR) is 0.55%. The appropriate FRA rate over the period of 15 June
to 15 September is currently 0.68%. You are concerned that rates will rise, so
you want to hedge your borrowing risk by purchasing an interest rate call option
with an exercise rate of 0.60%.

1. In using the Black model to value this interest rate call option, what would
the underlying rate be?
A. 0.55%
B. 0.68%
¢ 0.60%

Solution:

B is correct. In using the Black model, a forward or futures price is used as
the underlying. This approach is unlike the BSM model in which a spot price
is used as the underlying.

2. The discount factor used in pricing this option would be over what period of
time?
A. 15 May-15 June
B. 15 June-15 September
(. 15 May-15 September

Solution:

C is correct. You are pricing the option on 15 May. An option expiring 15
June when the underlying is three-month Sibor will have its payoff deter-
mined on 15 June, but the payment will be made on 15 September. Thus, the
expected payment must be discounted back from 15 September to 15 May.

Interest rate option values are linked in an important way with interest rate swap
values through caps and floors. As we will see in the next section, an interest rate
swap serves as the underlying for swaptions. Thus, once again, we see that important
links exist between interest rate options, swaps, and swaptions.
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SWAPTIONS

] describe how the Black model is used to value European interest rate
options and European swaptions

A swap option or swaption is simply an option on a swap. It gives the holder the
right, but not the obligation, to enter a swap at the pre-agreed swap rate—the exercise
rate. Interest rate swaps can be either receive fixed, pay floating or receive floating,
pay fixed. A payer swaption is an option on a swap to pay fixed, receive floating. A
receiver swaption is an option on a swap to receive fixed, pay floating. Note that the
terms “call” and “put” are often avoided because of potential confusion over the nature
of the underlying. Notice also that the terminology focuses on the fixed swap rate.

A payer swaption buyer hopes the fixed rate goes up before the swaption
expires. When exercised, the payer swaption buyer is able to enter into a pay-fixed,
receive-floating swap at the predetermined exercise rate, Ry. The buyer can then
immediately enter an offsetting at-market receive-fixed, pay-floating swap at the current
fixed swap rate. The floating legs of both swaps will offset, leaving the payer swaption
buyer with an annuity of the difference between the current fixed swap rate and the
swaption exercise rate. Thus, swaption valuation will reflect an annuity.

Swap payments are advanced set, settled in arrears. Let the swap reset dates be
expressed as tg, t, ty, ..., t,. Let Rppy denote the fixed swap rate starting when the
swaption expires, denoted as before with T, quoted on an annual basis, and Ry denote
the exercise rate starting at Time T, again quoted on an annual basis. As before, we
will assume a notional amount of 1.

Because swap rates are quoted on an annual basis, let AP denote the accrual
period. Finally, we need some measure of uncertainty. Let ¢ denote the volatility of
the forward swap rate. More precisely, o denotes annualized, standard deviation of
the continuously compounded percentage changes in the forward swap rate.

The swaption model presented here is a modification of the Black model. Let the
present value of an annuity matching the forward swap payment be expressed as

n
PVA = ,-—ZEP Vo, (D

This term is equivalent to what is sometimes referred to as an annuity discount
factor. It applies here because a swaption creates a series of equal payments of the
difference in the market swap rate at expiration and the chosen exercise rate. Therefore,
the payer swaption valuation model is

PAY gwn = (AP)PVA[RExN(d;) — RxN(dy)] (20)
and the receiver swaption valuation model
RECgwN = (AP)PVA[RYN(=d;) — Ry N(-dy)] 21
where

| = In (RF'XUZXV); (e*/2) T, and as always,
dy = d;—o T

As noted with interest rate options, the actual premium would need to be scaled by
the notional amount. Once again, we can see the similarities to the Black model. We
note that the swaption model requires two adjustments, one for the accrual period and
one for the present value of an annuity. After accounting for these adjustments, this
model looks very similar to the Black model but there are important subtle differences.
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First, the discount factor is absent. The payoff is not a single payment but a series of
payments. Thus, the present value of an annuity used here embeds the option-related
discount factor. Second, rather than the underlying being a futures price, the underly-
ing is the fixed rate on a forward interest rate swap. Third, the exercise price is really
expressed as an interest rate. Finally, both the forward swap rate and the exercise rate
should be expressed in decimal form and not as percent (for example, 0.02 and not 2.0).

As with other option models, the swaption model can be described as simply the
present value of the expected option payoff at expiration. Specifically, we can express
the payer swaption model value as

and the receiver swaption model value as

RECgwn = PVIE(RECgyn 1)),
where

E(PAY gy 1) = €' TPAY gy and
E(RECgwn 1) = €' TRECgyy.

The present value term in this context is simply e "T. Because the annuity term
embedded the discounting over the swaption life, the expected swaption values are
the current swaption values grossed up by the current risk-free interest rate.

Alternatively, the swaption model can be described as having two components, a
swap component and a bond component. For payer swaptions, the swap component
is (AP)PVA(Rgx)N(d;) and the bond component is (AP)PVA(Ry)N(d,). The payer
swaption model value is simply the swap component minus the bond component.
For receiver swaptions, the swap component is (AP)PVA(Rg;x)N(—d;) and the bond
component is (AP)PVA(Ry)N(—d,). The receiver swaption model value is simply the
bond component minus the swap component.

As with nearly all derivative instruments, there are many useful equivalence rela-
tionships. Recall that long an interest rate cap and short an interest rate floor with
the same exercise rate is equal to a receive-floating, pay-fixed interest rate swap. Also,
short an interest rate cap and long an interest rate floor with the same exercise rate
is equal to a pay-floating, receive-fixed interest rate swap. There are also equivalence
relationships with swaptions. In a similar way, long a receiver swaption and short a
payer swaption with the same exercise rate is equivalent to entering a receive-fixed,
pay-floating forward swap. Long a payer swaption and short a receiver swaption with
the same exercise rate is equivalent to entering a receive-floating, pay-fixed forward
swap. Note that if the exercise rate is selected such that the receiver and payer swap-
tions have the same value, then the exercise rate is equal to the at-market forward
swap rate. Thus, there is again a put—call parity relationship important for valuation.

In addition, being long a callable fixed-rate bond can be viewed as being long
a straight fixed-rate bond and short a receiver swaption. A receiver swaption gives
the buyer the right to receive a fixed rate. Hence, the seller will have to pay the fixed
rate when this right is exercised in a lower rate environment. Recall that the bond
issuer has the right to call the bonds. If the bond issuer sells a receiver swaption with
similar terms, then the bond issuer has essentially converted the callable bond into
a straight bond. The bond issuer will now pay the fixed rate on the underlying swap
and the floating rate received will be offset by the floating-rate loan created when
the bond was refinanced. Specifically, the receiver swaption buyer will benefit when
rates fall and the swaption is exercised. Thus, the embedded call feature is similar to
a receiver swaption.
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EXAMPLE 16

European Swaptions

1. Suppose you are an Australian company and have ongoing floating-rate
debt. You have profited for some time by paying at a floating rate because
rates have been falling steadily for the last few years. Now, however, you are
concerned that within three months the Australian central bank may tighten
its monetary policy and your debt costs will thus increase. Rather than lock
in your borrowing via a swap, you prefer to hedge by buying a swaption
expiring in three months, whereby you will have the choice, but not the
obligation, to enter a five-year swap locking in your borrowing costs. The
current three-month forward, five-year swap rate is 2.65%. The current five-
year swap rate is 2.55%. The current three-month risk-free rate is 2.25%.

With reference to the Black model to value the swaption, which statement is
correct?

A. The underlying is the three-month forward, five-year swap rate.

B. The discount rate to use is 2.55%.

C. The swaption time to expiration, T, is five years.

Solution:

A is correct. The current five-year swap rate is not used as a discount rate
with swaptions. The swaption time to expiration is 0.25, not the life of the
swap.

OPTION GREEKS AND IMPLIED VOLATILITY: DELTA

] interpret each of the option Greeks

] describe how a delta hedge is executed

With option valuation models, such as the binomial model, BSM model, and Black’s
model, we are able to estimate a wide array of comparative information, such as how
much the option value will change for a small change in a particular parameter.'> We
will explore this derived information as well as implied volatility in this section. These
topics are essential for those managing option positions and in general in obtaining
a solid understanding of how option prices change. Our discussion will be based on
stock options, though the material covered in this section applies to all types of options.

The measures examined here are known as the Greeks and include, delta, gamma,
theta, vega, and rho. With these calculations, we seek to address how much a par-
ticular portfolio will change for a given small change in the appropriate parameter.
These measures are sometimes referred to as static risk measures in that they capture
movements in the option value for a movement in one of the factors that affect the
option value, while holding all other factors constant.

15 Parameters in the BSM model, for example, include the stock price, exercise price, volatility, time to
expiration, and the risk-free interest rate.



© CFA Institute. For candidate use only. Not for distribution.

Option Greeks and Implied Volatility: Delta

Our focus here is on European stock options in which the underlying stock is
assumed to pay a dividend yield (denoted §). Note that for non-dividend-paying
stocks, 6 = 0.

Delta

Delta is defined as the change in a given instrument for a given small change in the
value of the stock, holding everything else constant. Thus, the delta of long one share
of stock is by definition +1.0, and the delta of short one share of stock is by definition
—1.0. The concept of the option delta is similarly the change in an option value for
a given small change in the value of the underlying stock, holding everything else
constant. The option deltas for calls and puts are, respectively,

Delta, = e ¥TN(d,) (22)
and
Deltap = fe’STN(fdl) (23)

Note that the deltas are a simple function of N(d;). The delta of an option answers the
question of how much the option will change for a given change in the stock, holding
everything else constant. Therefore, delta is a static risk measure. It does not address
how likely this particular change would be. Recall that N(d,) is a value taken from the
cumulative distribution function of a standard normal distribution. As such, the range
of values is between 0 and 1. Thus, the range of call delta is 0 and e~®T and the range
of put delta is —e~5T and 0. As the stock price increases, the call option goes deeper
in the money and the value of N(d,) is moving toward 1. As the stock price decreases,
the call option goes deeper out of the money and the value of N(d;) is moving toward
zero. When the option gets closer to maturity, the delta will drift either toward 0 if it
is out of the money or drift toward 1 if it is in the money. Clearly, as the stock price
changes and as time to maturity changes, the deltas are also changing.

Delta hedging an option is the process of establishing a position in the underlying
stock of a quantity that is prescribed by the option delta so as to have no exposure
to very small moves up or down in the stock price. Hence, to execute a single option
delta hedge, we first calculate the option delta and then buy or sell delta units of
stock. In practice, rarely does one have only one option position to manage. Thus,
in general, delta hedging refers to manipulating the underlying portfolio delta by
appropriately changing the positions in the portfolio. A delta neutral portfolio refers
to setting the portfolio delta all the way to zero. In theory, the delta neutral portfolio
will not change in value for small changes in the stock instrument. Let N}; denote
the number of units of the hedging instrument and Deltay; denote the delta of the
hedging instrument, which could be the underlying stock, call options, or put options.
Delta neutral implies the portfolio delta plus Ny;Deltay; is equal to zero. The optimal
number of hedging units, Ny, is

_ Portfolio delta

Ny = Deltay

Note that if Ny; is negative, then one must short the hedging instrument, and if N
is positive, then one must go long the hedging instrument. Clearly, if the portfolio is
options and the hedging instrument is stock, then we will buy or sell shares to off-
set the portfolio position. For example, if the portfolio consists of 100,000 shares of
stock at US$10 per share, then the portfolio delta is 100,000. The delta of the hedging
instrument, stock, is +1. Thus, the optimal number of hedging units, Ny, is —100,000
(= —=100,000/1) or short 100,000 shares. Alternatively, if the portfolio delta is 5,000
and a particular call option with delta of 0.5 is used as the hedging instrument, then
to arrive at a delta neutral portfolio, one must sell 10,000 call options (= —5,000/0.5).
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Alternatively, if a portfolio of options has a delta of —1,500, then one must buy 1,500
shares of stock to be delta neutral [= —(-1,500)/1]. If the hedging instrument is stock,
then the delta is +1 per share.

EXAMPLE 17

Delta Hedging

1. Apple stock is trading at US$125. We write calls (that is, we sell calls) on
1,000 Apple shares and now are exposed to an increase in the price of the
Apple stock. That is, if Apple rises, we will lose money because the calls we
sold will go up in value, so our liability will increase. Correspondingly, if Ap-
ple falls, we will make money. We want to neutralize our exposure to Apple.
Say the call delta is 0.50, which means that if Apple goes up by US$0.10, a
call on one Apple share will go up US$0.05. We need to trade in such a way
as to make money if Apple goes up, to offset our exposure. Hence, we buy
500 Apple shares to hedge. Now, if Apple goes up US$0.10, the sold calls will
go up US$50 (our liability goes up), but our long 500 Apple hedge will profit
by US$50. Hence, we are delta hedged.

Identify the incorrect statement:
A. If we sell Apple puts, we need to buy Apple stock to delta hedge.
B. Call delta is non-negative (= 0); put delta is non-positive (< 0).
(. Delta hedging is the process of neutralizing exposure to the
underlying.
Solution:

A is the correct answer because statement A is incorrect. If we sell puts, we
need to short sell stock to delta hedge.

One final interpretation of option delta is related to forecasting changes in option
prices. Let ¢, P, and S denote some new value for the call, put, and stock. Based on
an approximation method, the change in the option price can be estimated with a
concept known as a delta approximation or

¢ - c = Delta, (§ - S) for calls and
Delta,, (§ - S) for puts.1°

IR

p-p
We can now illustrate the actual call values as well as the estimated call values

based on delta. Exhibit 15 illustrates the call value based on the BSM model and the
call value based on the delta approximation,

¢ = c+Delta, (S-8).

Notice for very small changes in the stock, the delta approximation is fairly accurate.
For example, if the stock value rises from 100 to 101, notice that both the call line and
the call (delta) estimated line are almost the same value. If, however, the stock value
rises from 100 to 150, the call line is now significantly above the call (delta) estimated
line. Thus, we see that as the change in the stock increases, the estimation error also
increases. The delta approximation is biased low for both a down move and an up move.

16 The symbol = denotes approximately. The approximation method is known as a Taylor series. Also
note that the put delta is non-positive (< 0).



© CFA Institute. For candidate use only. Not for distribution.
Option Greeks and Implied Volatility: Delta

Exhibit 15: Call Values and Delta Estimated Call Values (S=100=X, r =5%,

0=30%,6=0)

Call Value
60
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10

-20 1 1 1 1 1 1 1 1 1
50 60 70 80 90 100 110 120 130 140 150
Stock Value

We see that delta hedging is imperfect and gets worse as the underlying moves further
away from its original value of 100. Based on the graph, the BSM model assumption
of continuous trading is essential to avoid hedging risk. This hedging risk is related to
the difference between these two lines and the degree to which the underlying price
experiences large changes.

EXAMPLE 18

Delta Hedging

Suppose we know S = 100, X = 100, r = 5%, T = 1.0, ¢ = 30%, and & = 5%. We
have a short position in put options on 10,000 shares of stock. Based on this
information, we note Delta, = 0.532, and Delta, = —0.419. Assume each stock
option contract is for one share of stock.

1. The appropriate delta hedge, assuming the hedging instrument is stock, is
executed by which of the following transactions? Select the closest answer.

A. Buy 5,320 shares of stock.
B. Short sell 4,190 shares of stock.
C. Buy 4,190 shares of stock.

Solution:

_ Portfolio delta
Deltay;

—0.419, thus the short put delta is 0.419. In this case, Portfolio delta =

10,000(0.419) = 4,190 and Deltay; = 1.0. Thus, the number of number of

hedging units is —4,190 [= —(4,190/1)] or short sell 4,190 shares of stock.

B is correct. Recall that Ny = . The put delta is given as
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2. The appropriate delta hedge, assuming the hedging instrument is calls, is
executed by which of the following transactions? Select the closest answer.
A. Sell 7,876 call options.
B. Sell 4,190 call options.
C. Buy 4,190 call options.

Solution:

A is correct. Again the Portfolio delta = 4,190 but now Deltay; = 0.532. Thus,
the number of hedging units is —7,875.9 [= —(4,190/0.532)] or sell 7,876 call
options.

3. Identify the correct interpretation of an option delta.
A. Option delta measures the curvature in the option price with respect
to the stock price.

B. Option delta is the change in an option value for a given small change
in the stock’s value, holding everything else constant.

C. Option delta is the probability of the option expiring in the money.
Solution:

B is correct. Delta is defined as the change in a given portfolio for a given
small change in the stock’s value, holding everything else constant. Option
delta is defined as the change in an option value for a given small change in
the stock’s value, holding everything else constant.

GAMMA

] interpret each of the option Greeks

] describe the role of gamma risk in options trading

Recall that delta is a good approximation of how an option price will change for a small
change in the stock. For larger changes in the stock, we need better accuracy. Gamma
is defined as the change in a given instrument’s delta for a given small change in the
stock’s value, holding everything else constant. Option gamma is similarly defined as
the change in a given option delta for a given small change in the stock’s value, holding
everything else constant. Option gamma is a measure of the curvature in the option
price in relationship to the stock price. Thus, the gamma of a long or short position
in one share of stock is zero because the delta of a share of stock never changes. A
stock always moves one-for-one with itself. Thus, its delta is always +1 and, of course,
—1 for a short position in the stock. The gamma for a call and put option are the same
and can be expressed as

0T

Gamma, = Gamma,, =~=n (dy) (24)

where n(d;) is the standard normal probability density function. The lowercase “n” is
distinguished from the cumulative normal distribution—which the density function
generates—and that we have used elsewhere in this reading denoted by uppercase
“N”. The gamma of a call equals the gamma of a similar put based on put—call parity
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Gamma

or c — p = Sy — e *TX. Note that neither S, nor e™TX is a direct function of delta.
Hence, the right-hand side of put—call parity has a delta of 1. Thus, the right-hand
side delta is not sensitive to changes in the underlying. Therefore, the gamma of a call
must equal the gamma of a put.

Gamma is always non-negative. Gamma takes on its largest value near at the money.
Options deltas do not change much for small changes in the stock price if the option
is either deep in or deep out of the money. Also, as the stock price changes and as
time to expiration changes, the gamma is also changing.

Gamma measures the rate of change of delta as the stock changes. Gamma approx-
imates the estimation error in delta for options because the option price with respect
to the stock is non-linear and delta is a linear approximation. Thus, gamma is a risk
measure; specifically, gamma measures the non-linearity risk or the risk that remains
once the portfolio is delta neutral. A gamma neutral portfolio implies the gamma is
zero. For example, gamma can be managed to an acceptable level first and then delta
is neutralized as a second step. This hedging approach is feasible because options have
gamma but a stock does not. Thus, in order to modify gamma, one has to include
additional option trades in the portfolio. Once the revised portfolio, including any new
option trades, has the desired level of gamma, then the trader can get the portfolio
delta to its desired level as step two. To alter the portfolio delta, the trader simply buys
or sells stock. Because stock has a positive delta, but zero gamma, the portfolio delta
can be brought to its desired level with no impact on the portfolio gamma.

One final interpretation of gamma is related to improving the forecasted changes
in option prices. Again, let ¢, p, and S denote new values for the call, put, and stock.
Again based on an approximation method, the change in the option price can be
estimated by a delta-plus-gamma approximation or

Gamma, /A

¢—c = Delta, (S-8) + 3 (S—S)2 for calls and

Gamma, .

Delta,, (S-s) + 3 L (S- S)2 for puts.

u

p—p

Exhibit 16 illustrates the call value based on the BSM model; the call value based
on the delta approximation,

¢ = c+Delta, (S-9);

and the call value based on the delta-plus-gamma approximation,

Gamma, (§ B S)Z.

¢ = c+Delta, (S-8) + 3

Notice again that for very small changes in the stock, the delta approximation and the
delta-plus-gamma approximations are fairly accurate. If the stock value rises from 100
to 150, the call line is again significantly above the delta estimated line but is below the
delta-plus-gamma estimated line. Importantly, the call delta-plus-gamma estimated
line is significantly closer to the BSM model call values. Thus, we see that even for
fairly large changes in the stock, the delta-plus-gamma approximation is accurate. As
the change in the stock increases, the estimation error also increases. From Exhibit
16, we see the delta-plus-gamma approximation is biased low for a down move but
biased high for an up move. Thus, when estimating how the call price changes when
the underlying changes, we see how the delta-plus-gamma approximation is an
improvement when compared with using the delta approximation on its own.
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Exhibit 16: Call Values, Delta Estimated Call Values, and Delta-Plus-Gamma

Estimated Call Values (S=100=X, r =5%, 6 =30%, 6 =0)
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If the BSM model assumptions hold, then we would have no risk in managing option
positions. In reality, however, stock prices often jump rather than move continuously
and smoothly, which creates “gamma risk” Gamma risk is so-called because gamma
measures the risk of stock prices jumping when hedging an option position, and thus
leaving us suddenly unhedged.

EXAMPLE 19

Gamma Risk in Option Trading

1. Suppose we are options traders and have only one option position—a short
call option. We also hold some stock such that we are delta hedged. Which
one of the following statements is true?

A. We are gamma neutral.
B. Buying a call will increase our overall gamma.
C. Our overall position is a positive gamma, which will make large moves
profitable for us, whether up or down.
Solution:

B is correct. Buying options (calls or puts) will always increase net gamma.
A is incorrect because we are short gamma, not gamma neutral. C is also
incorrect because we are short gamma. We can only become gamma neutral
from a short gamma position by purchasing options.
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THETA

] interpret each of the option Greeks

Theta is defined as the change in a portfolio for a given small change in calendar time,
holding everything else constant. Option theta is similarly defined as the change in
an option value for a given small change in calendar time, holding everything else
constant. Option theta is the rate at which the option time value declines as the option
approaches expiration. To understand theta, it is important to remember the “hold-
ing everything else constant” assumption. Specifically, the theta calculation assumes
nothing changes except calendar time. Clearly, if calendar time passes, then time to
expiration declines. Because stocks do not have an expiration date, the stock theta is
zero. Like gamma, theta cannot be adjusted with stock trades.

The gain or loss of an option portfolio in response to the mere passage of calendar
time is known as time decay. Particularly with long options positions, often the mere
passage of time without any change in other variables, such as the stock, will result
is significant losses in value. Therefore, investment managers with significant option
positions carefully monitor theta and their exposure to time decay. Time decay is
essentially the measure of profit and loss of an option position as time passes, holding
everything else constant.

Note that theta is fundamentally different from delta and gamma in the sense
that the passage of time does not involve any uncertainty. There is no chance that
time will go backward. Time marches on, but it is important to understand how your
investment position will change with the mere passage of time.

Typically, theta is negative for options. That is, as calendar time passes, expiration
time declines and the option value also declines. Exhibit 17 illustrates the option value
with respect to time to expiration. Remember, as calendar time passes, the time to
expiration declines. Both the call and the put option are at the money and eventually
are worthless if the stock does not change. Notice, however, how the speed of the
option value decline increases as time to expiration decreases.
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Exhibit 17: Option Values and Time to Expiration (S=100=X,r=5%, 6=

30%, 6 =0)

Option Values (3)
40

35
30 F Call Value
25

20

0 L L L L L L L L L
50 45 40 35 30 25 20 15 10 05 O

Time to Expiration (years)

1 7 VEGA

] interpret each of the option Greeks

Vega is defined as the change in a given portfolio for a given small change in volatility,
holding everything else constant. Vega measures the sensitivity of a given portfolio
to volatility. The vega of an option is positive. An increase in volatility results in an
increase in the option value for both calls and puts.

The vega of a call equals the vega of a similar put based on put—call parity or
c—p =Sy - e "TX. Note that neither Sy nor e "X is a direct function of volatility.
Therefore, the vega of a call must offset the vega of a put so that the vega of the
right-hand side is zero.

Unlike the Greeks we have already discussed, vega is based on an unobservable
parameter, future volatility. Although historical volatility can be calculated, there is no
objective measure of future volatility. Similar to the concept of expected value, future
volatility is subjective. Thus, vega measures the sensitivity of a portfolio to changes
in the volatility used in the option valuation model. Option values are generally quite
sensitive to volatility. In fact, of the five variables in the BSM, an option’s value is most
sensitive to volatility changes.

At extremely low volatility, the option values tend toward their lower bounds. The
lower bound of a European-style call option is zero or the stock less the present value
of the exercise price, whichever is greater. The lower bound of a European-style put
option is zero or the present value of the exercise price less the stock, whichever is
greater. Exhibit 18 illustrates the option values with respect to volatility. In this case,
the call lower bound is 4.88 and the put lower bound is 0. The difference between the
call and put can be explained by put—call parity.
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Exhibit 18: Option Values and Volatility (S=100=X,r=5%,T=1,6 =0)

Option Values ($)
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Vega is very important in managing an options portfolio because option values can
be very sensitive to volatility changes. Vega is high when options are at or near the
money. Volatility is usually only hedged with other options and volatility itself can be
quite volatile. Volatility is sometimes considered a separate asset class or a separate
risk factor. Because it is rather exotic and potentially dangerous, exposure to volatility
needs to be managed, bearing in mind that risk managers, board members, and clients
may not understand or appreciate losses if volatility is the source.

RHO

] interpret each of the option Greeks

Rho is defined as the change in a given portfolio for a given small change in the risk-free
interest rate, holding everything else constant. Thus, rho measures the sensitivity of
the portfolio to the risk-free interest rate.

The rho of a call is positive. Intuitively, buying an option avoids the financing costs
involved with purchasing the stock. In other words, purchasing a call option allows an
investor to earn interest on the money that otherwise would have gone to purchasing
the stock. The higher the interest rate, the higher the call value.

The rho of a put is negative. Intuitively, the option to sell the stock delays the
opportunity to earn interest on the proceeds from the sale. For example, purchasing
a put option rather than selling the stock deprives an investor of the potential interest
that would have been earned from the proceeds of selling the stock. The higher the
interest rate, the lower the put value.

When interest rates are zero, the call and put option values are the same for
at-the-money options. Recall that with put—call parity, we have ¢ — p = Sy — e "X,
and when interest rates are zero, then the present value function has no effect. As
interest rates rise, the difference between call and put options increases as illustrated
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in Exhibit 19. The impact on option prices when interest rates change is relatively
small when compared with that for volatility changes and that for changes in the stock.
Hence, the influence of interest rates is generally not a major concern.!”

Exhibit 19: Option Values and Interest Rates (S=100=X,r=5%,T=1,8=0)

Option Values ($)
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25 |

Call Value
20 |

Interest Rate (%)

IMPLIED VOLATILITY

] define implied volatility and explain how it is used in options trading

As we have already touched on in Section 6.4, for most options, the value is particularly
sensitive to volatility. Unlike the price of the underlying, however, volatility, is not an
observable value in the marketplace. Volatility can be, and often is estimated, based
on a sample of historical data. For example, for a three-month option, we might look
back over the last three months and calculate the actual historical stock volatility. We
can then use this figure as an estimate of volatility over the next three months. The
volatility parameter in the BSM model, however, is the future volatility. As we know,
history is a very frail guide of the future, so the option may appear to be “mispriced”
with respect to the actual future volatility experienced. Different investors will have
different views of the future volatility. The one with the most accurate forecast will
have the most accurate assessment of the option value.

Much like yield to maturity with bonds, volatility can be inferred from option prices.
This inferred volatility is called the implied volatility. Thus, one important use of the
BSM model is to invert the model and estimate implied volatility. The key advantage

17 An exception to this rule is that with interest rate options, the interest rate is not constant and serves
as the underlying. The relationship between the option value and the underlying interest rate is, therefore,
captured by the delta, not the rho. Rho is really more generally the relationship between the option value
and the rate used to discount cash flows.
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is that implied volatility provides information regarding the perceived uncertainty
going forward and thereby allows us to gain an understanding of the collective opin-
ions of investors on the volatility of the underlying and the demand for options. If the
demand for options increases and the no-arbitrage approach is not perfectly reflected
in market prices—for example, because of transaction costs—then the preference for
buying options will drive option prices up, and hence, the observed implied volatility.
This kind of information is of great value to traders in options.

Recall that one assumption of the BSM model is that all investors agree on the
value of volatility and that this volatility is non-stochastic. Note that the original BSM
model assumes the underlying instrument volatility is constant in our context. That
is, when we calculate option values, we have assumed a single volatility number, like
30%. In practice, it is very common to observe different implied volatilities for different
exercise prices and observe different implied volatilities for calls and puts with the
same terms. Implied volatility also varies across time to expiration as well as across
exercise prices. The implied volatility with respect to time to expiration is known as the
term structure of volatility, whereas the implied volatility with respect to the exercise
price is known as the volatility smile or sometimes skew depending on the particular
shape. It is common to construct a three dimensional plot of the implied volatility
with respect to both expiration time and exercise prices, a visualization known as the
volatility surface. If the BSM model assumptions were true, then one would expect
to find the volatility surface flat.

Implied volatility is also not constant through calendar time. As implied volatility
increases, market participants are communicating an increased market price of risk.
For example, if the implied volatility of a put increases, it is more expensive to buy
downside protection with a put. Hence, the market price of hedging is rising. With
index options, various volatility indexes have been created, and these indexes measure
the collective opinions of investors on the volatility in the market. Investors can now
trade futures and options on various volatility indexes in an effort to manage their
vega exposure in other options.

Exhibit 20 provides a look at a couple of decades of one such volatility index, the
Chicago Board Options Exchange S&P 500 Volatility Index, known as the VIX. The
VIX is quoted as a percent and is intended to approximate the implied volatility of the
S&P 500 over the next 30 days. VIX is often termed the fear index because it is viewed
as a measure of market uncertainty. Thus, an increase in the VIX index is regarded as
greater investor uncertainty. From this figure, we see that the implied volatility of the
S&P 500 is not constant and goes through periods when the VIX is low and periods
when the VIX is high. In the 2008 global financial crisis, the VIX was extremely high,
indicating great fear and uncertainty in the equity market. Remember that implied
volatility reflects both beliefs regarding future volatility as well as a preference for risk
mitigating products like options. Thus, during the crisis, the higher implied volatility
reflected both higher expected future volatility as well as increased preference for
buying rather than selling options.
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Exhibit 20: VIX Daily Values, 2 January 1990-18 July 2014
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Implied volatility has several uses in option trading. An understanding of implied
volatility is essential in managing an options portfolio. This reading explains the val-
uation of options as a function of the value of the underlying, the exercise price, the
expiration date, the risk-free rate, dividends or other benefits paid by the underlying,
and the volatility of the underlying. Note that each of these parameters is observable
except the volatility of the underlying over the option term looking ahead. This volatility
has to be estimated in some manner, such as by calculating historical volatility. But
as noted, historical volatility involves looking back in time. There are, however, a vast
number of liquid options traded on exchanges around the world so that a wide variety
of option prices are observable. Because we know the price and all the parameters
except the volatility, we can back out the volatility needed by the option valuation
model to get the known price. This volatility is the implied volatility.

Hence, implied volatility can be interpreted as the market’s view of how to value
options. In the option markets, participants use volatility as the medium in which to
quote options. The price is simply calculated by the use of an agreed model with the
quoted volatility. For example, rather than quote a particular call option as trading
for €14.23, it may be quoted as 30.00, where 30.00 denotes in percentage points the
implied volatility based on a €14.23 option price. Note that there is a one-to-one rela-
tionship between the implied volatility and the option price, ignoring rounding errors.

The benefit of quoting via implied volatility (or simply volatility), rather than price,
is that it allows volatility to be traded in its own right. Volatility is the “guess factor”
in option pricing. All other inputs—value of the underlying, exercise price, expiration,
risk-free rate, and dividend yield—are agreed.!® Volatility is often the same order of
magnitude across exercise prices and expiration dates. This means that traders can
compare the values of two options, which may have markedly different exercise prices
and expiration dates, and therefore, markedly different prices in a common unit of
measure, specifically implied volatility.

18 The risk-free rate and dividend yield may not be entirely agreed, but the impact of variations to these
parameters is generally very small compared with the other inputs.
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EXAMPLE 20

Implied Volatility in Option Trading within One Market

1. Suppose we hold portfolio of options all tied to FTSE 100 futures contracts.
Let the current futures price be 6,850. A client calls to request our offer
prices on out-of-the-money puts and at-the-money puts, both with the same
agreed expiration date. We calculate the prices to be respectively, 190 and
280 futures points. The client wants these prices quoted in implied volatility
as well as in futures points because she wants to compare prices by compar-
ing the quoted implied volatilities. The implied volatilities are 16% for the
out-of-the-money puts and 15.2% for the at-the-money puts. Why does the
client want the quotes in implied volatility?

A. Because she can better compare the two options for value—that is, she
can better decide which is cheap and which is expensive.

B. Because she can assess where implied volatility is trading at that time,
and thus consider revaluing her options portfolio at the current mar-
ket implied volatilities for the FTSE 100.

(. Both A and B are valid reasons for quoting options in volatility units.

Solution:

C is correct. Implied volatility can be used to assess the relative value of
different options, neutralizing the moneyness and time to expiration effects.
Also, implied volatility is useful for revaluing existing positions over time.

EXAMPLE 21

Implied Volatility in Option Trading Across Markets

1. Suppose an options dealer offers to sell a three-month at-the-money call on
the FTSE index option at 19% implied volatility and a one-month in-the-
money put on Vodaphone (VOD) at 24%. An option trader believes that
based on the current outlook, FTSE volatility should be closer to 25% and
VOD volatility should be closer to 20%. What actions might the trader take
to benefit from her views?

A. Buy the FTSE call and the VOD put.

B. Buy the FTSE call and sell the VOD put.
C. Sell the FTSE call and sell the VOD puts.

Solution:

B is correct. The trader believes that the FTSE call volatility is understated
by the dealer and that the VOD put volatility is overstated. Thus, the trader
would expect FTSE volatility to rise and VOD volatility to fall. As a result,
the FTSE call would be expected to increase in value and the VOD put
would be expected to decrease in value. The trader would take the positions
as indicated in B.

Regulators, banks, compliance officers, and most option traders use implied vol-
atilities to communicate information related to options portfolios. This is because
implied volatilities, together with standard pricing models, give the “market consensus”
valuation, in the same way that other assets are valued using market prices.
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In summary, as long as all market participants agree on the underlying option
model and how other parameters are calculated, then implied volatility can be used
as a quoting mechanism. Recall that there are calls and puts, various exercise prices,
various maturities, American and European, and exchange-traded and OTC options.
Thus, it is difficult to conceptualize all these different prices. For example, if two
call options on the same stock had different prices, but one had a longer expiration
and lower exercise price and the other had a shorter expiration and higher exercise,
which should be the higher priced option? It is impossible to tell on the surface. But
if one option implied a higher volatility than the other, we know that after taking into
account the effects of time and exercise, one option is more expensive than the other.
Thus, by converting the quoted price to implied volatility, it is easier to understand
the current market price of various risk exposures.

SUMMARY

This reading on the valuation of contingent claims provides a foundation for under-
standing how a variety of different options are valued. Key points include the following:

= The arbitrageur would rather have more money than less and abides by two
fundamental rules: Do not use your own money and do not take any price
risk.

= The no-arbitrage approach is used for option valuation and is built on the
key concept of the law of one price, which says that if two investments have
the same future cash flows regardless of what happens in the future, then
these two investments should have the same current price.

= Throughout this reading, the following key assumptions are made:

¢ Replicating instruments are identifiable and investable.
e Market frictions are nil.
¢ Short selling is allowed with full use of proceeds.
¢ The underlying instrument price follows a known distribution.
¢ Borrowing and lending is available at a known risk-free rate.
= The two-period binomial model can be viewed as three one-period binomial
models, one positioned at Time 0 and two positioned at Time 1.

= In general, European-style options can be valued based on the expectations
approach in which the option value is determined as the present value of the
expected future option payouts, where the discount rate is the risk-free rate
and the expectation is taken based on the risk-neutral probability measure.

=  Both American-style options and European-style options can be valued
based on the no-arbitrage approach, which provides clear interpretations of
the component terms; the option value is determined by working backward
through the binomial tree to arrive at the correct current value.

= For American-style options, early exercise influences the option values and
hedge ratios as one works backward through the binomial tree.

= Interest rate option valuation requires the specification of an entire term

structure of interest rates, so valuation is often estimated via a binomial
tree.
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= A key assumption of the Black—Scholes—Merton option valuation model is
that the return of the underlying instrument follows geometric Brownian
motion, implying a lognormal distribution of the price.

= The BSM model can be interpreted as a dynamically managed portfolio of
the underlying instrument and zero-coupon bonds.

= BSM model interpretations related to N(d;) are that it is the basis for the
number of units of underlying instrument to replicate an option, that it is
the primary determinant of delta, and that it answers the question of how
much the option value will change for a small change in the underlying.

= BSM model interpretations related to N(d,) are that it is the basis for the
number of zero-coupon bonds to acquire to replicate an option and that it is
the basis for estimating the risk-neutral probability of an option expiring in
the money.

= The Black futures option model assumes the underlying is a futures or a
forward contract.

= Interest rate options can be valued based on a modified Black futures option
model in which the underlying is a forward rate agreement (FRA), there is
an accrual period adjustment as well as an underlying notional amount, and
that care must be given to day-count conventions.

= An interest rate cap is a portfolio of interest rate call options termed caplets,
each with the same exercise rate and with sequential maturities.

= An interest rate floor is a portfolio of interest rate put options termed floor-
lets, each with the same exercise rate and with sequential maturities.

= A swaption is an option on a swap.
= A payer swaption is an option on a swap to pay fixed and receive floating.
= A receiver swaption is an option on a swap to receive fixed and pay floating.

= Long a callable fixed-rate bond can be viewed as long a straight fixed-rate
bond and short a receiver swaption.

= Delta is a static risk measure defined as the change in a given portfolio for a
given small change in the value of the underlying instrument, holding every-
thing else constant.

= Delta hedging refers to managing the portfolio delta by entering additional
positions into the portfolio.

= A delta neutral portfolio is one in which the portfolio delta is set and main-
tained at zero.

= A change in the option price can be estimated with a delta approximation.

= Because delta is used to make a linear approximation of the non-linear rela-
tionship that exists between the option price and the underlying price, there
is an error that can be estimated by gamma.

=  Gamma is a static risk measure defined as the change in a given portfolio
delta for a given small change in the value of the underlying instrument,
holding everything else constant.

=  Gamma captures the non-linearity risk or the risk—via exposure to the
underlying—that remains once the portfolio is delta neutral.

= A gamma neutral portfolio is one in which the portfolio gamma is main-
tained at zero.

= The change in the option price can be better estimated by a
delta-plus-gamma approximation compared with just a delta approximation.
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= Theta is a static risk measure defined as the change in the value of an option
given a small change in calendar time, holding everything else constant.

= Vega is a static risk measure defined as the change in a given portfolio for a
given small change in volatility, holding everything else constant.

= Rho is a static risk measure defined as the change in a given portfolio for
a given small change in the risk-free interest rate, holding everything else
constant.

= Although historical volatility can be estimated, there is no objective measure
of future volatility.

= Implied volatility is the BSM model volatility that yields the market option
price.

= Implied volatility is a measure of future volatility, whereas historical volatil-
ity is a measure of past volatility.

= Option prices reflect the beliefs of option market participant about the
future volatility of the underlying.

= The volatility smile is a two dimensional plot of the implied volatility with
respect to the exercise price.

= The volatility surface is a three dimensional plot of the implied volatility
with respect to both expiration time and exercise prices.

= If the BSM model assumptions were true, then one would expect to find the
volatility surface flat, but in practice, the volatility surface is not flat.
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PRACTICE PROBLEMS

The following information relates to questions
1-9

Bruno Sousa has been hired recently to work with senior analyst Camila Rocha.
Rocha gives him three option valuation tasks.

Alpha Company

Sousa’s first task is to illustrate how to value a call option on Alpha Company
with a one-period binomial option pricing model. It is a non-dividend-paying
stock, and the inputs are as follows.

= The current stock price is 50, and the call option exercise price is 50.
= In one period, the stock price will either rise to 56 or decline to 46.

= The risk-free rate of return is 5% per period.

Based on the model, Rocha asks Sousa to estimate the hedge ratio, the
risk-neutral probability of an up move, and the price of the call option. In the
illustration, Sousa is also asked to describe related arbitrage positions to use if the
call option is overpriced relative to the model.

Beta Company

Next, Sousa uses the two-period binomial model to estimate the value of a
European-style call option on Beta Company’s common shares. The inputs are as
follows.

= The current stock price is 38, and the call option exercise price is 40.
= The up factor () is 1.300, and the down factor (d) is 0.800.

= The risk-free rate of return is 3% per period.

Sousa then analyzes a put option on the same stock. All of the inputs, including
the exercise price, are the same as for the call option. He estimates that the value
of a European-style put option is 4.53. Exhibit 1 summarizes his analysis. Sousa
next must determine whether an American-style put option would have the same
value.
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Exhibit 1: Two-Period Binomial European-Style Put Option on Beta

Company
Item Value
Underlying 64.22
Item Value Put 0
Underlying 49.4
Put 0.2517
Item Value Hedge Ratio —-0.01943
Item Value
Underlying 38
Underlying 39.52
Put 4.5346
Put 0.48
Hedge Ratio ~0.4307 Ttem Value
Underlying 30.4
Item Value
Put 8.4350
Underlying 24.32
Hedge Ratio -1
Put 15.68
Time =0 Time =1 Time =2

Sousa makes two statements with regard to the valuation of a European-style
option under the expectations approach.

Statement 1  The calculation involves discounting at the risk-free rate.

Statement 2 The calculation uses risk-neutral probabilities instead of true
probabilities.

Rocha asks Sousa whether it is ever profitable to exercise American options prior
to maturity. Sousa answers, “I can think of two possible cases. The first case is the
early exercise of an American call option on a dividend-paying stock. The second
case is the early exercise of an American put option”

Interest Rate Option

The final option valuation task involves an interest rate option. Sousa must value
a two-year, European-style call option on a one-year spot rate. The notional value
of the option is 1 million, and the exercise rate is 2.75%. The risk-neutral proba-
bility of an up move is 0.50. The current and expected one-year interest rates are
shown in Exhibit 2, along with the values of a one-year zero-coupon bond of 1
notional value for each interest rate.
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Exhibit 2: Two-Year Interest Rate Lattice for an Interest Rate Option

Maturity Value Rate

Maturity Value Rate ! 0952381 5%
1 0.961538 4%

Maturity Value Rate Maturity Value Rate

1 0.970874 3% 1 0.970874 3%
Maturity Value Rate
1 0.980392 2%

Maturity Value Rate

1 0.990099 1%

Time =0 Time =1 Time =2

Rocha asks Sousa why the value of a similar in-the-money interest rate call op-
tion decreases if the exercise price is higher. Sousa provides two reasons.

Reason 1 The exercise value of the call option is lower.

Reason 2 The risk-neutral probabilities are changed.

1. The optimal hedge ratio for the Alpha Company call option using the one-period
binomial model is closest to:

A. 0.60.
B. 0.67.
¢ 1.67.

2. The risk-neutral probability of the up move for the Alpha Company stock is
closest to:

A. 0.06.
B. 0.40.

¢ 0.65.

3. The value of the Alpha Company call option is closest to:

A. 3.71.
B. 5.71.
¢ 6.19.

4. For the Alpha Company option, the positions to take advantage of the arbitrage
opportunity are to write the call and:

A. short shares of Alpha stock and lend.
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B. buy shares of Alpha stock and borrow.

C. short shares of Alpha stock and borrow.

5. The value of the European-style call option on Beta Company shares is closest to:

A. 4.83.
B. 5.12.
¢ 7.61.

6. The value of the American-style put option on Beta Company shares is closest to:

A. 4.53.
B. 5.15.
¢ 9.32

7. Which of Sousa’s statements about binomial models is correct?

A. Statement 1 only
B. Statement 2 only

C. Both Statement 1 and Statement 2

8. Based on Exhibit 2 and the parameters used by Sousa, the value of the interest
rate option is closest to:

A. 5,251.
B. 6,236.
C. 6,429.

9. Which of Sousa’s reasons for the decrease in the value of the interest rate option
is correct?

A. Reason 1 only
B. Reason 2 only

C. Both Reason 1 and Reason 2

The following information relates to questions
10-17

Trident Advisory Group manages assets for high-net-worth individuals and
family trusts.

Alice Lee, chief investment officer, is meeting with a client, Noah Solomon, to
discuss risk management strategies for his portfolio. Solomon is concerned about
recent volatility and has asked Lee to explain options valuation and the use of
options in risk management.

Options on Stock
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Lee uses the BSM model to price TCB, which is one of Solomon’s holdings.
Exhibit 1 provides the current stock price (S), exercise price (X), risk-free interest
rate (r), volatility (o), and time to expiration (7) in years as well as selected out-
puts from the BSM model. TCB does not pay a dividend.

Exhibit 1: BSM Model for European Options on TCB

BSM Inputs
S X r o T
$57.03 55 0.22% 32% 0.25
BSM Outputs

BSM BSM
d, N(d,) d, N(d5) Call Price Put Price
0.3100 0.6217 0.1500 0.5596 $4.695 $2.634

Options on Futures

The Black model valuation and selected outputs for options on another of Solo-
mon’s holdings, the GPX 500 Index (GPX), are shown in Exhibit 2. The spot index
level for the GPX is 187.95, and the index is assumed to pay a continuous divi-
dend at a rate of 2.2% () over the life of the options being valued, which expire in
0.36 years. A futures contract on the GPX also expiring in 0.36 years is currently
priced at 186.73.

Exhibit 2: Black Model for European Options on the GPX Index

Black Model Inputs

GPX Index X r c T d Yield
187.95 180 0.39% 24% 0.36 2.2%
Black Model Black Model Market Market

Call Value Put Value Call Price Put Price
$14.2089 $7.4890 $14.26 $7.20

Option Greeks

Gamma Rho

(call or Theta (call) Vega per %
Delta (call) Delta (put) put) (call) daily  per % (call or put)
0.6232 -0.3689 0.0139 -0.0327 0.3705 0.4231

After reviewing Exhibit 2, Solomon asks Lee which option Greek letter best de-
scribes the changes in an option’s value as time to expiration declines.

Solomon observes that the market price of the put option in Exhibit 2 is $7.20.
Lee responds that she used the historical volatility of the GPX of 24% as an input
to the BSM model, and she explains the implications for the implied volatility for
the GPX.

Options on Interest Rates

Solomon forecasts the three-month MRR will exceed 0.85% in six months and is
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considering using options to reduce the risk of rising rates. He asks Lee to value
an interest rate call with a strike price of 0.85%. The current three-month MRR
is 0.60%, and an FRA for a three-month MRR loan beginning in six months is
currently 0.75%.

Hedging Strategy for the Equity Index

Solomon’s portfolio currently holds 10,000 shares of an exchange-traded fund
(ETF) that tracks the GPX. He is worried the index will decline. He remarks to
Lee, “You have told me how the BSM model can provide useful information for
reducing the risk of my GPX position” Lee suggests a delta hedge as a strategy to
protect against small moves in the GPX Index.

Lee also indicates that a long position in puts could be used to hedge larger
moves in the GPX. She notes that although hedging with either puts or calls
can result in a delta-neutral position, they would need to consider the resulting
gamma.

10. Based on Exhibit 1 and the BSM valuation approach, the initial portfolio required
to replicate the long call option payoff is:

A. long 0.3100 shares of TCB stock and short 0.5596 shares of a zero-coupon
bond.

B. long 0.6217 shares of TCB stock and short 0.1500 shares of a zero-coupon
bond.

(. long 0.6217 shares of TCB stock and short 0.5596 shares of a zero-coupon
bond.

11. To determine the long put option value on TCB stock in Exhibit 1, the correct
BSM valuation approach is to compute:

A. 0.4404 times the present value of the exercise price minus 0.6217 times the
price of TCB stock.

B. 0.4404 times the present value of the exercise price minus 0.3783 times the
price of TCB stock.

(. 0.5596 times the present value of the exercise price minus 0.6217 times the
price of TCB stock.

12. What are the correct spot value (S) and the risk-free rate (r) that Lee should use
as inputs for the Black model?

A. 186.73 and 0.39%, respectively
B. 186.73 and 2.20%, respectively

(. 187.95 and 2.20%, respectively

13. Which of the following is the correct answer to Solomon’s question regarding the
option Greek letter?

A. Vega
B. Theta

(. Gamma

14. Based on Solomon’s observation about the model price and market price for the
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put option in Exhibit 2, the implied volatility for the GPX is most likely:
A. less than the historical volatility.

B. equal to the historical volatility.

(. greater than the historical volatility.

15. The valuation inputs used by Lee to price a call reflecting Solomon’s interest rate
views should include an underlying FRA rate of:

A. 0.60% with six months to expiration.
B. 0.75% with nine months to expiration.

C. 0.75% with six months to expiration.

16. The strategy suggested by Lee for hedging small moves in Solomon’s ETF posi-
tion would most likely involve:

A. selling put options.
B. selling call options.

(. buying call options.

17. Lee’s put-based hedge strategy for Solomon’s ETF position would most likely
result in a portfolio gamma that is:

A. negative.
B. neutral.

(. positive.
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SOLUTIONS

1. Ais correct. The hedge ratio requires the underlying stock and call option values
for the up move and down move. St = 56, and S~ = 46. ¢* = Max(0,S* - X) =
Max(0,56 — 50) = 6, and ¢~ = Max(0,S~ — X) = Max(0,46 — 50) = 0. The hedge

ratio is
_c¢t=¢ _ 6-0 _ 6 _
h= =5 =36-46 — 10 ~ 060

2. Cis correct. For this approach, the risk-free rate is » = 0.05, the up factor is
u=S8%/S =56/50 = 1.12, and the down factor is d = S7/S = 46/50 = 0.92. The
risk-neutral probability of an up move is
n=[FV()-dl/(u—-d)y=1+r—-d)/(u—-d)
n=(1+0.05-0.92)/(1.12 -0.92) = 0.13/0.20 = 0.65

3. Ais correct. The call option can be estimated using the no-arbitrage approach or
the expectations approach. With the no-arbitrage approach, the value of the call
option is

c=hS+PV(hS +c).

h=(c"— (ST =5 = (6-0)/(56 — 46) = 0.60.
¢ =(0.60 x 50) + (1/1.05) x [(~0.60 x 46) + 0].
¢ =30 - [(1/1.05) x 27.6] = 30 — 26.286 = 3.714.

Using the expectations approach, the risk-free rate is r = 0.05, the up factor is u =
S§*/S =56/50 = 1.12, and the down factor is d = S7/S = 46/50 = 0.92. The value of
the call option is

c=PV x [nc" + (1 —m)c].
= [FV(1) = d)(u — d) = (1.05 — 0.92)/(1.12 — 0.92) = 0.65.
¢ = (1/1.05) % [0.65(6) + (1 — 0.65)(0)] = (1/1.05)(3.9) = 3.714.

Both approaches are logically consistent and yield identical values.

4. Bis correct. You should sell (write) the overpriced call option and then go long
(buy) the replicating portfolio for a call option. The replicating portfolio for a call
option is to buy / shares of the stock and borrow the present value of (hS™ — ¢7).

c=hS+PV(-hS + ).
h=(c" =St —5)=(6-0)/(56 —46) = 0.60.

For the example in this case, the value of the call option is 3.714. If the option

is overpriced at, say, 4.50, you short the option and have a cash flow at Time 0
of +4.50. You buy the replicating portfolio of 0.60 shares at 50 per share (giving
you a cash flow of —30) and borrow (1/1.05) x [(0.60 x 46) — 0] = (1/1.05) x 27.6
= 26.287. Your cash flow for buying the replicating portfolio is —30 + 26.287 =
—3.713. Your net cash flow at Time 0 is + 4.50 — 3.713 = 0.787. Your net cash
flow at Time 1 for either the up move or down move is zero. You have made an
arbitrage profit of 0.787.

In tabular form, the cash flows are as follows:
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Time Step 1 Time Step 1
Transaction Time Step O Down Occurs Up Occurs
Sell the call option 4.50 0 —-6.00
Buy / shares —-0.6 x 50 = =30 0.6 x 46 = 27.6 0.6 x 56 = 33.6
Borrow —PV(-hS™ + ¢7) —(1/1.05) x [(=0.6 x 46) + 0] = 26.287 —0.6 x 46 = -27.6 —0.6 x 46 = -27.6
Net cash flow 0.787 0 0

5. Ais correct. Using the expectations approach, the risk-neutral probability of an
up move is

n=[FV(1) — d]/(u — d) = (1.03 — 0.800)/(1.300 — 0.800) = 0.46.

The terminal value calculations for the exercise values at Time Step 2 are
¢ = Max(0,u%S — X) = Max[0,1.30%(38) — 40] = Max(0,24.22) = 24.22.

¢ = Max(0,udS — X) = Max[0,1.30(0.80)(38) — 40] = Max(0,-0.48) = 0.
¢~ = Max(0,d5 — X) = Max[0,0.80%(38) — 40] = Max(0,—15.68) = 0.
Discounting back for two years, the value of the call option at Time Step O is
¢=PV[r2c™ + 2n(1 — )¢ + (1 —m)2c ).

¢ = [1/(1.03)]2[0.462(24.22) + 2(0.46)(0.54)(0) + 0.542(0)].

¢ =[1/(1.03)]%[5.1250] = 4.8308.

6. Bis correct. Using the expectations approach, the risk-neutral probability of an
up move is

= [FV(1) - d)/(u — d) = (1.03 — 0.800)/(1.300 — 0.800) = 0.46.

An American-style put can be exercised early. At Time Step 1, for the up move,
p*is 0.2517 and the put is out of the money and should not be exercised early (X
< §, 40 < 49.4). However, at Time Step 1, p~ is 8.4350 and the put is in the money
by 9.60 (X — S = 40 — 30.40). So, the put is exercised early, and the value of early
exercise (9.60) replaces the value of not exercising early (8.4350) in the binomial
tree. The value of the put at Time Step 0 is now

p=PV[mp* + (1 —m)p] = [1/(1.03)][0.46(0.2517) + 0.54(9.60)] = 5.145.

Following is a supplementary note regarding Exhibit 1: These computations refer
to European-style put options.

The values in Exhibit 1 are calculated as follows.
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At Time Step 2:
p = Max(0,X — u2S) = Max[0,40 — 1.300%(38)] = Max(0,40 — 64.22) = 0.

p" = Max(0,X — udS) = Max[0,40 — 1.300(0.800)(38)] = Max(0,40 — 39.52) =
0.48.

p~ = Max(0,X — d>S) = Max[0,40 — 0.800%(38)] = Max(0,40 — 24.32) = 15.68.
At Time Step 1:

pr=PV[mp™ + (1 —m)p~] =[1/(1.03)][0.46(0) + 0.54(0.48)] = 0.2517.

p =PV[ap~ + (1 —m)p~ 7] =[1/(1.03)][0.46(0.48) + 0.54(15.68)] = 8.4350.
At Time Step 0:

p=PV[mp" + (1 — mp~] = [1/(1.03)][0.46(0.2517) + 0.54(9.60)] = 5.145.

C is correct. Both statements are correct. The expected future payoff is calculat-
ed using risk-neutral probabilities, and the expected payoft is discounted at the
risk-free rate.

C is correct. Using the expectations approach, per 1 of notional value, the values
of the call option at Time Step 2 are

¢t =Max(0,S - X) = Max(0,0.050 — 0.0275) = 0.0225.

¢ =Max(0,5" — X) = Max(0,0.030 — 0.0275) = 0.0025.

¢~ =Max(0,S" ~ - X) = Max(0,0.010 — 0.0275) = 0.

At Time Step 1, the call values are

¢t =PV[rct + (1 -n)c].

¢ =10.961538[0.50(0.0225) + (1 — 0.50)(0.0025)] = 0.012019.
¢ =PV[rnc™+ (1 —m)c ).

¢~ =0.980392[0.50(0.0025) + (1 — 0.50)(0)] = 0.001225.

At Time Step 0, the call option value is

¢ =PV[rnct + (1 —n)c).

¢ =0.970874[0.50(0.012019) + (1 — 0.50)(0.001225)] = 0.006429.

The value of the call option is this amount multiplied by the notional value, or
0.006429 x 1,000,000 = 6,429.

A is correct. Reason 1 is correct: A higher exercise price does lower the exercise
value (payoff) at Time 2. Reason 2 is not correct because the risk-neutral prob-
abilities are based on the paths that interest rates take, which are determined by
the market and not the details of a particular option contract.

C is correct. The no-arbitrage approach to creating a call option involves buying
Delta = N(d;) = 0.6217 shares of the underlying stock and financing with —N(d)
= —0.5596 shares of a risk-free bond priced at exp(-rt)(X) = exp(-0.0022 x 0.25)
(55) = $54.97 per bond. Note that the value of this replicating portfolio is ngS +
ngB = 0.6217(57.03) — 0.5596(54.97) = $4.6943 (the value of the call option with
slight rounding error).
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11. B is correct. The formula for the BSM price of a put option is p = e "*XN(~d,) —
SN(-d;). N(-d;) =1 - N(d;) =1 -0.6217 = 0.3783, and N(-d,) =1 - N(d,) = 1
—0.5596 = 0.4404.

Note that the BSM model can be represented as a portfolio of the stock (#S) and
zero-coupon bonds (ngB). For a put, the number of shares is ng = -N(-d;) <0
and the number of bonds is np = —N(d,) > 0. The value of the replicating portfo-
lio is ngS + ngB = —0.3783(57.03) + 0.4404(54.97) = $2.6343 (the value of the put
option with slight rounding error). B is a risk-free bond priced at exp(—r£)(X) =
exp(-0.0022 x 0.25)(55) = $54.97.

12. A is correct. Black’s model to value a call option on a futures contract is ¢ = e~
r T[FO(T)N(dl) — XN(d,)]. The underlying F,, is the futures price (186.73). The
correct discount rate is the risk-free rate, r = 0.39%.

13. B is correct. Lee is pointing out the option price’s sensitivity to small changes in
time. In the BSM approach, option price sensitivity to changes in time is given by
the option Greek theta.

14. A is correct. The put is priced at $7.4890 by the BSM model when using the his-
torical volatility input of 24%. The market price is $7.20. The BSM model over-
pricing suggests the implied volatility of the put must be lower than 24%.

15. C s correct. Solomon’s forecast is for the three-month MRR to exceed 0.85% in
six months. The correct option valuation inputs use the six-month FRA rate as
the underlying, which currently has a rate of 0.75%.

16. B is correct because selling call options creates a short position in the ETF that
would hedge his current long position in the ETF.
Exhibit 2 could also be used to answer the question. Solomon owns 10,000 shares
of the GPX, each with a delta of +1; by definition, his portfolio delta is +10,000. A
delta hedge could be implemented by selling enough calls to make the portfolio
delta neutral:
Portfolio delta +10,000

Ny = = Deiey, = ~Toemz — ~ 16,046 calls.

17. Cis correct. Because the gamma of the stock position is 0 and the put gamma
is always non-negative, adding a long position in put options would most likely
result in a positive portfolio gamma.

Gamma is the change in delta from a small change in the stock’s value. A stock
position always has a delta of +1. Because the delta does not change, gamma
equals 0.

The gamma of a call equals the gamma of a similar put, which can be proven
using put—call parity.
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