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How to Use the CFA
Program Curriculum

The CFA’ Program exams measure your mastery of the core knowledge, skills, and
abilities required to succeed as an investment professional. These core competencies
are the basis for the Candidate Body of Knowledge (CBOK™). The CBOK consists of
four components:

= A broad outline that lists the major CFA Program topic areas (www
.cfainstitute.org/programs/cfa/curriculum/cbok)

= Topic area weights that indicate the relative exam weightings of the top-level
topic areas (www.cfainstitute.org/programs/cfa/curriculum)

= Learning outcome statements (LOS) that advise candidates about the
specific knowledge, skills, and abilities they should acquire from curricu-
lum content covering a topic area: LOS are provided at the beginning of
each block of related content and the specific lesson that covers them. We
encourage you to review the information about the LOS on our website
(www.cfainstitute.org/programs/cfa/curriculum/study-sessions), including
the descriptions of LOS “command words” on the candidate resources page
at www.cfainstitute.org.

= The CFA Program curriculum that candidates receive upon exam
registration

Therefore, the key to your success on the CFA exams is studying and understanding
the CBOK. You can learn more about the CBOK on our website: www.cfainstitute
.org/programs/cfa/curriculum/cbok.

The entire curriculum, including the practice questions, is the basis for all exam
questions and is selected or developed specifically to teach the knowledge, skills, and
abilities reflected in the CBOK.

ERRATA

The curriculum development process is rigorous and includes multiple rounds of
reviews by content experts. Despite our efforts to produce a curriculum that is free
of errors, there are instances where we must make corrections. Curriculum errata are
periodically updated and posted by exam level and test date online on the Curriculum
Errata webpage (www.cfainstitute.org/en/programs/submit-errata). If you believe you
have found an error in the curriculum, you can submit your concerns through our
curriculum errata reporting process found at the bottom of the Curriculum Errata
webpage.

DESIGNING YOUR PERSONAL STUDY PROGRAM

An orderly, systematic approach to exam preparation is critical. You should dedicate
a consistent block of time every week to reading and studying. Review the LOS both
before and after you study curriculum content to ensure that you have mastered the

Xi
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How to Use the CFA Program Curriculum

applicable content and can demonstrate the knowledge, skills, and abilities described
by the LOS and the assigned reading. Use the LOS self-check to track your progress
and highlight areas of weakness for later review.

Successful candidates report an average of more than 300 hours preparing for each
exam. Your preparation time will vary based on your prior education and experience,
and you will likely spend more time on some study sessions than on others.

CFA INSTITUTE LEARNING ECOSYSTEM (LES)

Your exam registration fee includes access to the CFA Program Learning Ecosystem
(LES). This digital learning platform provides access, even offline, to all of the curricu-
lum content and practice questions and is organized as a series of short online lessons
with associated practice questions. This tool is your one-stop location for all study
materials, including practice questions and mock exams, and the primary method by
which CFA Institute delivers your curriculum experience. The LES offers candidates
additional practice questions to test their knowledge, and some questions in the LES
provide a unique interactive experience.

PREREQUISITE KNOWLEDGE

The CFA’ Program assumes basic knowledge of Economics, Quantitative Methods,
and Financial Statements as presented in introductory university-level courses in
Statistics, Economics, and Accounting. CFA Level I candidates who do not have a
basic understanding of these concepts or would like to review these concepts can
study from any of the three pre-read volumes.

FEEDBACK

Please send any comments or feedback to info@cfainstitute.org, and we will review
your suggestions carefully.
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LEARNING MODULE

Pricing and Valuation of
Forward Commitments

by Adam Schwartz, PhD, CFA.

Adam Schwartz, PhD, CFA is at Bucknell University (USA).

CFA Institute would like to thank Robert Brooks, PhD, CFA and Barbara Valbuzzi, CFA for
their contributions to earlier versions of this reading.

LEARNING OUTCOMES

Mastery

The candidate should be able to:

[

O 0O 0 0o d d

describe how equity forwards and futures are priced, and calculate
and interpret their no-arbitrage value

describe the carry arbitrage model without underlying cashflows and
with underlying cashflows

describe how interest rate forwards and futures are priced, and
calculate and interpret their no-arbitrage value

describe how fixed-income forwards and futures are priced, and
calculate and interpret their no-arbitrage value

describe how interest rate swaps are priced, and calculate and
interpret their no-arbitrage value

describe how currency swaps are priced, and calculate and interpret
their no-arbitrage value

describe how equity swaps are priced, and calculate and interpret
their no-arbitrage value

INTRODUCTION

[

describe how equity forwards and futures are priced, and calculate
and interpret their no-arbitrage value

Forward commitments include forwards, futures, and swaps. A forward contract is
a promise to buy or sell an asset at a future date at a price agreed to at the contract’s
initiation. The forward contract has a linear payoff function, with both upside and
downside risk.
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A swap is essentially a promise to undertake a transaction at a set price or rate
at several dates in the future. The technique we use to price and value swaps is to
identify and construct a portfolio with cash flows equivalent to those of the swap.
Then, we can use tools, such as the law of one price, to determine swap values from
simpler financial instruments, such as a pair of bonds with a cash flow pattern similar
to those of our swap.

Look out for the big picture: value additivity, arbitrage, and the law of one price
are important valuation concepts.

Forwards and swaps are widely used in practice to manage a broad range of market
risks. As well, more complex derivative instruments can sometimes be understood in
terms of their basic building blocks: forwards and option-based components. Here
are just some of the many and varied uses for forwards, futures, and swaps that you
might encounter in your investment career:

= Use of equity index futures and swaps by a private wealth manager to hedge
equity risk in a low tax basis, concentrated position in his high-net-worth
client’s portfolio.

=  Use of interest rate swaps by a defined benefits plan manager to hedge inter-
est rate risk and to manage the pension plan’s duration gap.

= Use of derivatives (total return swaps, equity futures, bond futures, etc.)
overlays by a university endowment for tactical asset allocation and portfo-
lio rebalancing.

= Use of interest rate swaps by a corporate borrower to synthetically convert
floating-rate debt securities to fixed-rate debt securities (or vice versa).

= Use of VIX futures and inflation swaps by a firm’s market strategist to infer
expectations about market volatility and inflation rates, respectively.

Principles of Arbitrage-Free Pricing and Valuation of Forward
Commitments

In this section, we examine arbitrage-free pricing and valuation of forward
commitments—also known as the no-arbitrage approach to pricing and valuing such
instruments. We introduce some guiding principles that heavily influence the activities
of arbitrageurs, who are price setters in forward commitment markets.

There is a distinction between the pricing and the valuation of forward commit-
ments. Forward commitment pricing involves determining the appropriate forward
commitment price or rate when initiating the forward commitment contract. Forward
commitment valuation involves determining the appropriate value of the forward
commitment, typically after it has been initiated.

Our approach to pricing and valuation is based on the assumption that prices
adjust to prevent arbitrage profits. Hence, the material will be covered from an arbi-
trageur’s perspective. Key to understanding this material is to think like an arbitrageur.
Specifically, the arbitrageur seeks to make a profit following two rules:

Rule #1: Do not use your own money; and

Rule #2: Do not take any price risk.

To make a profit, subject to these restrictions, the arbitrageur may need to bor-
row or lend money and buy or sell assets. The no-arbitrage approach considers the
contract’s cash flows from contract initiation (Time 0) to contract maturity (Time
T). If an initial investment requires an outflow of 100 euros, then we will present it
as a —100 euro cash flow. Cash inflows to the arbitrageur have a positive sign, and
outflows are negative.
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Pricing and valuation tasks based on the no-arbitrage approach imply an inability
to create a portfolio that earns a risk-free profit without making a positive net invest-
ment of capital. In other words, if cash and forward markets are priced correctly with
respect to each other, we cannot create such a portfolio. That is, we cannot create
money today with no risk or future liability. This approach is built on the law of one
price, which states that if two investments have equivalent future cash flows regardless
of what will happen in the future, then these two investments should have the same
current price. Alternatively, if the law of one price is violated, someone could buy the
cheaper asset and sell the more expensive asset, resulting in a gain at no risk and with
no commitment of capital. The law of one price can be used with the value additivity
principle, which states that the value of a portfolio is simply the sum of the values of
each instrument held in the portfolio.

Throughout this discussion of forward commitments, the following key assump-
tions are made: (1) replicating instruments are identifiable and investable; (2) market
frictions are nil; (3) short selling is allowed with full use of proceeds; and (4) borrowing
and lending are available at a known risk-free rate.

Our analyses will rely on the carry arbitrage model, a no-arbitrage approach in
which the underlying instrument is either bought or sold along with establishing a
forward position—hence the term “carry” Carry arbitrage models are also known as
cost-of-carry arbitrage models or cash-and-carry arbitrage models. Carry arbitrage
models account for costs to carry/hold the underlying asset. Carry costs include
financing costs plus storage and insurance costs (for physical underlying, like gold).
The carry arbitrage model must also adjust for any carry benefits (i.e., negative carry
costs), including dividends and interest (such as bond coupons) received. Typically, each
type of forward commitment will result in a different model, but common elements
will be observed. Carry arbitrage models are a great first approximation to explaining
observed forward commitment prices in many markets.

The central theme here is that forward commitments are generally priced so as
to preclude arbitrage profits. Section 3 demonstrates how to price and value equity,
interest rate, fixed-income, and currency forward contracts. We also explain how
these results apply to futures contracts.

Pricing and Valuing Generic Forward and Futures Contracts

In this section, we examine the pricing of forward and futures contracts based on the
no-arbitrage approach. The resulting carry arbitrage models are based on the replication
of the forward contract payoff with a position in the underlying that is financed through
an external source. Although the margin requirements, mark-to-market features, and
centralized clearing in futures markets result in material differences between forward
and futures markets in some cases, we focus mainly on cases in which the particular
carry arbitrage model can be used in both markets.

Forwards and Futures

Forward and futures contracts are similar in that they are both agreements in which
one party is legally obligated to sell and the other party is legally obligated to buy an
asset (financial or otherwise) at an agreed price at some specific date in the future.
The main difference is that a futures contract is an exchange-traded financial instru-
ment. Contracts trading on an organized exchange, such as the Chicago Mercantile
Exchange (CME), incorporate standard features to facilitate trading and ensure both
parties fulfill their obligations. For example, a gold futures contract traded on the CME
(COMEX) features a standard contract size of 100 ounces, agreed upon deliverable
assets (gold bars, perhaps), and a limited choice of maturity dates. To ensure perfor-
mance of the long and the short parties, the futures exchange requires the posting
and daily maintenance of a margin account.
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A forward contract is an agreement to buy or sell a specific asset (financial or
otherwise) at an agreed price at some specific date in the future. Forward contracts
are bilateral non-exchange traded contracts, offering flexibility in terms of size, type
of the underlying asset, expiration date, and settlement date. This customization
comes at a price of potential credit risk and ability to unwind the position. Since the
financial crisis, best practices for OTC contracts suggest daily settlement and margin
requirements for forward contracts similar to those required by futures exchanges.
Without daily settlement, a forward contract may accumulate (or may lose) value
over time. Some of the differences and similarities between forwards and futures are
summarized in Exhibit 1.

Exhibit 1: Characteristics of Futures and Forward Contracts

Futures Forwards

Exchange-traded Negotiated between the contract
counterparties

Standardized dates and deliverables Customized dates and deliverables

Trades guaranteed by a clearinghouse Trading subject to counterparty risk

Initial value = 0 Initial value = 0

(Typically, but not required)

An initial margin deposit specified by the Margin requirements may be specified by
exchange is required. The margin account is the counterparties.

adjusted for gains and losses daily. If daily losses

cause the margin balance to drop below a limit

set by the futures exchange (i.e., maintenance

margin), additional funds must be deposited, or

the position will be closed.

Daily settlement marks the contract price equal Contract may outline a settlement sched-

to the market price and contract value = 0. ule. The forward may accumulate (or
lose) value between settlement periods or
until maturity (if no early settlements are
required).

Forward price (F) or futures price (f) refers to the price that is negotiated between
the parties to the forward or futures contract, respectively.
Our notation will be as follows, let:

S represent spot price (cash price for immediate delivery) of the underlying
instrument at any time t,

F, represent forward price at any time t, and

f; represent futures price at any time t.

Therefore, Sy, Fy, and f;, denote, respectively, the spot, forward, and futures price,
respectively, established at the initiation date, 0. The initial forward price is established
to make the contract value zero for both the long and short parties. The forward
(delivery) price does not change during the life of the contract. Time T represents
the time at which the contract expires and the future transaction is scheduled to
take place. Thus, ST, F, and fy are the spot, forward, and futures price, respectively,
at expiration time T. Between initiation at time 0 and expiration at time T, the spot
price of the underlying asset may fluctuate to a new value, S;. The price of a newly
created forward or futures contract at time t with the same underlying and expiration
(at time T) may differ from the price agreed to at time 0. So, our forward or futures
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contract established at time 0 may have a positive or negative value at time t. V;
and v, will later be used to describe, respectively, the value of a forward and futures
contract at any time t.

As we approach expiration, the price of a newly created forward or futures con-
tract will approach the price of a spot transaction. At expiration, a forward or futures
contract is equivalent to a spot transaction in the underlying. This property is often
called convergence, and it implies that at time T, both the forward price and the
futures price are equivalent to the spot price—that is,

Convergence property: Fr = f1 = St.

The convergence property is intuitive. For example, the one-year forward price of
gold (that is, the price set today to purchase gold one year from now) might be very
different from the spot price of gold. However, the price to buy gold one hour in the
future should be very close to the spot price. As the maturity of the forward or futures
contract approaches, the forward or futures price will converge to the spot price. If the
forward or futures price were higher than the spot at maturity, an arbitrageur would:

1. Sell the forward or futures contract.
2. Borrow funds using a loan to buy the asset.

3. Make delivery at expiration of the contract, repay the loan, and keep the
profit.

As market participants exploit this arbitrage opportunity, the forward or futures
price will fall due to selling pressure.

If the futures price is below spot price, an arbitrageur would short sell the asset,
invest the short-sale proceeds at the risk-free rate, and then enter into a long futures
contract. He or she would take delivery of the asset at the futures contract expiration
and use it to cover the short. The profit is simply the difference between the short-sale
price and the futures price, after adjusting for carrying and financing costs. These
actions on the part of arbitrageurs would act to enforce the convergence property.

Prior to expiration, the price of a newly created futures or forward contract will
usually differ from the spot price. The forward and futures prices may even differ
slightly from each other. For example, when the possibility of counterparty default
exists or when the underlying asset price (such as a bond) is correlated with interest
rates (which might impact the financing costs for daily settlement), the futures price
might vary slightly from the forward price. For most cases, the generalist may assume
the price of a futures contract and a forward contract will be same. That is F; = f;
before expiration.

Exhibit 2 shows the convergence property for a stock index futures/forward contact
under continuous compounding and varying dividend yields. To carry a stock index,
we must forego the interest rate that could be otherwise earned on our money, but
we will collect dividend payments. As shown in Exhibit 2, the convergence path to
the spot price at maturity depends on the costs and benefits of carrying the under-
lying asset. Here the stock index pays a dividend yield, which is a carry benefit. To
hold the stock index, we must forego interest that could otherwise be earned on the
investment. This financing rate (interest rate, r.), assumed to be 2% in the following
graph, is a cost to carry the index.
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Exhibit 2: Convergence Property: Convergence of Forward Price to Spot

Price (r. = 2% and Index Level = 100)

Price
103
Carry Benefits (dividends) < Carry Costs (interest rate) results
102 % infutures/forward price converging to the spot price from above.
101 F———o T
100 T
QQ fenerreereie

Convergence Property at
Expiration: Futures Price =
98 F Forward Price = Spot Price

g7 | Carry Benefits (dividends) > Carry Costs (interest rate) results
in futures/forward price converging to the spot price from below.

96 L L L L L L L L L
1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 02 0.1 0
Time to Maturity (years)

—— DivYld=4% -------- Div Yld = 3% Div Yld = 2%
—----DivYld=1% —-—- DivYld=0%

As maturity of the contract approaches (at time = T), the price of a newly created
forward or futures contract will approach the spot price so that at expiration Fp = fr
= S, according to the convergence property. Prior to expiration, the forward/futures
prices may be above, below, or nearly equal to the current spot price S,. For futures
contracts, the difference between the spot price and the futures price is the basis. As
the maturity date nears, the basis converges toward zero. According to the convergence
property, the future price approaches the spot price as we move toward expiration.
At expiration, the futures price is equal to the price today for delivery today (i.e., spot
price). If the convergence property does not hold, arbitrage will force the prices to
be equal at contract expiration. The nature of the pricing relationship between the
spot and forward/futures prices shown here will be explained shortly using the carry
arbitrage model. For example, carry arbitrage will help us understand why assets
with carry benefits (dividends) greater than carry costs (costs to finance and store
the underlying) will have forward prices that converge to the spot price from below.

As market prices change, the value of existing futures and forward positions will
change also. The market value of the forward or futures contract, termed forward
value or futures value, respectively, and sometimes just value, refers to the mone-
tary value of an existing forward or futures contract. When the forward or futures
contract is established, the price is negotiated so that the value of the contract on the
initiation date is zero. Subsequent to the initiation date, the value can be significantly
positive or negative.

For example, an industrial firm requires platinum to manufacture certain com-
ponents used in automobile manufacturing. The firm enters a long forward contract
on 10 March Under the terms of the contract, the firm agrees to buy 4,500 ounces of
platinum on 10 September for $900 per ounce from a metal producer. From the firm’s
point of view, this is effectively a six-month long forward contract at a price of F =
$900. If the price (technically, the September forward price) of platinum increases to
$1,100 in May, the firm will be happy to have locked in a purchase price of $900 (long
forward contract value is positive). If the price of platinum decreases to $800, the
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firm must still honor the forward agreement to buy platinum at $900 (long forward
contract value is negative). To describe the value of a forward contract, let V, be the
value of the forward contract at any time t.

When the forward contract is established, the forward price is negotiated so that
the market value of the forward contract on the initiation date is zero. Most forward
contracts are structured this way and are referred to as at market contracts. Again,
we assume no margin requirements. No money changes hands, meaning that the
initial value is zero, so, V= 0.

At expiration, the value of a forward contract V- is realized and, as shown next,
is straightforward to compute. Remember, the profit on any completed transaction
is the sale price minus the purchase price. The profit or value of the forward contract
at expiration is also the sale price minus the purchase price. At initiation, a forward
or futures contract allows for either a future purchase price or a future sale price, F,
to be known at time 0. In a long forward, a buyer can lock in a purchase price, F; In
a short forward, a seller can lock in a sale price, F, Again, a forward contract allows
a buyer or a seller to fix an initial price F, either the purchase price (long forward)
or the sale price (short forward). The party long the forward effectively agrees to buy
an asset in the future (at time T) at a price set today (at time 0), F,.

At expiration, the asset can be sold in the spot market at a price Sy Therefore, a
long position in a forward contract has a value at expiration of:

A short position effectively locks in a sale price of F It is the negative of the long
position. Therefore, the value of a short forward position at expiration is the sale price
minus the purchase price of the asset:

—Vr=—Sr—-Fop) =Fy—St.

For example, in January a fund manager agrees to sell a bond portfolio in May for F,
= £10,000,000. The fund manager locks in the sale price, F. If the spot price of the
bond portfolio at expiration (St) is £9,800,000, then the short forward contract will
have an expiration value to the fund manager of:

-V = £10,000,000 — £9,800,000 = £200,000.

The fund manager makes a profit by selling at a higher price than the market price
at expiration.

Value may accumulate or diminish with the passage of time in forward contracts,
which is why forward contracts require the posting of collateral. Futures contract
values, on the other hand, are settled by margining at the end of each trading day
when the contract is marked-to-market. The gains and losses in the position over
time accumulate in the futures traders’ margin accounts. Prior to daily settlement,
during the trading hours the market value of a long position in a futures contract
is the current futures price less the future price at the last time the contract was
marked-to-market times the multiplier, N; (the multiplier is the standard contract
size set by the futures exchange).

For a long futures contract, the value accumulated during the trading day (v,) is:

v; = Multiplier x (Current futures price — Previous settlement price) or
ve=Npx (f = fi ).

Assume an investor is long one contract (N; = 100 ounces/contract) of June gold,
which settled at $1,300/ounce on the previous trading day. So, the investor is effectively
agreeing to purchase 100 ounces of gold in June for $1,300 per ounce or $130,000
total. The trader need not pay the entire $130,000 today but must post a deposit in a
margin account to guarantee his/her performance. During the current trading day, the
price of June gold increases to $1,310. Before marking-to-market, the value of the long
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contract is 100 x ($1,310 — $1,300) = +$1,000. After marking-to-market, the gain or
loss is reflected in the trader’s margin account and the new contract price is set equal
to the settlement price. The futures contract value after daily settlement is 0 or v, = 0.

CARRY ARBITRAGE

[

describe the carry arbitrage model without underlying cashflows and
with underlying cashflows

We first consider a generic forward contract, meaning that we do not specify the
underlying as anything more than just an asset. As we move through this section, we
will continue to address specific additional factors to bring each carry arbitrage model
closer to real markets. Thus, we will develop several different carry arbitrage models,
each one applicable to a specific forward commitment contract. We start with the
simpler of the two base cases, carry of an asset without cash flows to the underlying,
then move to the more complex case of forwards on assets with underlying cash flows,
such as bonds with coupon payments or stocks that pay dividends.

Carry Arbitrage Model When There Are No Underlying Cash
Flows

Carry arbitrage models receive their name from the literal interpretation of carrying
the underlying asset over the life of the forward contract. If an arbitrageur enters
a forward contract to sell an underlying instrument for delivery at time T, then to
offset this exposure, one strategy is to buy the underlying instrument at time 0 with
borrowed funds and carry it to the forward expiration date (time T). The asset can
then be sold (or even delivered) under the terms of a forward contract. The risks of
this scenario are illustrated in Exhibit 3.

Exhibit 3: Cash Flows from Carrying an Underlying Asset and Offsetting

Short Forward Position

Time 0 TimeT

Borrowing Funds to Purchase and Carry an Underlying Asset

Underlying -S, (purchase) +St (sale)
Borrowed funds +S (inflow) —-FV(Sy) (repayment)
Net Cash Flow +Sy—Sg=0 +ST — FV(Sy)
Short Forward Position
Short Forward Vp=0 V1 =Fy-St
Overall Position: Long Asset + Borrowed Funds + Short Forward
+Sqg—Sp+ V=0 +ST —FV(Sg) + V=0

+ST - FV(So) + (FO - ST) =0
+FO - FV(So) =0
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The underlying asset is bought for S, with borrowed funds. The asset can be sold
at time T for a price, St. At time T, the borrowed funds must be repaid at a cost of
EV(Sp); note that FV stands for the future value function. Clearly, when St is below
(above) FV(Sy), our underlying transaction will suffer a loss (earn a profit). A short
forward position can be added to our long position in the underlying asset to offset
any profit or loss in the underlying. Both positions have no initial (time 0) cash flow.
To prevent arbitrage, the overall portfolio (Asset + Borrowed funds + Short forward)
should have a value of zero at time T. If the cost to finance the purchase of the asset,
FV(Sy), is equal to the initially agreed upon forward price, F then there is no arbitrage
profit. So, we should have F, = FV(S;).

For now, we will keep the significant technical issues to a minimum. When possi-
ble, we will just use FV and PV to denote future value and present value, respectively.
At this point we are not yet concerned about compounding conventions, day count
conventions, or even the appropriate risk-free interest rate proxy.

Carry arbitrage models rest on the no-arbitrage assumptions. Therefore, the
arbitrageur does not use his or her own money to acquire positions but borrows to
purchase the underlying. Borrowing (if the underlying asset is purchased) and lending
the proceeds (if the underlying asset is sold) are done at the risk-free interest rate.
Furthermore, the arbitrageur offsets all transactions, meaning he/she does not take
any price risk. We do not consider other risks, such as liquidity risk and counterparty
credit risk, as they would unnecessarily complicate our basic presentation.

If we assume continuous compounding (r.), then FV(Sy) = Syexp” I If we assume
annual compounding (r), then FV(S;) = So(1 + r)T. Note that in practice, observed
interest rates are derived from market prices. For example, a T-bill price implies the
T-bill rate. Significant errors can occur if the quoted interest rate is used with the
wrong compounding convention. When possible, we just use basic present value and
future value representations to minimize confusion.

To help clarify, we first illustrate the price exposure solely from holding the
underlying asset. Exhibit 4 shows the cash flows from carrying the underlying, a
non-dividend-paying stock, assuming Sy = 100, r = 5%, and T = 1. For illustration
purposes, we allow the stock price at expiration to go down to St~ = 90 or up to St
= 110. The initial transactions will generate cash flows shown at times 0 and T. In
practice, the set of transactions (market purchases, bank transactions) are executed
simultaneously at each time period, not sequentially. Here are the two transactions
at time O that produce a levered equity purchase.

Step 1 Purchase one unit of the underlying at time 0 (an outflow).

Step 2 Borrow the purchase price at the risk-free rate (an inflow).

1
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Exhibit 4: Cash Flows for Long Financial Position

Time 0 Time T
Sp+ =110
CFy* =110-105 = +5

Sy =100 Repay Loan: 100 (1.05) = 105
Borrow $100 at
r=>5%toBuy1

Share at S,
CF,=0
0 Si-=90

CF=90-105=-15

At time T (= 1), the stock price can jump up to S;* = 110 or jump down to St~ = 90.
Because the two outcomes are different, the strategy at this point has price risk. After
the loan is repaid, the net cash flow will be +5 if the stock jumps up to 110 or —15 if
the stock price jumps down to 90. To eliminate price risk, we must add another step
to our list of simultaneous transactions. As suggested by Exhibit 3, we sell (go short)
a forward contract to set a price today for the future sale of our underlying, and that
price (Fy = FV(Sy)) is 105.

Step 1 Sell a forward at F, = 105. For a short forward contract, F is the price
agreed to at time O to sell the asset at Time T.

The resulting portfolio with its offsetting transaction is illustrated in Exhibit 5.

Exhibit 5: Cash Flow for Long Financial Position with Short Forward

Contract

Time 0 Time T

St =110
Short Forward (V1) = Fy— Sy =105-110 = -5
CFr* = Sp* — Loan + Forward = 110 - 105 + (-5) = 0

Sy = 100

Repay Loan: 100 (1.05) = 105

Borrow $100 at
r=>5% toBuy1
Share at S,

Short Fj = 105,
V[) = 0,

S;-=90
CFy=0 L

Short Forward (V1) = Fy— St =105-90 = +15
CF1~ =Sy~ — Loan + Forward = 90 - 105 + (15) =0

Regardless of the value of the underlying at maturity, we owe 105 on the loan. Notice
that at expiration the underlying is worth 90 or 110. Since we agreed to sell the asset
at 105, the forward contract value is either 15 or -5, respectively. If the asset is selling
for 90 at time T, the forward contract allows us to sell our underlying position for 15
more (105 — 90) than in the spot market. The combination of the proceeds from the
sale of the underlying and the value of the short forward at maturity is always 105 (=
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90 + 15 or 110 — 5), which is precisely the amount necessary to pay off the loan. So,
there is zero net cash flow at expiration under any and all circumstances. Since this
transaction has no risk (no uncertainty about value at time T), we require that the
no-arbitrage forward price (Fy) is simply the future value of the underlying growing
at the risk-free rate, or

F, = Future value of underlying = FV(S). @)

In our example, Fy = FV(Sg) = 105. In fact, with annual compounding and T = 1, we
have simply Fy = Sp(1 + r)T = 100(1 + 0.05)L. The future value refers to the amount
of money equal to the spot price invested at the compounded risk-free interest rate
during the time period. It is not to be confused with or mistaken for the mathematical
expectation of the spot price at time T.

Without market frictions, arbitrage may be possible when mispricing occurs. To
better understand the arbitrage mechanics, suppose that F = 106. Based on the prior
information, we observe that the forward price is higher than the price suggested
by the carry arbitrage model—recall Fy = FV(S,) = 105. Because the carry arbitrage
model value is lower than the market’s forward price, we conclude that the market’s
forward price is too high and should be sold. An arbitrage opportunity exists, and it
will involve selling the forward contract at 106 (Step 1). Step 2 occurs when a second
transaction is needed to borrow funds to undertake Step 3, purchase of the underlying
instrument so that gains (or losses) in the underlying will offset losses (or gains) on
the forward contract. Note, the second step ensures the arbitrageur does not use his
or her own money. The third transaction, the purchase of the underlying security,
guarantees the arbitrageur does not take any market price risk. Note that all three
transactions are done simultaneously. To summarize, the arbitrage transactions for
Fo > FV(Sy) can be represented in the following three steps:

Step 1 Sell the forward contract on the underlying.
Step 2 Borrow the funds to purchase the underlying.

Step 3 Purchase the underlying.

Exhibit 6 shows the resulting cash flows from these transactions. This strategy is
known as carry arbitrage because we are carrying—that is, we are long—the underlying
instrument. At time T, we earn an arbitrage profit of +1. We do not use any of our own
money and make a profit no matter the price of the underlying at maturity (i.e., 110, 90,
or anything else). Since the profit of +1 at maturity occurs under every circumstance,
it is considered risk-free. Any situation that allows a risk-free profit with no upfront
cost will not be available for very long. It represents a clear arbitrage opportunity, one
that will be pursued until forward prices fall and eliminate the arbitrage opportunity.

Note that if the forward price, F, were 106, the value of the forward contract at
time 0 would be the PV of the +1 cash flow at Time T. Thus, at time 0, the value of
our short forward is V = PV[Fy — FV(Sy)] = (106 — 105)/(1 + 0.05)! = 0.9524.

13
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Exhibit 6: Cash Flow with Forward Price Greater Than Carry Arbitrage

Model Price

Time 0 Time T

Sp+ =110
Short Forward (V1) = Fy— St =106 - 110 = —4
CFy+ = S+ — Loan + Forward = 110 - 105 + (4) = +1

S, =100
Repay Loan: 100 (1.05) = 105

Borrow $100 at
r=5% to Buy 1
Share at S,

Short Fy = 106,
VO = O,

S = 90
CFy =0 L

Short Forward (V) = Fy— St =106 - 90 = +16
CFy~ =Sy~ - Loan + Forward =90 - 105 + (16) = +1

Suppose instead we observe a lower forward price, F, = 104. Based on the prior infor-
mation, we conclude that the forward price is too low when compared to the forward
price determined by the carry arbitrage model of Fy = FV(S;) = 105. Since the forward
price is too low, Step 1 is to buy the forward contract, and the value at T is St — F,,
The arbitrageur does not want any price risk, so Step 2 is to sell short the underlying
instrument. To accomplish Step 2, we must borrow the asset and sell it. Note that
when an arbitrageur needs to sell the underlying, it must be assumed that he/she
does not hold it in inventory and thus must sell it short. If the underlying were held
in inventory, the investment in it would not be accounted for in the analysis. When
the transaction calls for selling a derivative instrument, such as a forward contract,
it is always just selling—technically, not short selling.

The long forward contract will allow us to cover our short later. The arbitrageur
will then lend the short sale proceeds of 100 at the risk-free rate (Step 3). The deposit
of 100 will grow to 105 at time T. Clearly, we will have a profit of +1 when we buy
the asset at 104 and deliver it to clear the short. Again, to summarize, the arbitrage
transactions when the forward price is too low—that is, Fy < FV(Sg)—involve the
following three steps:

Step 1 Buy the forward contract on the underlying.
Step 2 Sell the underlying short.

Step 3 Lend the short sale proceeds.

We must replace the asset at a price of S, but we have +105 from the loan and
a long forward at 104. Remember, the value of a long forward at time T is V1 = St
— Fy. So, using the prior information, the value of the forward at expiration will be
90 — 104 = —14 (if ST~ = 90) or 110 — 104 = +6 (if S+ = 110). Thus, the cash flows at
maturity will be CF~ = +105 — 14 — 90 = +1 or CF* = +105 + 6 — 110 = +1. Again, we
make a profit equal to the mispricing of +1 regardless of the stock value at time T.
It is an arbitrage profit, since it was done with no money invested and with no risk.

Note that this set of transactions is the exact opposite of the prior case in Exhibit
6. This strategy is known as reverse carry arbitrage because we are doing the oppo-
site of carrying the underlying instrument; that is, we are selling short the underlying
instrument.
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Therefore, unless Fy = FV(S), there is an arbitrage opportunity. Notice that if F
> FV(Sp), then the forward contract is sold and the underlying is purchased. Thus,
arbitrageurs drive down the forward price and drive up the underlying price until F,
= FV(Sp) and a risk-free positive cash flow today (i.e., in PV terms) no longer exists.
Further, if Fy < FV(S;), then the forward contract is purchased and the underlying
is sold short. In this case, the forward price is driven up and the underlying price is
driven down. Absent market frictions, arbitrageurs’ market activities will drive forward
prices to equal the future value of the underlying, bringing the law of one price into
effect once again. Most importantly, if the forward contract is priced at its equilibrium
price, there will be no arbitrage profit.

EXAMPLE 1

Forward Contract Price

An Australian stock paying no dividends is trading in Australian dollars
for A$63.31, and the annual Australian interest rate is 2.75% with annual
compounding.

1. Based on the current stock price and the no-arbitrage approach, which of
the following values is closest to the equilibrium three-month forward price?

A. A$63.31

B. A$63.74

C. A$65.05
Solution:

B is correct. Based on the information given, Sy = A$63.31, r = 2.75% (annu-
al compounding), and T = 0.25. Therefore,

Fo=FV(Sy) = 63.31(1 + 0.0275)0-33 = A$63.7408.

2. If the interest rate immediately falls 50 bps to 2.25%, the three-month for-
ward price will:
A. decrease.
B. increase.
C. be unchanged.
Solution:
A is correct, because the forward price is directly related to the interest rate.
Specifically,
Fo=FV(Sy) = 63.31(1 +0.0225)%-2% = A$63.6632.

Therefore, we see in this case that a decrease in interest rates resulted in a
decrease in the forward price. This relationship between forward prices and
interest rates will generally hold so long as the underlying is not also influ-
enced by interest rates.

As we see in Example 1, the quoted forward price does not directly reflect expec-
tations of future underlying prices. The only factors that matter are the current price
(Sp), the interest rate and time to expiration, and, of course, the absence of arbitrage.
Other factors will be included later as we make the carry arbitrage model more

15
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realistic, but we will not be including expectations of future underlying prices. So, if
we can carry the asset, an opinion that the underlying will increase in value, perhaps
even substantially, has no bearing on the forward price.

We now turn to the task of understanding the value of an existing forward contract.
There are many circumstances in which, once a forward contract has been entered,
one wants to know the contract’s fair value. The goal is to calculate the position’s
value at current market prices. The need may arise from market-based accounting,
for example, in which the accounting statements need to reflect the current fair value
of various instruments. Finally, it is simply important to know whether a position in
a forward contract is making money or losing money (that is, the profit or loss from
exiting the contract early).

The forward value prior to maturity is based on arbitrage. A timeline to help illus-
trate forward valuation is shown in Exhibit 7. Suppose the first transaction involves
buying a forward contract with a price of F at Time 0 with expiration at Time T. Now
consider selling a new forward contract with price F, at Time t, again with expiration
at Time T. Exhibit 7 shows the potential cash flows. Remember the equivalence at
expiration between the forward price, the futures price, and the underlying price will
hold: F1 = f1 = S1. Note that the middle of the timeline, “Time t” is the valuation date
of the forward contract. Note also that we are seeking the forward value; therefore,
this set of transactions would result in cash flows only if it is executed. We need not
actually execute the transactions; we just need to see what they would produce if we
did. This point is analogous to the fact that if we are holding a liquid asset, we need
not sell it to determine its value; we can simply observe its market price, which gives
us an estimate of the price at which we could sell the asset.

Exhibit 7: Long Forward Interim Value Timeline

Time 0 Time t Time T
{ @ 5
Value of Long Forward at (V) =
Long Forward at F, Short Forward at F, S;-F,
Time to Expiration = T Time to Expire =T -t Value of Short Forward (Vy) =
Fi-5r

Net Value at t = PV(Vry)

Net Value at Expiration (V) =
F—Fo

Importantly, there are now three different points in time to consider: Time 0, Time t,
and Time T. Note that once the offsetting forward is entered at time t, the net position
is not subject to market risk. That is, the St terms cancel (in Exhibit 7), so the cash
flow at Time T is not influenced by what happens to the spot price. The position is
completely hedged. Therefore, the value observed at Time t of the original forward
contract initiated at Time O and expiring at Time T is simply the present value of the
difference in the forward prices, PV(F, — F;), at Time t. To be clear, the PV discounts
the time T cash flow at the risk-free rate, r, to Time t. Equation 2 shows the long
forward value at time t under annual compounding.
Value of Long Forward Contract Prior to Maturity (Time t) =

V, (long) = Present value of the difference in forward prices:
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[F i~ F 0]
V,=PV|F,—Fy| = e 2
where F, is the current forward price and F, is the initial forward price.
Alternatively,
Fo
Vt = SZ*PV[FO]ZSI*W. (3)

Equation 3 can be derived from Equation 2. Assuming annual compounding,
F, = Sy(1 + 1)(TY, s0 PV[F,] = PV[Sy(1 + r)(T-V]
=S(1+ 0TV /(1 +nTH=s,

While both are correct, Equation 2 may be useful in cases when market frictions may
cause the observed forward price, F,, to differ slightly from the correct arbitrage-free
price. Equation 3 may be more intuitive and has the advantage that the spot price, S;,
may be more readily observed than the forward price, F,.

As in Equation 2, the long forward contract value can be viewed as the present
value, determined using the given interest rate, of the difference in forward prices—the
initial one and the new one that is priced at the point of valuation. If we know the
underlying price at Time t, S, we can estimate the forward price, F, = FV(S,), and we
can then solve for the forward value as in Equation 2.

The interim valuation of a short forward contract is determined in a similar fashion.
The short position value is also the present value of differences in forward prices and
simply the negative of the long position value. So that,

Value of short forward contract prior to maturity (Time t) = -V

[Fo—F
_Vl =PV [FO_FI] = (1+r)Tit’
or alternatively,
Fy
:PV[FO] _Sl = (1+r)T*t_St
EXAMPLE 2

Forward Contract Value

1. Assume that at Time 0 we entered into a one-year long forward contract
with price F, = 105. Nine months later, at Time t = 0.75, the observed price
of the underlying stock is S, -z = 110 and the interest rate is 5%. The value of
the existing forward contract expiring in three months will be closest to:

A —6.34.
B. 6.27.
C 6.34.
Solution:

B is correct. Note that, Sy 75 = 110, r = 5%, and T — t = 0.25.

Therefore, the three-month forward price at Time t is equal to F, = FV(S,) =
110(1 + 0.05)9-25 = 111.3499.

Based on F(, = 105, we find that the value of the existing forward entered at
Time 0 and valued at Time t using the difference method (Equation 2) is:
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V,=PVI[F, - F,] = (111.3499 — 105)/(1 + 0.05)%-25 = 6.2729.
Alternatively, using Equation 3 we have,

V=S, —PV[Fy] = 110 — [105/(1 + 0.05)%-2%] = 6.2729.

Now that we have the basics of forward pricing and forward valuation, we introduce
some other realistic carrying costs that influence pricing and valuation.

Carry Arbitrage Model When Underlying Has Cash Flows

We have seen that forward pricing and valuation are driven by arbitrageurs seeking to
exploit mispricing by either carrying or reverse carrying the underlying instrument.
Carry arbitrage, when Fj > FV(S;), requires paying the interest cost from borrowing
to fund purchase of the underlying, whereas reverse carry arbitrage, when Fy < FV(S),
results in receiving the interest benefit from lending the proceeds from short-selling
the underlying. For many instruments, there are other significant carry costs and ben-
efits. We will now incorporate into forward pricing various costs and benefits related
to the underlying instrument. For this reason, we need to introduce some notation.

Let CB denote the carry benefits: cash flows the owner might receive for holding
the underlying assets (e.g., dividends, foreign currency interest, and bond coupon
payments). Let CBt denote the future value of underlying carry benefits at time T and
CB, denote the present value at time 0 of underlying carry benefits. Let CC denote the
carry costs. For financial instruments, carry costs are essentially zero. For commod-
ities, however, carrying costs include such factors as waste, storage, and insurance.
Let CCt denote the future value of underlying carry costs at time T and CC, denote
the present value of underlying carry costs at time 0. We do not cover commodities in
this reading, but you should be aware of these costs. Moreover, you should note that
carry costs are similar to financing costs. Holding a financial asset does not generate
direct carry costs, but it does result in the opportunity cost of the interest that could
be earned on the money tied up in carrying the spot asset. Remember, the financing
costs at the risk-free rate are included in the calculation of Fy = FV[Sy]. Other car-
rying costs that are common to physical assets (such as storage and insurance) are
equivalent concepts. For example, to buy and hold gold, money is taken out of the
bank (opportunity cost = r, the risk-free rate) to purchase the asset, and money must
be paid to store and insure it. The cost to finance the spot asset purchase, the cost to
store it, and any benefits that may result from holding the asset will all play a part in
determination of the forward price.

The key forward pricing equation can be expressed as:

F = Future value of the underlying adjusted for carry cash flows

=FV[S, + CC, - CBy] “

Equation 4 relates the forward price of an asset to the spot price by considering the
cost of carry. It is sometimes referred to as the cost of carry model or future-spot
parity. Carry costs and a positive rate of interest increase the burden of carrying the
underlying instrument through time; hence, these costs are added in the forward
pricing equation. Conversely, carry benefits decrease the burden of carrying the
underlying instrument through time; hence, these benefits are subtracted in the
forward pricing equation.

Based on Equation 4, Fy = FV(Sy + CCj — CBy), if there are no explicit carry costs
(CCy = 0) as with many financial assets, then we have:

Fo=FV(Sy) — FV(CBy) = FV(S,) — FV(Benefits).



© CFA Institute. For candidate use only. Not for distribution.

Carry Arbitrage

For a stock paying a dividend (D), a benefit, prior to maturity of the forward contract,
we have the forward contract price (F):

Fy = FV(S, — PV(D)) = FV(Sy) — FV(D).

In words, the initial forward price (F,) is equal to the future value of carrying the
underlying (Sy) minus the future value of any ownership benefits, (FV(D)), for a div-
idend paying stock, prior to expiration. Note the FV computation for the stock price
will likely use a different time period than the FV computation for the dividends. This
is because the dividend FV is only compounded from the time the dividend is collected
until the expiration of the forward contract. So, FV(PV(D)) for a dividend collected
at time t and held to expiration at time T would be FV(PV(D)) = FV(D/(1 + r)Y) = (1
+1)T x [(D/(1 + )t = DA + r)T-t. The calculation of F, for a dividend paying stock
is illustrated in Example 3.

EXAMPLE 3

Forward Contract Price with Underlying Cash Flows

A US stock paying a $10 dividend in two months is trading at $1,000. Assume
the US interest rate is 5% with annual compounding.

1. Based on the current stock price and the no-arbitrage approach, which of
the following values is closest to the equilibrium three-month forward price?

A. $1,002.23
B. $1,022.40
C $1,025.31

Solution:

A is correct. Based on the information given, we know S, = $1,000, r = 5%
(annual compounding), and T = 0.25. After 2 months, we will receive the
benefit of a $10 dividend, which earns interest for 1 month. Therefore,

Fo = FV(Sy) — FV(D) = 1,000(1 + 0.05)312 — 10(1 + 0.05)/12
=$1,012.2722 — $10.0407 = $1,002.2315.

Using Equation 4, we could have arrived at the same result. Here CC, = 0,
and CBy, is the PV of the dividend at time 0 = 10/(1 + 0.05)2/12 = $9.919.
Then,

Fo=FV(S, + CCy — CBy) = FV(1,000 + 0 — 9.919)
=(990.081)x(1 + 0.05)%12 = $1,002.23.

2. If the dividend is instead paid in one month, the three-month forward price
will:
A. decrease.
B. increase.

C. be unchanged.
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Solution:

A is correct. The benefit of the dividend occurs one month earlier, so we can
collect interest for one additional month. The future value of the dividend
would be slightly higher. So, the forward price would decrease slightly,

Fo = FV(Sy) — FV(D) = 1,000(1 + 0.05)312 — 10(1 + 0.05)*12
=$1,012.2722 — $10.0816 = $1,002.1906.

The value for a long forward position when the underlying has carry benefits or
carry costs is found in the same way as described previously except that the new
forward price (F,), as well as the initial one (F;), are adjusted to account for these
benefits and costs. Specifically,

V, = Present value of the difference in forward prices adjusted for carry benefits
and costs

=PV[F,_F).

This equation is Equation 2. The forward value is equal to the present value of the
difference in forward prices. The PV discounts the risk-free cash flow [F; - F(] at time
T to time t. The benefits and costs are reflected in this valuation equation because
they are incorporated into the forward prices, where F, = FV(S; + CC, — CB,) and F,
= FV(Sy + CC, — CBy). Again, the forward value is simply the present value of the
difference in forward prices.

EXAMPLE 4

Forward Contract Price with Carry Costs and Benefits

1. A long one-year forward contract on a productive asset was entered at a
forward price of ¢1,000. Now, seven months later, the underlying asset is
selling for ¢1,050. The PV of the cost to store, insure, and maintain the asset
for the next 5 months is ¢4.00, and the asset will generate income over the
next 5 months with a PV of ¢28.00. Assume annual compounding for all
costs and benefits and a risk-free rate of 2%.

Based on the current spot price and the no-arbitrage approach, which of the
following values is closest to the equilibrium five-month forward value?

A ¢34.22
B. (33.50
C (3594
Solution:

A is correct. Based on the information given, we know the following: F;, =
1,000, S; = 1,050, CC, = 4, CB, = 28, t = 7 months, T — t = 5 months, and
r = 2%. The new forward price is F, = FV(S; + CC, — CB,). So, with annual
compounding, we have:

F, = (1,050 + 4 — 28)(1 + 0.02)>'12 = ¢'1,034.50 and

V,=PV[F, - F) = [€1,034.50 — €1000]/(1 + 0.02)%/12 = ¢34.22.
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Now let us consider stock indexes, such as the EURO STOXX 50 or the US Russell
3000. With stock indexes, it is difficult to account for the numerous dividend payments
paid by underlying stocks that vary in timing and amount. A dividend index point is
a measure of the quantity of dividends attributable to a particular index. It is a useful
measure of the amount of dividends paid, a very useful number for arbitrage trading.
To simplify the problem, a continuous dividend yield is often assumed. This means
it is assumed that dividends accrue continuously over the period in question rather
than on specific discrete dates, which is not an unreasonable assumption for an index
with a large number of component stocks.

The focus of the carry arbitrage model with continuous compounding is again
the future value of the underlying adjusted for carry costs and benefits and can be
expressed as:

Fy = Spexp (r+CC-CB)T (5)

(Future value of the underlying adjusted for carry).

Note that in this context, r,, CC, and CB are continuously compounded rates.

The carry arbitrage model can also be used when the underlying asset requires
storage costs, needs to be insured, and suffers from spoilage. In these cases, rather
than lowering the carrying burden, these costs make it more expensive to carry and
hence the forward price is higher. We now apply these results to equity forward and
futures contracts.

PRICING EQUITY FORWARDS AND FUTURES

] describe how equity forwards and futures are priced, and calculate
and interpret their no-arbitrage value

] describe how interest rate forwards and futures are priced, and
calculate and interpret their no-arbitrage value

We now apply the concepts of arbitrage-free pricing and valuation to the
specific types of forward and futures contracts typically used in investment manage-
ment. We cover, in turn, equity, interest rate, fixed income, and currency forwards and
futures. In doing so, we take account of the cash flows generated by the underlying
(e.g., dividends, bond coupon payments, foreign currency interest) and the unique
features of each of these contracts.

Equity Forward and Futures Contracts

Although we alluded to equity forward pricing and valuation in the last section, we
will now illustrate with concrete examples the application of carry arbitrage models
to equity forward and futures contracts. Remember that here we assume that forward
contracts and futures contracts are priced in the same way. Additionally, remember
that it is vital to treat the compounding convention of interest rates appropriately.

If the underlying is a stock, then the carry benefit is the dividend payments as
illustrated in the next two examples.
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EXAMPLE 5

Equity Futures Contract Price with Continuously
Compounded Interest Rates

1. The continuously compounded dividend yield on the EURO STOXX 50 is
3%, and the current stock index level is 3,500. The continuously compound-
ed annual interest rate is 0.15%. Based on the carry arbitrage model, the
three-month futures price will be closest to:

A. 3,473.85.

B. 3,475.15.
C. 3,525.03.

Solution:
B is correct. Based on the carry arbitrage model (see Equation 4), the futures
price is

fy = Syexp (r+CC-CB) T

We assume the carry costs (CC) are O for a financial asset, such as a stock
index. The carry benefit (CB), in this case a 3% continuous dividend yield, is
greater than the financing cost r,, (0.15%), so the futures price will be below
the spot price. The futures price, the future value of the underlying adjusted
for carry (i.e., the dividend payments, over the next 3-months) is:

fy = 3,500exp(0-0015 + 0-003)(3/12) = 3 475 15,

EXAMPLE 6

Equity Forward Pricing and Forward Valuation with
Discrete Dividends

1. Suppose Nestlé common stock is trading for CHF70 and pays a CHF2.20
dividend in one month. Further, assume the Swiss one-month risk-free rate
is 1.0%, quoted on an annual compounding basis. Assume that the stock
goes ex-dividend the same day the single stock forward contract expires.
Thus, the single stock forward contract expires in one month.

The one-month forward price for Nestlé common stock will be closest to:

A. CHF66.80.

B. CHF67.86.

C. CHF69.94.
Solution:

B is correct. In this case, we have Sj = 70, r = 1.0%, T = 1/12, and FV(CB) =
2.20 = CBr. Therefore,

Fy = FV(S, + CCy — CBy) = FV(S) + FV (CC,) — FV(CBy)

=70(1 + 0.01)!12 + 0 — 2.20 = CHF67.86.
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As shown in Equation 2a, the value of a forward contract is simply the present
value (discounted from time T to time t) of the difference in the initial forward price
and the current forward price, that is V, (long) = PV[F, — Fy]. We will employ this
basic principal to value various forward and swap contracts. Here, we find the current
value (at time t) of an equity forward contract initially entered at time 0. To reiterate,
the value prior to expiration is the present value of the difference in the initial equity
forward price and the current equity forward price as illustrated in the next example.

EXAMPLE 7

Equity Forward Valuation

Suppose we bought a one-year forward contract at 102, and there are now three
months to expiration. The underlying is currently trading for 110, and interest
rates are 5% on an annual compounding basis.

Suppose that instead of buying a forward contract, we buy a one-year futures
contract at 102 and there are now three months to expiration. Today’s futures
price is 112.35. There are no other carry cash flows.

1. If there are no other carry cash flows, the forward value of the existing con-
tract will be closest to:

A. -10.00.

B. 9.24.

C 10.35.
Solution:

B is correct. For this case, we have F = 102, Sy 75 = 110,r = 5%, and T — t
= 0.25. Note that the new forward price at t is simply F, = FV(S,) = 110(1 +
0.05)925 = 111.3499. Therefore, from Equation 2a we have:

V,=PV[F, - Fy] = (111.3499 — 102)/(1 + 0.05)%-33 = 9.2366, or
alternatively, using Equation 2b,
V=S, —PV[Fy] =110 — 102/(1 + 0.05)%%% = 9.2366.

Thus, we see that the current forward value is greater than the difference
between the current underlying price of 110 and the initial forward price of
102 due to interest costs resulting in the new forward price being 111.35.

2. If a dividend payment is announced between the forward’s valuation and
expiration dates, assuming the news announcement does not change the
current underlying price, the forward value will most likely:

A. decrease.
B. increase.

C. be the same.

Solution:

A is correct. The old forward price is fixed. The discounted difference in the
new forward price and the old forward price is the value. If we impose a new
dividend, it would lower the new forward price and thus lower the value of
the old forward contract.
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3. After marking to market, the futures value of the existing contract will be
closest to:
A. -10.35.
B. 0.00.
C 10.35.

Solution:

B is correct. Futures contracts are marked to market daily, which implies
that the market value, resulting in profits and losses, is received or paid at
each daily settlement. Hence, the equity futures value is zero each day after
settlement has occurred.

We turn now to the widely used interest rate forward and futures contracts.

Interest Rate Forward and Futures Contracts

Historically, the most widely used interest rate that served as the underlying for many
derivative instruments was Libor, the London Interbank Offered Rate. In 2008, financial
regulators and many market participants began to suspect that the daily quoted Libor
rates, which were compiled by the British Bankers Association, were being manipu-
lated by certain banks. The manipulation of Libor by some participants resulted in its
replacement by a new market reference rate (MRR) in 2021. Replacements for Libor
as the MRR include SOFR (Secured Overnight Financing Rate), determined by the
Federal Reserve Bank of New York and SONIA (Sterling Overnight Index Average),
administered by the Bank of England. We use the generic term MRR for these and
other Libor replacements.

Currently, there are active forward and futures markets for derivatives based on
MRR. We will use the symbol L, to represent our spot MRR. Our focus will be on
forward markets, as represented by forward rate agreements. In order to understand
the forward market, however, let us first look at the MRR spot market.

Assume the following notation:

L, =MRR spot rate (set at time t = 0) for an m-day deposit
NA = notional amount, quantity of funds initially deposited

NTD = number of total days in a year, used for interest calculations (360 in the
MRR market)

t, = accrual period, fraction of year for an m-day deposit—t,, = m/NTD =
m/360 (for the MRR market)

TA = terminal amount, quantity of funds repaid when the MRR deposit is
withdrawn

For example, suppose we are considering a 90-day Eurodollar deposit (m = 90).
Dollar MRR is quoted at 2%; thus, Lo = 0.02. If $50,000 is initially deposited, then
NA = $50,000. MRR is stated on an actual over 360-day count basis (often denoted
ACT/360) with interest paid on an add-on basis. Add-on basis is the convention in
the MRR market. The idea is that the interest is added on at the end—in contrast,
for example, to the discount basis, in which the current price is discounted based on
the amount paid at maturity. Hence, t,, = 90/360 = 0.25. Accordingly, the terminal
amount can be expressed as:

TA = NA x [1 + Lt ], and the interest paid is TA — NA = NA x [L t.].
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In this example, TA = $50,000 x [1 + 0.02(90/360)] = $50,250 and the interest is
$50,250 — $50,000 = $250.

Now let us turn to the forward market for MRR. A forward rate agreement
(FRA) is an over-the-counter (OTC) forward contract in which the underlying is an
interest rate on a deposit. An FRA involves two counterparties: the fixed-rate payer
(long), who is also the floating-rate receiver, and the fixed-rate receiver (short), who is
also the floating-rate payer. Thus, a fixed-payer (long) FRA will profit when the MRR
rises. If the floating rate is above the rate in the forward agreement, the long position
can be viewed as having the benefit of borrowing at below market rates. The long will
receive a payment. A long FRA would be well suited for a firm planning to borrow
in the future and wishing to hedge against rising rates. A fixed-receiver (short) FRA
might be a bank or financial institution hoping to lock in a fixed lending rate in the
future. The fixed receiver, as the name implies, receives an interest payment based on
a fixed rate and makes an interest payment based on a floating rate. If we are the fixed
receiver, then it is understood without saying that we also are the floating payer, and
vice versa. Because there is no initial exchange of cash flows, to eliminate arbitrage
opportunities, the FRA price is the fixed interest rate such that the FRA value is zero
on the initiation date.

FRAs are identified in the form of “X x Y] where X and Y are months and the
multiplication symbol, x, is read as “by” To grasp this concept and the notion of
exactly what is the underlying in an FRA, consider a 3 x 9 FRA, which is pronounced
“3 by 97 The 3 indicates that the FRA expires in three months. After three months,
we determine the FRA payoff based on an underlying rate. The underlying is implied
by the difference in the 3 and the 9. That is, the payoff of the FRA is determined by
a six-month (180-day) MRR when the FRA expires in three months. The notation 3
x 9 is market convention, though it can seem confusing at first. The rate on the FRA
will be determined by the relationship between the spot rate on a nine-month MRR
deposit and the spot rate on a three-month MRR deposit when the FRA is initiated.
A long FRA will effectively replicate going long a nine-month MRR deposit and short
a three-month MRR deposit. Note that although market convention quotes the time
periods as months, the calculations use days based on the assumption of 30 days in
a month.

The contract established between the two counterparties settles in cash the
difference between a fixed interest payment established on the initiation date and
a floating interest payment established on the FRA expiration date. The underlying
of an FRA is neither a financial asset nor even a financial instrument; it is just an
interest payment. It is also important to understand that the parties to an FRA are
not necessarily engaged in a MRR deposit in the spot market. The MRR spot market
is simply the benchmark from which the payoff of the FRA is determined. Although
a party may use an FRA in conjunction with a MRR deposit, it does not have to do
so any more than a party that uses a forward or futures on a stock index has to have
a position in the stock index.

In Exhibit 8, we illustrate the key time points in an FRA transaction. The FRA is
created and priced at Time O, the initiation date, and expires h days later. The under-
lying instrument has m days to maturity as of the FRA expiration date. Thus, the FRA
payoff is based on the spot m-day MRR observed in h days from FRA initiation. We
can only observe spot market reference rates. To price the FRA, we require two spot
rates: Ly, which takes us to the expiration of the FRA, and Ly, which takes us to the
underlying maturity.

The FRA helps hedge single period interest rate risk for an m-day period beginning
h days in the future. After the initial FRA rate (FRA) is established, we may also wish
to determine a value for our FRA at a later date (Time g). As the MRR changes, our
interest rate agreement may take on a positive or negative value.
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Exhibit 8: Important FRA Dates, Expressed in Days from Initiation

Initiation Evaluation FRA Underlying
Date Date Expires Matures
m
+—>
0 g h h+m=T

Using the notation in Exhibit 8, let FRA denote the fixed forward rate set at Time 0
that expires at Time h wherein the underlying MRR deposit has m days to maturity at
expiration of the FRA. Thus, the rate set at initiation of a contract expiring in 30 days in
which the underlying is a 90-day MRR, denoted as a 1 x 4 FRA, will be such a number
as 1% or 2.5%. Like all standard forward contracts, no money changes hands when an
FRA is initiated, so our objective is to price the FRA, meaning to determine the fixed
rate (FRA,), such that the value of the FRA contract is zero on the initiation date.

When any interest rate derivative expires, there are technically two ways to settle
at expiration: “advanced set, settled in arrears” and “advanced set, advanced settled”” It
is important to note that FRAs are typically settled based on “advanced set, advanced
settled,” whereas swaps and interest rate options are normally based on “advanced
set, settled in arrears”” Let us look at both approaches, because they are both used in
the interest rate derivatives markets.

In the earlier example of a MRR deposit of $50,000 for 90 days at 2%, the rate was
set when the money was deposited, and interest accrued over the life of the deposit. A
payment of $50,250 (interest of $250 + principal of $50,000) was made at maturity, 90
days later. Here the term advanced set is used because the reference interest rate is
set at the time the money is deposited. The advanced set convention is almost always
used because most issuers and buyers of financial instruments want to know the rate
on the instrument while they have a position in it.

In an FRA, the term “advanced” refers to the fact that the interest rate is set at
Time h, the FRA expiration date, which is the time the underlying deposit starts. The
term settled in arrears is used when the interest payment is made at Time h + m,
the maturity of the underlying instrument. Thus, an FRA with advanced set, settled
in arrears works the same way as a typical bank deposit as described in the previous
example. At Time h, the interest rate is set at L,,, and the interest payment is made
at Time T (h + m). Alternatively, when advanced settled is used, the settlement is
made at Time h. Thus, in an FRA with the advanced set, advanced settled feature,
the FRA expires and settles at the same time. Importantly, advanced set, advanced
settled is almost always used in FRAs; although we will see advanced set, settled in
arrears when we cover interest rate swaps, and it is also used in interest rate options.
From this point forward in this discussion, all FRAs will be advanced set, advanced
settled, as they are in practice.

The settlement amounts for advanced set, advanced settled are discounted in the
following manner:

Settlement amount at h for receive-floating (Long):

NA x {[Lm - FRAO] tm}/[l + Dmt

m]-

Again, the FRA is a forward contract on interest rates; long FRA (floating receiver)
wins when rates increase. Note the floating rate (MRR perhaps, L, ) is received and
thus has a positive sign. Since floating is received, the fixed rate (FRA) is paid (out-
flow). The FRA rate (fixed at t = 0 for the period m, which runs from time h to time
T) is an outflow for the long and has a negative sign. For receive fixed (short), the
FRA rate is an inflow and the floating rate L,, is an outflow.

Settlement amount at h for receive-fixed (Short):
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NA x {[FRAq— L] t,}/[1 + Dyt

The divisor, 1 + D, t,,, is a discount factor applied to the FRA payoff. It reflects the
fact that the rate on which the payoft is determined, L,,,, is obtained on day h from
the spot market (advanced set), which uses settled in arrears. The discount factor is,
therefore, appropriately applied to the FRA payment because the payment is received
in advance, not in arrears. That is, the FRA payment is made early (advanced settled),
but the interest on the loan is not due until later (settled in arrears). So, the settlement
amount at time h is discounted to account for the fact that interest can be earned for
m days on the advanced payment. Often it is assumed at time h that D, = L, and
we will commonly do so here, but it can be different.

Again, it is important to not be confused by the role played by an MRR spot market
in an FRA. In the MRR spot market, deposits are made by various parties that are
lending to banks. These rates are used as the benchmark for determining the pay-
offs of FRAs. The two parties to an FRA do not necessarily engage in any MRR spot
transactions. Again, MRR spot deposits are settled in arrears, whereas FRA payoffs
are settled in advance—hence the discounting.

EXAMPLE 8

Calculating Interest on MRR Spot and FRA Payments

In 30 days, a UK company expects to make a bank deposit of £10,000,000 for a
period of 90 days at 90-day MRR set 30 days from today. The company is con-
cerned about a possible decrease in interest rates. Its financial adviser suggests
that it negotiate today a 1 x 4 FRA, an instrument that expires in 30 days and
is based on 90-day MRR. The company enters a £10,000,000 notional amount
1 x 4 receive-fixed FRA that is advanced set, advanced settled (note the com-
pany is the short-side of this FRA contract). The appropriate discount rate for
the FRA settlement cash flows is 2.40%. After 30 days, 90-day MRR in British
pounds is 2.55%.

1. The interest actually paid at maturity on the UK company’s bank deposit will
be closest to:

A. £60,000.

B. £63,750.

C £67,500.
Solution:

B is correct. This is a simple deposit of £10,000,000 for 90 days at the
prevailing 90-day MRR. Since m = 90, we use Loy = 2.55%. Therefore, TA =
10,000,000 x [1 + 0.0255(0.25)] = £10,063,750. So, the interest paid at matu-
rity is £63,750.

2. If the FRA was initially priced so that FRA( = 2.60%, the payment received
to settle it will be closest to:
A. —£2,485.08.
B. £1,242.54.
(. £1,250.00.

Solution:

B is correct. In this example, m = 90 (number of days in the deposit), t,, =
90/360 (fraction of year until deposit matures observed at the FRA expira-

27



28

Learning Module 1

© CFA Institute. For candidate use only. Not for distribution.
Pricing and Valuation of Forward Commitments

tion date), and h = 30 (number of days initially in the FRA). The settlement
amount of the 1 x 4 FRA at h for receive-fixed (the short) is:

NA X {[FRAO - Lrn ]tm}/[l + Dmtm]

= 10,000,000 x {[0.0260 — 0.0255](0.25)}/[1 + 0.0240(0.25)]

= £1,242.54.Since the short FRA involves paying floating, the short benefited from
a decline in rates. Note D, does not equal L, in this example.

3. If the FRA was initially priced so that FRA = 2.50%, the payment received
to settle it will be closest to:

A. —£1,242.54.

B. £1,242.54.

C £1,250.00.
Solution:

A is correct. The data are similar to those in the previous question, but the
initial FRA rate is now 2.50% and not 2.60%. Thus, the settlement amount of
the 1 x 4 FRA at time h for receive-fixed (the short) is:

NA x {[FRAy — L, Jt,,}/[1 + Dt

m)

= 10,000,000 x {[0.0250 — 0.0255](0.25)}/[1 + 0.0240(0.25)]
= £1,242.54.

The short-side in the FRA suffered from a rise in rates because it is paying
floating.

At this point, we highlight a few key concepts about FRAs and how to price and
value them:

1. An FRA is a forward contract on interest rates. The long side of the FRA,
fixed-rate payer (floating-rate receiver), incurs a gain when rates increase
and incurs a loss when rates decrease. Conversely, the short side of the FRA,
fixed-rate receiver (floating-rate payer), incurs a loss when rates increase
and incurs a gain when rates decrease.

2. The FRA price, FRA,, is the implied forward rate for the period beginning
when the FRA expires to the underlying loan maturity. So, we require two
spot rates to determine the initial forward rate. Therefore, pricing an FRA is
like pricing a forward contract.

3. Although the interest on the underlying loan will not be paid until the end
of the loan, the payoff on the FRA will occur at the expiration of the FRA
(advanced settled). Therefore, the payoff of an FRA is discounted back to the
expiration of the FRA.

As noted in point 2, the FRA price is the implied forward rate for the period
beginning when the FRA expires at time h and running m days to the underlying loan
maturity at time T. It is similar to any other forward contract. We wish to identify the
appropriate FRA( rate that makes the value of the FRA equal to zero on the initiation
date. The concept used to derive FRA, can be understood through a simple example.

Recall that with simple interest, a one-period forward rate is found by solving the
expression [1 + y(1)] [1 + F(1)] = [1 + y(2)]2, where y(1) denotes the one-period yield
to maturity and y(2) the two-period yield to maturity. F denotes the forward rate in the
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next period. We can observe the spot rates y(1) and y(2). The forward rate is implied
from those two rates. Borrowing or lending along the 2-year path must cost the same
as borrowing or lending along the path using the 1-year spot and the 1-year forward.
The solution for F(1) is simply F(1) = ([1 + y(2)]%/[1 + y(1)]) — 1. Assume the one-year
spot rate is 3% and the two-year spot rate is 4%. To prevent arbitrage, F(1) = ([1 +
0.04]%/[1 + 0.03])] — 1 = 0.0501. If the forward rate was not 5.01%, an arbitrageur could
make a risk-free profit through borrowing along one path and lending along another.

As depicted in Exhibit 9, the rate for an FRA is computed in the same manner. We
derive the forward rate (or FRA rate, FRA) from two spot rates (such as MRR): the
longer rate Lt and the shorter rate L;. Borrowing or lending at L for T days should
cost the same as borrowing or lending for h days at L}, and subsequently borrowing
or lending for m days at FRA,,

Exhibit 9: FRA Rates from Spot Market Reference Rate (MRR = MRR)

v

Time T,
Time 0, Time h, Underlying
Initiation L;, (Spot) Expiration FRA Matures
_______ //\\\______— —_._._.—_/'\‘\__._._'
a N R

Lt(Spot) =Ly + 1,

FRA:

Advanced Settled
FRA: Underlying Loan: Underlying Loan:
Advanced Set Advanced Set Settled in Arrears

We can solve for the FRA rate by considering that the two paths must be equal to
prevent arbitrage or:

[1 + Lhth][l + FRAotm] = [1 + LTtT]
The solution in annualized form is shown in Equation 6:
FRA( = {[1 + LytrJ[1 + Lyty] - 1/t ©)

The result is the forward rate in the term structure.
So, if 180-day MRR is 2.0% and 90-day MRR is 1.5%, then the price of a 3 x 6
FRA would be:

= {[1 + 0.02(180/360)]/[1 + 0.015(90/360)] — 11/(90/360)
=0.024907 or 2.49%.

This result can be compared with the result from a simple approximation technique.
Note that for this FRA, 90 is half of 180. Thus, we can use a simple arithmetic average
equation—here, (1/2)1.5% + (1/2)X = 2.0%—and solve for the missing variable X: X
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= 2.5%. Knowing this approximation will always be biased slightly high, we know we
are looking for an answer that is a little less than 2.5%. This is a helpful way to check

your final answer.

EXAMPLE 9

FRA Fixed Rate
Now consider the following information for problems 2 and 3.
Assume a 30/360-day count convention and the following spot rates:
1-Month USD MRR is 2.48%, 3-Month USD MRR is 2.58%, 6-Month USD
MRR is 2.62%, and 1-Year USD MRR is 2.72%.

1. Based on market quotes on Canadian dollar (C$) MRR, the six-month C$
MRR and the nine-month C$ MRR rates are presently at 1.5% and 1.75%,
respectively. Assume a 30/360-day count convention. The 6 x 9 FRA fixed

rate (FRA)) will be closest to:

A. 2.00%.
B. 2.23%.
¢ 2.25%.

Solution:
B is correct. Based on the information given, we know L;g; = 1.50% and
Ly70 = 1.75%. The 6 x 9 FRA rate is thus:

FRAq = {[1 + Lyty]/[1 + Lyt ] — 1}t

FRA, = {[1 + 0.0175(270/360)]/[1 + 0.015(180/360)] — 1}/(90/360)

FRA, =[(1.013125/1.0075) — 1]/(0.25) = 0.022333, or 2.23%.

2. Given these four spot rates in the MRR term structure, how many FRA rates

can be calculated?

A. 4 FRA rates
B. 6 FRA rates
C. 12 FRA rates

Solution:

B is correct. Based on the four MRR spot rates given, we can compute six
separate FRA rates as follows: 1 x 3,1 x 6,1 x 12,3 x 6,3 x 12, and 6 x 12

FRA rates.

3. The 1 x 3 FRA fixed rate will be closest to:

A. 2.43%.
B. 2.53%.
€ 2.62%.
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Solution:

C is correct. Based on the information given, we know L3, = 2.48% and Ly
=2.58%. The 1 x 3 FRA rate is thus:

FRA( = {[1 + Lytr)/[1 + Lyty] — 13/t
FRA, = {[1 + 0.0258(90/360)]/[1 + 0.0248(30/360)] — 1}/(60/360)
FRA, = [(1.00645/1.00207) — 1]/(0.1667) = 0.026220, or 2.62%.

We can now value an existing FRA (with rate FRA) using the same general
approach as we did with the forward contracts previously covered. Specifically, we
can enter into an offsetting transaction at the new rate that would be set on an FRA
that expires at the same time as our original FRA. By taking the opposite position,
the new FRA offsets the old one. That is, if we are long the old FRA, we will pay fixed
and receive the floating rate L, at h. We can go short a new FRA and receive fixed
(with rate FRA) that will obligate us to pay L, at h.

Consider the following strategy. Let us assume that we initiate an FRA that expires
in 90 days and is based on 90-day MRR (so, a 3 x 6 FRA). The fixed rate at initiation
FRA( = 2.49% and t, = 90/360. We are long the FRA, so we will pay the fixed rate of
2.49% and receive floating MRR. Having entered the long FRA, we wish to value our
position 30 days later, at Time g, when there are 60 days remaining in the life of the
FRA (note that this is now a 2 x 5 FRA, as one month has passed since FRA initiation).
Assume, at this point, the rate on an FRA based on 90-day MRR that expires in 60
days (FRA,) is 2.59%. Remember, the original FRA has a fixed rate set at 2.49% when
it was initiated. Now, 30 days later, a new offsetting FRA can be created at 2.59%.
To value the original FRA (at Time g), we short a new FRA that will receive fixed at
2.59% and pay floating MRR at time h. Effectively, we are now receiving fixed at 2.59%
and paying fixed at 2.49%. The value of the offset position is 10 bps times (90/360),
as follows, times the notional amount, which is then discounted to back to Time g:

10 bps: FRA, — FRA( = 2.59% — 2.49% = 0.10%

90/360: t,, = m/NTD, as L, is the 90-day MRR rate underlying both FRAs

Because the cash flows at T are now known with certainty at g, this offsetting trans-
action at Time g has eliminated any floating-rate risk at Time T. That is, we had a
long FRA at time 0 and added a short FRA at time g. Since the notional amounts and
times to maturity of the offsetting transaction are the same, the floating portion of
the FRA cash flows (L) at time T will exactly cancel, [L,, — FRA(] + [FRAg -L,]=
[FRA, - FRA].

Our task, however, is to determine the fair value of the original FRA at Time g.
Therefore, we need the present value of this Time T cash flow at Time g. That is, the
value of the original FRA is the PV of the difference in the new FRA rate and the old
FRA rate times the notional amount. Specifically, we let Vg be the value at Time g
of the original FRA that was initiated at Time 0, expires at Time h, and is based on
m-day MRR, L. Note that discounting will be over the period T — g. With Dr_gas
the discount rate and NA as the notional amount. So,

Long FRA value at Time g: Vg =

NA x {[FRA, — FRA(] tp,}/[1+ D7 gtr_g))- (7

Thus, the Time g value of the receive-floating FRA initiated at Time 0 (V) is just the
present value of the difference in FRA rates, one entered at Time g and one entered at
Time 0. Traditionally, it is assumed that the discount rate, D, is equal to the under-

lying floating rate, Ly, but that is not necessary. Note that here it is D(1_g).
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The value of a receive-fixed or short FRA at time g is the negative of the long

value (—Vg), so we have: —Vg = -1 x (NA x {[FRAg — FRA(] t}/[1+ D(T—g) t(T—g)])'

Short FRA value at Time g =

NA x {[FRA( — FRAG] tp,}/[1+ Di7_g) t(r_g)] (8)

EXAMPLE 10

FRA Valuation

1. Suppose we entered a receive-floating (long) 6 x 9 FRA with Canadian dollar
notional amount of C$10,000,000 at Time 0. The six-month spot C$ MRR
was 0.628%, and the nine-month C$ MRR was 0.712%. Also, assume the 6 x
9 FRA rate is quoted in the market at 0.877%. After 90 days have passed, the
three-month C$ MRR is 1.25% and the six-month C$ MRR is 1.35%, which
we will use as the discount rate to determine the value at g.

Assuming the appropriate discount rate is C$ MRR, the value of the original
receive-floating 6 x 9 FRA will be closest to:

A. C$14,105.

B. C$14,200.

¢ C$14,625.

Solution:

A is correct. Initially, we have L;gq = 0.628%, Ly = 0.712%, and FRA, =
0.877%.

After 90 days (g = 90), we have Lg = 1.25% and Lg, = 1.35%. Interest rates
rose during this period; hence, the FRA has gained value because the posi-
tion is receive-floating. First, we compute the new FRA rate at Time g and
then estimate the fair FRA value as the discounted difference in the new and
old FRA rates. The new FRA rate at Time g, denoted FRAg, is the rate on an
FRA expiring in 90 days in which the underlying is 90-day C$ MRR (so, a 3
x 6 FRA). That rate is found using Equation 6. The shorter spot rate is now
for h — g (180 — 90 = 90) days, which is the new time until both FRAs expire.
The reference spot rate for the underlying maturity is now in T — g (270 — 90
= 180) days.

FRAg = {[1 + Lyg trg)l/[1 + Log tn-g)] = 13/t

T — g = 180 days and h — g = 90 days, so we have:

FRA, = {[1 + Lygo (180/360))/[1 + Loy (90/360)] — 1}/(90/360).
Substituting the values given in this problem, we find:

FRA, = {[1 + 0.0135 (180/360)]/[1 + 0.0125 (90/360)] — 1}/(90/360) =
[(1.006750/1.003125) — 1]/0.25

=0.014455, or 1.445%.
Therefore, using Equation 7, we have:
Vg = 10,000,000 x {[0.01445 —0.00877] (90/360)}/[1 + 0.0135 (180/360)]
= 14,105.
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We now turn to the specific features of various forward and futures markets. The
same general principles will apply, but the specifics will be different.

PRICING FIXED-INCOME FORWARD AND FUTURES
CONTRACTS

] describe how fixed-income forwards and futures are priced, and
calculate and interpret their no-arbitrage value

Fixed-income forward and futures contracts have several unique issues that influ-
ence the specifics of the carry arbitrage model. First, in some countries the prices of
fixed-income securities (termed “bonds” here) are quoted without the interest that
has accrued since the last coupon date. The quoted price is sometimes known as
the clean price. Naturally when buying a bond, one must pay the full price, which is
sometimes called the dirty price, so the accrued interest is included. Nonetheless, it
is necessary to understand how the quoted bond price and accrued interest compose
the true bond price and the effect this convention has on derivatives pricing. The
quotation convention for futures contracts, whether based on clean or dirty prices,
usually corresponds to the quotation convention in the respective bond market. In
this section, we will largely treat forwards and futures the same, except in certain
places where noted.

In general, accrued interest is computed based on the following linear interpo-
lation formula:

Accrued interest = Accrual period X Periodic coupon amount, or

Al = (NAD/NTD) x (C/n),

where NAD denotes the number of accrued days since the last coupon payment,
NTD denotes the number of total days during the coupon payment period, n denotes
the number of coupon payments per year (commonly n = 2 for semi-annual), and
C is the stated annual coupon amount. For example, after two months (60 days), a
3% semi-annual coupon bond with par of 1,000 would have accrued interest of Al =
(60/180) x (30/2) = 5. Note that accrued interest is expressed in currency units (not
percent), and the number of total days (NTD) depends on the coupon payment fre-
quency. As in the example, semi-annual indicates coupons are paid twice per year, so
with 360 days per year, NTD = 360/2= 180.

Second, fixed-income futures contracts often have more than one bond that can
be delivered by the seller. Because bonds trade at different prices based on maturity
and stated coupon, a mathematical adjustment to the amount required when settling
a futures contract, known as the conversion factor (CF), is used to make all deliverable
bonds approximately equal in price. According to the Chicago Mercantile Exchange,
“A conversion factor is the approximate decimal price at which $1 par of a security
would trade if it had a six percent yield-to-maturity” So, the CF adjusts each bond to
an equivalent 6% coupon bond (i.e., benchmark bond). Other exchanges use different
conversion factors, and these are illustrated later in the text and examples.

Third, when multiple bonds can be delivered for a particular futures contract, a
cheapest-to-deliver bond typically emerges after adjusting for the conversion factor.
The conversion factor adjustment, however, is not precise. Thus, if there are several
candidates for delivery, the bond that will be delivered is the one that is least expensive
for the seller to purchase in the open market to settle the obligation.
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For bond markets in which the quoted price includes the accrued interest and in
which futures or forward prices assume accrued interest is in the bond price quote, the
futures or forward price simply conforms to the general formula we have previously
discussed. Recall that the futures or forward price is simply the future value of the
underlying in which finance costs, carry costs, and carry benefits are all incorporated, or

F( = Future value of underlying adjusted for carry cash flows
= FV(SO + CCO — CBo)

Let Time 0 be the forward contract trade initiation date and Time T be the for-
ward contract expiration date, as shown in Exhibit 10. For the fixed-income bond,
let Y denote the time to maturity of the bond at Time T, when the forward contract
expires. Therefore, T + Y denotes the underlying instrument’s current (Time 0) time
to maturity. Let By denote the quoted bond price observed at Time 0 of a fixed-rate
bond that matures at Time T + Y and pays a fixed coupon rate.

Exhibit 10: Timeline for Bond Futures and Forwards

Time 0, Time T,

Forward or Forward or TimeY, TimeT+Y
Futures Futures Time to Underlying
Contract Contract Maturity of Bond
Initiation Expiration Bond at Time T Matures

| EEEEEE EEEEEEEE ]

| | |
Quoted Bond By Quoted Bond Br
Price Price
Accrued Interest: |Al, Accrued Interest: |Alp
Spot Bond price: [Sy =By + Aly| [Spot Bond Price: [St =Bt + Al
Quoted Forward Qg Profiton Long  [Vr=Br—Fy=(Sr-Alp) -F,
or Futures Price: Forward or

Forward of Fy=Qux CF| |Futures:
Futures Adjusted Profit on Short |-V =Fy-Br=Fy-(St—Aly)
Price: Forward or

Futures:

For bonds quoted without accrued interest, let Al denote the accrued interest at Time
0. The carry benefits are the bond’s fixed coupon payments, so CBj = PVCI, meaning
the present value of all coupon interest (CI) paid over the forward contract horizon
from Time 0 to Time T. The corresponding future value of these coupons paid over
the contract horizon to time T is CB1 = FVCL Finally, there are no carry costs, and
thus CC = 0. To be consistent with prior notation, we have:

Sy = Quoted bond price + Accrued interest = B + Al,.

We could just insert this price (Sy) into the previous equation, letting CB, = PVCI,
and thereby obtain the futures price the straightforward and traditional way. But
fixed-income futures contracts often permit delivery of more than one bond and use
the conversion factor system to provide this flexibility. In these markets, the futures
price, Fy, is defined as the quoted futures price, Q, times the conversion factor, CF.
Note that in this section, we will use the letter F to denote either the quoted forward
price or the futures price times the conversion factor. In fact, the futures contract settles
against the quoted bond price without accrued interest. Thus, as shown in Exhibit 10,
the total profit or loss on a long position in fixed-income futures at expiration (Time
T) is the quoted bond price minus the initial futures price or:
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vt = B —F,. Moreover, based on our notation, we can also say,
vr = (St —Alyp) —F.

The fixed-income forward or futures price including the conversion factor, termed
the “adjusted price,” can be expressed as:

= FV of underlying adjusted for carry cash flows from Times 0 to T

=FV[S, + CCy — CBy] = FV[S, + 0 — PVCI] = FV[B,, + Al, — PVCI]. )

In other words, the actual futures price is F,, but in the market the availability of
multiple deliverable bonds gives rise to the adjustment factor. Hence, the price you
would see quoted is Qg, where Q, = Fy/CE.

Recall that the bracketed term By, + Al — PVCI in Equation 9 is just the full spot
price Sy minus the present value of the coupons over the life of the forward or futures
contract. The fixed-income forward or futures price (F;) is thus the future value of
the quoted bond price plus accrued interest less any coupon payments made during
the life of the contract. Again, the quoted bond price plus the accrued interest is the
spot price: It is in fact the price you would have to pay to buy the bond. Market con-
ventions in some countries just happen to break this price out into the quoted price
plus the accrued interest.

Why Equation 9 must hold is best understood by illustrating what happens when
the futures price is not in equilibrium. In fact, in the following scenario, the futures
are overpriced relative to the bond, giving rise to an arbitrage opportunity.

Assume we observe a 3-month forward contract, so T = 0.25, on a bond that
expires at some time in the future, T + Y, and this bond is currently quoted (B at
107% of par. There are no coupon payments for this bond over the life of the forward
contract, so PVCI = 0.0. Other pertinent details of the bond and futures are presented
in Exhibit 11.

Exhibit 11: Bond and Futures Information for lllustrating Disequilibrium

and Arbitrage Opportunity

Bond

Quoted Bond Price By 107.00
PV of Coupon Interest PVCI 0
Accrued Interest at Time 0 Al 0.07
Accrued Interest at Time T Al 0.20
Futures

Quoted Futures Price Qg 135.00
Conversion Factor CF 0.80
Adjusted Futures Price Fy (= Qo x CF) 108.00

Interest Rate

For Discounting/Compounding  r 0.20%

We observe that the full spot price of the bond is:
Sp =By + Al, = 107 + 0.07 = 107.07.

The futures price (Fy), which is the future value adjusted for carry cash flows (using
Equation 9), is:
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Fo = FV[B, + Al, — PVCI] = (107 + 0.07 — 0)(1.002)0-33 = 107.12.

Note that the adjusted futures price using the quoted futures price (Q = 135) and the
conversion factor (CF = 0.80) is Fy = 108. Adding the accrued interest at expiration
(Al = 0.20) to the adjusted futures price gives 108.20. Remember, if you are selling
a bond you receive the accrued interest; if you are buying a bond you pay the accrued
interest. The adjusted futures price plus accrued interest should equal the future value
of the full bond price adjusted for any carry cash flows given by Equation 9. Here,
the adjusted futures price (including accrued interest) is 108.20, while the cost to buy
and carry the bonds is 107.12. This implies that the futures contract is overpriced by
(108.2 — 107.12) = 1.08, thus there is an arbitrage opportunity. In this case, we would
simultaneously: 1) sell the overpriced futures contract; 2) borrow funds to purchase
the bonds; and 3) buy the underpriced deliverable bonds.

So, to capture the 1.08 with no risk, an arbitrageur might wish to buy this bond
and carry it and short the futures contract at 108. At maturity, the arbitrageur simply
delivers the bond to cover the futures contract and repays the loan. Arbitrage should
allow for the capture of any over (or under) pricing. Selling the futures contract at
108 involves no initial cash flow. The short futures locks in a sale price of 108 + 0.2
= 108.20 for the bond just purchased for 107.07. Since there are no carry benefits, it
costs the arbitrageur 107.12, = FV(107.07) = (107.07)(1+0.002)°25, to carry the bond
to expiration. The result is a risk-free profit at expiration of 1.08, = 108.00 + 0.2 —
107.12, for which the Time 0 PV is 1.0795, = 1.08(1.002)%-25,

The value of the Time 0 cash flows should be zero to prevent an arbitrage oppor-
tunity. This example shows the arbitrage profit as a 1.0795 cash flow at Time O or
1.08 at time T per bond. If the value had been negative—meaning the full bond price
exceeded the adjusted future price plus accrued interest—then the arbitrageur would
conduct the reverse carry arbitrage of short selling the bond, lending the proceeds,
and buying the futures (termed reverse carry arbitrage because the underlying is not
carried but is sold short).

In equilibrium, the adjusted futures price of the bond plus any accrued interest
must equal the cost of buying and holding the spot bond until time T. That is, to
eliminate an arbitrage opportunity:

F, + Al = FV[B, + Al — PVCI], which implies, Fy = FV(Sg) — Al — FVCI.
In this example, equilibrium is not met. The adjusted futures price, Fj = 108, promises
a profit of (108 — 106.92) = 1.08 at expiration, since

FV(Sy) — Al -FVCI=107.12-0.2 - 0 = 106.92.

For clarity, substituting for F and S and solving for the quoted futures price (Q) results
in Equation 10, the conversion factor adjusted futures price (i.e., quoted futures price):

Qo = [1/CF] {FV [B, + Al, ] — Al; — FVCI} (10)
In this example we have,
Qo = [1/CF] {FV[B,, + Al,] — Al — FVCI}
= (1/0.8) {(1 +0.002)%-25(107 + 0.07) — 0.20 — 0.0} = 133.65.

Recall, a futures price of 135 was used as the quoted price, Q; (108 was the adjusted
futures price). Any quoted futures price higher than the equilibrium futures price of
133.65 (106.92 adjusted) will present arbitrage opportunities; hence, the arbitrage
transaction of selling the futures contract resulted in a riskless positive cash flow.
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EXAMPLE 11

Estimating the Euro-Bund Futures Price

1. Euro-bund futures have a contract value of €100,000, and the underlying
consists of long-term German debt instruments with 8.5 to 10.5 years to
maturity. They are traded on the Eurex. Suppose the underlying 2% coupon
(semi-annual payment) German bund is quoted at €108 and has accrued in-
terest of €0.083 (15 days since last coupon paid). The euro-bund futures con-
tract matures in one month (30 days). At contract expiration, the underlying
bund will have accrued interest of €0.25; there are no coupon payments due
until after the futures contract expires; and the current one-month risk-free
rate is 0.1%. The conversion factor is 0.729535.

In this case, we have the following:

T=1/12, CF = 0.729535, By = 108, FVCI = 0, Al, = (15/180 % 2%/2) =
€0.083, Al = (45/180 x 2%/2) = €0.25, and r

=0.1%.

The equilibrium euro-bund quoted futures price (Qg) based on the carry
arbitrage model will be closest to:

A €147.57.
B. €147.82.
C. €148.15.

Solution:

B is correct. The carry arbitrage model for forwards and futures is simply the
future value of the underlying with adjustments for unique carry features.
With bond futures, the unique features include the conversion factor, ac-
crued interest, and any coupon payments. Thus, the equilibrium euro-bund
futures price can be found using the carry arbitrage model (Equation 10):

Qo = [1/CF]{FV[B, + Aly] — Al — FVCI}.

Thus, we have:

Qg = [1/0.729535][(1 + 0.001)/12(108 + 0.083) — 0.25 — 0] = 147.82.

Note that the same result can be found by Q,, = F,/CF, where:

Fo=FV(Sy) — Al; — FVCI = (1 + 0.001)/12(108 + 0.083) — 0.25 — 0 = 107.84.

In equilibrium, the quoted euro-bund futures price should be approximately
€147.82 based on the carry arbitrage model.

Because of the mark-to-market settlement procedure, the value of a bond future is
essentially the price change since the previous day’s settlement. That value is captured
at the settlement at the end of the day, at which time the value of the bond futures
contract, like other futures contracts, resets to zero.

We now turn to the task of estimating the fair value of the bond forward contract
at a point in time during its life. Without daily settlement, the value of a forward is
not formally realized until expiration. Suppose the first transaction is buying (at Time
0) an at-market bond forward contract priced at F, with expiration of Time T. Later
(at Time t) consider selling a new bond forward contract priced at F,, again with
expiration of Time T. At the maturity of the forward contracts, we take delivery of
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the bond under the long forward and use it to make delivery under the short forward.
Assuming the same underlying, there is no price risk. The net cash flow at maturity is
the difference in the price at which we sold, F;, and the price we agreed to pay, F, or
(F; — Fp). To confirm the price risk on the underlying bond is zero, we could also add
the values of the long and the short forward positions at expiration Vi 15 + Vghore =
(Bt — Fp) + (F; — By) = F, — F,. Since the position is riskless, the value to the long at
time t should be:

V, = Present value of difference in forward prices at time t = PV [F; — F].

As a simple example of bond forward contract valuation, assume that two forward
contracts have been entered as follows: long forward at F = 119.12 and short forward
at F, = 119.92. Time t is one month before expiration, and both forward contracts
expire at Time T. Therefore, time to expiration in one-month is T — t = 1/12. Finally,
assume the appropriate interest rate for discounting is r = 0.5%.

The forward value observed at Time t for the Time T maturity bond forward con-
tracts is simply the present value of the difference in their forward prices —denoted
PV, 1 (F; — Fy). That is, we have:

V= (119.92 — 119.12)/(1 + 0.005)"/12 = 0.7997.

EXAMPLE 12

Estimating the Value of a Euro-Bund Forward Position

1. Suppose that one month ago, we purchased five euro-bund forward con-
tracts with two months to expiration and a contract notional value of
€100,000 each at a price of 145 (quoted as a percentage of par). The eu-
ro-bund forward contract now has one month to expiration. The current
annualized one-month risk-free rate is 0.1%. Based on the current forward
price of 148, the value of the euro-bund forward position will be closest to:

A €2,190.

B. €14,998.

¢ €15,012.
Solution:

B is correct. Because we are given both forward prices, the solution is simply
the present value of the difference in forward prices at expiration.

V, = PV[F, - Fy] = (148 — 145)/(1 + 0.001)"/12 = 2.99975.

This is 2.9997 per €100 par value because this forward price was quoted

as a percentage of par. Because five contracts each with €100,000 par were
entered, we have 0.029997(€100,000)5 = €14,998.75. Note that when interest
rates are low and the forward contract has a short maturity, then the present
value effect is minimal (about €1.25 in this example).

We conclude this section with some observations on the similarities and differences
between forward and futures contracts.

Comparing Forward and Futures Contracts

For every market considered here, the carry arbitrage model provides an approach
for both pricing and valuing forward contracts. Recall the two generic expressions:

Fo=FV(Sy + CCy — CBy) (Forward pricing)
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V=PV[F, - F] (Forward valuation)

Carry costs (CC) and financing costs increase the forward price, and carry benefits
(CB) decrease the forward price. The arbitrageur is carrying the underlying, and costs
increase the burden whereas benefits decrease the burden. The forward value can
be expressed as either the present value of the difference in forward prices or as a
function of the current underlying price adjusted for carry cash flows and the present
value of the initial forward price.

Futures prices are generally found using the same model, but futures values are
different because of the daily marking to market. Recall that the futures values are
zero at the end of each trading day because profits and losses are taken daily.

In summary, the carry arbitrage model provides a compelling way to price and
value forward and futures contracts. Stated concisely, the forward or futures price
is simply the future value of the underlying adjusted for any carry cash flows. The
forward value is simply the present value of the difference in forward prices at an
intermediate time in the contract. The futures value is zero after marking to market.
We turn now to pricing and valuing swaps.

PRICING AND VALUING SWAP CONTRACTS

] describe how interest rate swaps are priced, and calculate and
interpret their no-arbitrage value

Based on the foundational concepts we have studied on using the carry arbitrage model
for pricing and valuing forward and futures contracts, we now apply this approach to
pricing and valuing swap contracts.

A swap contract is an agreement to exchange (or swap) a series of cash flows at
certain periodic dates. For example, an interest rate swap might exchange quarterly cash
flows based on a floating rate for those based on a fixed rate. An interest rate swap is
like an FRA except that it hedges multiperiod interest-rate risk, whereas an FRA only
hedges single-period interest-rate risk. Similarly, in a currency swap the counterparties
agree to exchange two series of interest payments, each denominated in a different
currency, with the exchange of principal payments at inception and at maturity. Swap
contracts can be synthetically created as either a portfolio of underlying instruments
(such as bonds) or a portfolio of forward contracts (such as FRAs). Swaps are most
easily understood as a portfolio of underlying bonds, so we will follow that approach.

Cash flows from a generic receive-floating and pay-fixed interest rate swap are
shown in Exhibit 12. The cash flows are determined by multiplying a specified notional
amount by a (fixed or floating) reference rate. In a fixed-for-floating interest rate swap
(i.e., pay-fixed, receive-floating, also known as a plain vanilla swap), the fixed-rate
payer in the swap would make a series of payments based on a fixed rate of interest
applied to the notional amount. The counterparty would receive their fixed payments
in return for making payments based on a floating rate applied to the same notional
amount. The floating rate used as a reference will be referred to as the market reference
rate (MRR). In our examples, we will use the MRR.
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Exhibit 12: Generic Swap Cash Flows: Pay-Fixed, Receive-Floating

Initiation Swap
Date S,—-FS S,-FS S,,—FS Expiration
S,—FS
0 1 2 n-1 n

Our generic swap involves a series of n future cash flows at points in time represented
simply here as 1, 2, ..., n. Let S; denote the floating interest rate cash flow based on
some underlying, and let FS denote the cash flow based on some fixed interest rate.
Notice how the cash flows are netted. If the floating rate S; increases above the agreed
fixed rate FS, so S; > ES, the fixed-rate payer (i.e., floating-rate receiver) will receive
positive cash flow. If rates fall, so S; < FS, the fixed-rate receiver (i.e., floating-rate
payer) will receive the positive cash flow. We assume that the last cash flow occurs at
the swap expiration. Later we will let S; denote the floating cash flows tied to currency
movements or equity movements.

We again will rely on the arbitrage approach for determining the pricing of a
swap. This procedure involves finding the fixed rate such that the value of the swap
at initiation is zero. Recall that the goal of the arbitrageur is to generate positive
cash flows with no risk and no investment of one’s own capital. To understand swap
valuation, we match the swap cash flows by synthetically creating a replicating port-
folio from other instruments. The swap must have the same value as the synthetic
portfolio, or arbitrage will result. A pay-fixed, receive-floating swap is equivalent to a
short position (i.e., issuer) in a fixed-rate bond and a long position (i.e., investor) in a
floating-rate bond. Assuming both bonds were initially priced at par, the initial cash
flows are zero and the par payments at maturity offset each other. In other words,
the swap rate is the rate at which the present value of all the expected floating-rate
payments received over the life of the floating-rate bond equal the present value of
all the expected fixed-rate payments made over the life of the fixed-rate bond. Thus,
the fixed bond payment should be equivalent to the fixed swap payment. Exhibit 13
shows the view of a swap as a pair of bonds. Note that the coupon dates on the bonds
match the settlement dates on the swap, and the maturity date matches the expiration
date of the swap. As with all derivative instruments, numerous technical details have
been simplified here. We will explore some of these details shortly.
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Exhibit 13: Receive-Floating, Pay-Fixed as a Portfolio of Bonds

Initiation Swap
Date S, -FS S,-FS S,,—FS Expiration
S,—FS
Swap
0 1 2 n—1 n
Par
Variable Rate Bond S, S, S, S,
+
| | I
Fixed Rate Bond FS FS FS FS
Par
0 1 2 n-1 n

It is worth noting that our replicating portfolio did not need to use a pair of bonds.
Swaps can also be viewed as a portfolio of forward or futures contracts. However, in
practice futures have standardized characteristics, so there is rarely a set of futures
contracts that can perfectly replicate a swap. In addition, because a single forward
contract can be viewed as a portfolio of a call and a put (a long call and a short put
at the same strike price equal to the swap’s fixed rate would replicate the payoffs on
a pay-fixed swap), a swap can also be viewed as a portfolio of options. The procedure
is fairly straightforward in all cases. Just match the swap cash flows with the cash
flows from a portfolio of marketable underlying instruments and rely on the law of
one price and the absence of arbitrage to provide a value. Again, bonds are perhaps
the best instruments to replicate a swap because they are easy to value.

Market participants often use swaps to transform one series of cash flows into
another. For example, suppose that because of the relative ease of issuance, REB,
Inc. sells a fixed-rate bond to investors. Based on careful analysis of the interest rate
sensitivity of the company’s assets, REB’s leadership deems a MRR-based variable
rate bond to be a more appropriate liability. By entering a receive-fixed, pay-floating
interest rate swap, REB can create a synthetic floating-rate bond, as illustrated in
Exhibit 15. REB issues fixed-rate bonds and thus must make periodic fixed-rate-based
payments to the bond investors, denoted FIX. REB then enters a receive-fixed (FIX)
and pay-floating (FLT) interest rate swap. The two fixed-rate payments cancel, leav-
ing on net the floating-rate payments. Thus, we say that REB has created a synthetic
floating-rate bond.

Exhibit 14: REB’s Synthetic Floating-Rate Bond Based on Fixed-Rate Bond

Issuance with Receive-Fixed Swap

FIX

A

Bond ‘FIX
Investors

Swap
Counterparty

REB, Inc.

v

FLT

The example in Exhibit 14 is for a swap in which the underlying is an interest rate.
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There are also currency swaps and equity swaps. Currency swaps can be used in
a similar fashion, but the risks being addressed are both interest rate and currency
exposures. Equity swaps can also be used in a similar fashion, but the risk being
addressed is equity exposure.

Swaps have several technical nuances that can have a significant influence on
pricing and valuation. Differences in payment frequency and day count methods
often have a material impact on pricing and valuation. Another issue is identifying the
appropriate discount rate to apply to the future cash flows. We turn now to examining
three types of swap contracts—interest rate, currency, and equity—with a focus on
pricing and valuation.

Interest Rate Swap Contracts

In this section we will focus on the pricing and valuing of interest rate swap contracts.
Our approach will view a swap as a pair of bonds, a long position in one bond and
a short position in another bond. At inception of a fixed-for-floating swap, a fixed
rate is selected so that the present value of the floating-rate payments is equal to the
present value of the fixed-rate payments, meaning the swap value is zero for both
parties at inception. The fixed rate (FS) is the swap rate. Determining the swap rate is
equivalent to pricing the swap. As the market rates change and time passes over the
term of the swap, the value of the swap changes. The swap value (the value of the two
constituent bonds) can be positive (an asset) or negative (a liability) to the pay-fixed
or receive-fixed swap holders.

Swaps are OTC products with many variations. For example, a plain vanilla
MRR-based interest rate swap can involve different frequencies of cash flow settle-
ments and day count conventions. In fact, a swap can have both semi-annual payments
and quarterly payments as well as actual day counts and day counts based on 30 days
per month. Unless stated otherwise, we will assume for simplicity that the notional
amounts are all equal to one (NA = 1). Swap values per 1 notional amount can be sim-
ply multiplied by the actual notional amount to arrive at the swap’s fair market value.

Interest rate swaps have two legs, typically a floating leg (FLT) and a fixed leg
(FIX). The floating leg cash flow—denoted S; because the rate (rp ;) may change (or
float) during each period i—can be expressed as:

and the fixed leg cash flow (denoted FS) can be expressed as:
FS = APgix % rprx = (NADgx/NTDgix) * rgpx.

AP denotes the accrual period, rgp; denotes the observed floating rate appropriate
for Time i, NAD denotes the number of accrued days during the payment period,
NTD denotes the total number of days during the year applicable to each cash flow,
and rppx denotes the fixed swap rate. The accrual period accounts for the payment
frequency and day count methods. The two most popular day count methods are
known as 30/360 and ACT/ACT. As the name suggests, 30/360 treats each month
as having 30 days; thus, a year has 360 days. ACT/ACT treats the accrual period as
having the actual number of days divided by the actual number of days in the year (365
or 366). Finally, the convention in the swap market is that the floating interest rate is
assumed to be advanced set and settled in arrears; thus, rg7; is set at the beginning
of the period and paid at the end. If we assume constant and equal accrual periods
(so, APgrT = APpry), the receive-fixed, pay-floating zet cash flow can be expressed as:

ES —S; = AP x (rp1x — TpLT,)>
and the pay-fixed, receive-floating net cash flow can be expressed as:

S; —FS = AP x (rpr1; — Tprx)-
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As a simple example, if the fixed rate is 5%, the floating rate is 5.2%, and the accrual
period is 30 days based on a 360-day year, the payment of a receive-fixed, pay-floating
swap is calculated as:

FS — S; = (30/360) x (0.05 — 0.052) = —0.000167 per notional of 1.

Because the floating rate exceeds the fixed rate, the receive-fixed (pay-floating) party
would pay this amount (0.000167 per notional of 1) to the pay-fixed (receive-floating)
party. In other words, only a single net payment is made by the receive-fixed party
to the counterparty. The sign of the net payment is negative as it is an outflow (i.e.,
negative cash flow) for the receive-fixed (pay-floating) party. Moreover, assuming the
notional amount (NA) is £100 million, the net payment made by the receive-fixed party
is £16,700 (= —0.000167 x £100,000,000). Finally, if, instead, the fixed rate exceeds the
floating rate, the sign of the net payment would be positive as it would be an inflow
(i-e., positive cash flow) to the receive-fixed party from the pay-fixed counterparty.

We now turn to swap pricing. Exhibit 15 shows the cash flows for an interest rate
swap along with a pair of bonds of equal par value. Suppose (at Step 1) the arbitra-
geur enters a receive-fixed, pay-floating interest rate swap with some initial value,
Vswap- Replicating this swap with bonds would entail being long a fixed-rate bond (as
the arbitrageur is receiving the fixed-rate coupon) and short a floating-rate bond (as
she is paying the floating rate). Therefore, to price this swap, the arbitrageur creates
the opposite of the replicating portfolio. So, at Step 2 she purchases a floating-rate
bond whose value is denoted V. Note that the terms of the variable rate bond are
selected to match exactly the floating payments of the swap. Next, a fixed-rate bond
is sold short (Step 3)—equivalent to borrowing funds—with terms to match exactly
the fixed payments of the swap.

Exhibit 15: Cash Flows for Receive-Fixed, Pay-Floating Swap Offset with

Bonds

Position Step Time 0 Time 1 Time 2 Timen
Swap Receive-fixed, Vowap +FS-S; +FS-5, +FS-S,
pay-floating
swap
Offsetting Buy floating-rate -Vt +S; +Sy +S, + Par
Portfolio bond
Short-sell +VErx -FS -FS —(FS +
fixed-rate bond Par)
Net Cash Flows V., = 0 0 0 0
—VeLr +
Vex =0

This portfolio offsets the cash flows from the swap, so the net cash flows from Time 1
to Time n will all be equal to zero. So, in equilibrium we must have Vg, = =V +
VErx = 0 to prevent an arbitrage opportunity. The value of a receive-fixed, pay-floating
swap is:

\% = Value of fixed bond — Value of floating bond = Vg — Vg 1 (11)

swap

The value of a receive-fixed, pay-floating interest rate swap is simply the value of
buying a fixed-rate bond and issuing (i.e., selling) a floating-rate bond. Remember, the
fixed-rate and floating-rate bond values are just the PVs of all the expected interest
and par payments. Pricing the swap means to determine the fixed rate (rg;x) such that
the value of the swap at initiation is zero. Said differently, to price the swap, the value
of the fixed bond must equal the value of the floating bond in Equation 11.
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As stated earlier, the value of a fixed bond (V;x) is the sum of the PV(All coupons)
+ PV(Par). If C is the coupon amount and par is 1, the value of a fixed-rate bond is,
Verx = sum of PV of all coupons (C) + PV of par value, or:

Value fixed bond rate: Viyy = CYLPV;(1) + PV, (1). (12)

Notice the coupon amount in Equation 12 is multiplied by a summation term. This
term includes the present value discount factors, PV(1), for each cash flow (or coupon
payment). These PV factors are derived from the term structure of interest rates at
the time of valuation. The summation adds up the PV factor for each coupon as it
sequentially occurs. The sum of the PV of all the coupons is added to the PV of par
at maturity (Time n). The present value expression is based on spot rates and is
computed using the formula, PV;(1) = W Spot interest rates (Rspot;)
1 + Rspot; (W)
will help us value each individual cash flow. As an illustration, consider the following
term structure of rates for USD cash flows and the computation of their associated
PV factors, as shown in Exhibit 16:

Exhibit 16: Present Value Factors Using the Term Structure

USS$ Spot Interest Rates Present Value
Days to Maturity (%) (USS$1)
920 2.10 0.994777
180 2.25 0.988875
270 2.40 0.982318
360 2.54 0.975229
Sum: 3.941199

The PV factors are computed for each rate in the term structure as:

+NAD.

1+ Rspot; (WDI)

Using this formula, we compute the PV factor for a unit cash flow of 1. For example, at
90 days, we have a spot rate of 2.10%, which implies a discount (PV) factor of 0.994777
=$1/[1 + 0.0210 (90/360)]. Similarly, for 360 days, we have a spot rate of 2.54%, which
implies a PV factor of 0.975229 = 1/[1 + 0.0254(360/360)].

The present value factors make it straightforward to value a fixed-rate bond under a
given term structure. For example, the value of a fixed 4% bond with quarterly interest
payments and Par = 1 under the term structure in Exhibit 16 can be computed using
Equation 12. The quarterly coupon payment, C, is 4%/4 on par of 1 or 0.01/quarter.

Very = CYXLPV,(D +PV,(1)=0.01(3.941199) +0.975229(1) = 1.014641.

PV, (1) =

So, using Equation 12 and the PV factors and their sum from Exhibit 16, we can
quickly value the bond at 101.464% of par.

To find the fixed rate needed to price a swap, we first make a slight modification
to the notation in Equation 12. Since the coupon C is just the fixed interest rate
multiplied by Par (and Par is assumed to be 1), we can substitute rppy = C, so that:

Vipe = rerx 2 PV (D + PV (1).
=1
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The value of a floating-rate bond, V1 at the reset date is 1 (par) because the interest
payment is set to match the discount rate. Recall that when the YTM (discount rate)
of a bond is equal to the coupon rate, the bond sells at par. Here, we assume par is 1.
Because the floating rate and the discount rate are initially the same for our floating
bond, at the reset date we have V1 = par = 1.

Setting the value of the fixed bond in Equation 12 equal to 1 (the value of the
floating bond at swap initiation, so Vgjx = 1 = V), we obtain:

i=1

This expression leads to the swap pricing equation, which sets rpjy for the fixed bond:
1PV, (D) . :
TFIX T S PV, (Swap Pricing Equation). 13)

The fixed swap rate, the “price” that swap traders quote among one another, is simply
one minus the final present value term divided by the sum of present values. The fixed
swap leg cash flow (FS) for a unit of notional amount (NA) is simply the fixed swap
rate adjusted for the accrual period, or:

FS = APgx * repx (Fixed swap cash flow per unit of NA).

We can multiply FS times the notional amount later to find the cash flow for a swap
in practice.

EXAMPLE 13

Solving for the Fixed Swap Rate Based on Present Value
Factors

1. Suppose we are pricing a five-year MRR-based interest rate swap with annu-
al resets (30/360 day count). The estimated present value factors, PV, (1), are
given in the following table.

Maturity (years) Present Value Factors
1 0.990099
2 0.977876
3 0.965136
4 0.951529
5 0.937467

The fixed rate of the swap (rpyy) will be closest to:

A. 1.0%.
B. 1.3%.
C 1.6%.

Solution:

B is correct. Note that the sum of present values is:

)
2. PV, (1) = 0.990099 + 0.977876 + 0.965136 + 0.951529 + 0.937467
i=1
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= 4.822107.

Since the final cash flow for a bond consists of the nt" coupon plus par, we
use the PV factor for the last cash flow, here cash flow 5, twice in Equation
11. We sum it with the other PV factors for the individual coupons in the
denominator, and we apply it to Par in the numerator. Therefore, the solu-
tion for the fixed swap rate is:

1 —0.937467
e = “agarors = 0.012968, or 1.2968%.

From pricing a swap in Example 13, we now turn to interest rate swap valuation
for a receive fixed (pay floating) swap. As noted previously, the fixed-rate receiver
is effectively long a fixed bond and short a floating-rate bond. After initiation, this
position will have a positive value when the fixed bond is trading at a premium to par
(i.e., interest rates have fallen).

At any time after initiation, the market value of an existing swap can be understood
by pricing a new offsetting swap. Assume gy  is the swap rate at initiation. After ini-
tiation, the term structure of interest rates will likely imply a different swap rate, rg;y ;.

The approach to value a multi-period swap is like the approach to valuing a single
period FRA (i.e., multiplying the PV of the difference between the old FRA and the
new FRA rates by a notional amount; Equation 6). Valuation is based on arbitrage
transactions. Our initial swap position at Time 0 as a floating-rate payer would be
offset by a position at Time t as a floating-rate receiver. The floating cash flows from
paying and receiving will offset at each date (i), but the fixed payments will be dif-
ferent. We still receive the fixed rate, rg;x , initially agreed to, but for the purposes
of valuation we additionally assume the role as a fixed-rate payer at the new rate,
rryx s The cash flows per unit of NA at each future date will always be based on the
difference between the rate we initially received at Time 0 and the current rate paid
at Time t, so (FSq - FS;) = AP (rpx - Irxs) - Thus, the value of a receive-fixed
swap at some future point in Time (t) is simply the sum of the present values of the
difference in fixed swap rates times the stated notional amount (NA), or:

Vswaps = NA % (FSq—FS,) x Y, PV; (Value of receive-fixed swap).  (14)

In our valuation equation, n is the number of remaining cash flows from time t.
Although this n may be different than the number of cash flows initially used to
price the swap at time 0, we use the same notation. It is also important to be clear on
which side of the swap this value applies. Notice the cash flow FS; in Equation 14 is
positive. This is because the swap was initially set up (at Time 0) as a receive-fixed
(FSy), pay-floating swap. To establish a value, the swap is offset with a pay-fixed,
receive-floating swap at Time t. Thus, when FS has a positive sign, Equation 14
provides the value to the party initially receiving fixed. The negative of this amount
is the value to the fixed-rate payer.

Now, since the fixed-rate payer is effectively long a floating bond and short a fixed
bond, the position will have positive value when the fixed bond is trading at a dis-
count to par (i.e., interest rates have risen). The fixed-rate payer is also the floating
receiver and thus benefits as interest rates rise. At any date, the market value of a
swap to the fixed-rate payer is based on the present value of the difference between
the new offsetting fixed cash flow FS, to be received and the fixed cash flow FSg he
or she originally agreed to pay. It will be the negative of the receive-fixed swap value
(Vswap,) given by Equation 14, and we can compute it as follows:

~Vsap, = —1[NAx (FS)—FS,) x YL, PV/]

= NAx (FS,—FS,) x Y2 ,PV; (Value of pay-fixed swap). (15)
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Exhibit 17 provides a summary of the swap legs and the associated replicating and
offsetting portfolios for each swap leg. The replicating portfolio (at time 0) provides
the same cash flows as our swap. The offsetting portfolio (at time t) will offset the
cash flows from our replication of the swap and help us determine a value. Note that
the floating cash flows at Time 0 and Time t cancel each other out. For valuation
purposes, this allows us to focus on the difference in fixed swap rates. So, the value
of a receive-fixed swap at time t is based on the difference between the initial fixed
swap rate and the fixed swap rate at time t, or rgjx o — rppy o @s shown in the last row
of Exhibit 17.

Exhibit 17: Swaps and Related Replicating and Offsetting Portfolios

Receive-Fixed, Pay-Floating Pay-Fixed, Receive-Floating
Swap Portfolio Position Rates Portfolio Position Rates
Replicating Initiationt =0 Long Short TE[X,0 Long Short TELTo
Portfolio Fixed-Rate Floating-Rate - rgppg Floating-Rate ~ Fixed-Rate - rgpy g
Bond Bond Bond Bond
Offsetting Portfolio Time =t Short Long TELTy Short Long IEX ¢
Fixed-Rate Floating-Rate - rpjy; Floating-Rate ~ Fixed-Rate —rpjr
Bond Bond Bond Bond
Rates for Swap Time =t TE[X,0 TEIX ¢
Valuation - I"le)t - rFI)(‘O

The examples illustrated here show swap valuation only on a payment date. If a swap
is being valued between payment dates, some adjustments are necessary. We do not
pursue this topic here.

EXAMPLE 14

Solving for Receive-Fixed Swap Value Based on Present
Value Factors

Suppose two years ago we entered a €100,000,000 seven-year receive-fixed
MRR-based interest rate swap with annual resets. The fixed rate in the swap
contract entered two years ago was 2.0%. The estimated present value factors,
PVj(1), are repeated from the previous example.

Maturity (years) Present Value Factors
1 0.990099
2 0.977876
3 0.965136
4 0.951529
5 0.937467
Sum 4.822107

We know from the previous example that the current equilibrium fixed swap
rate is close to1.30% (two years after the swap was originally entered).

1. The value for the swap party receiving the fixed rate will be closest to:

A. —€5,000,000.
B. €3,375,000.
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(. €4,822,000.

Solution:

Bis correct. rpy o = 2.0%, and rgx, = 1.3%. We assume annu-
al resets (AP = 360/360 = 1), so the cash flow per unit notional is
ESg = 20% and FS; = 1.3%.

The swap value to the fixed-rate receiver is:
Vewap,r = NAx (FSq—FS,) x T2, PV,
=€100,000,000 x (0.02 —0.013) x 4.822107 = €3,375,000.

2. The value for the swap party paying the fixed rate will be closest to:

A. —€4,822,000.

B. —€3,375,000.

C.  €5,000,000.
Solution:

B is correct. The equivalent pay-fixed swap value is simply the negative of
the receive-fixed swap value:

~Vswap, = NAx (FS,—FSg) x Y2, PV,
=€100,000,000 x (0.013 —0.02) x 4.822107
=—€3,375,000.

PRICING AND VALUING CURRENCY SWAP
CONTRACTS

] describe how currency swaps are priced, and calculate and interpret
their no-arbitrage value

A currency swap is a contract in which two counterparties agree to exchange future
interest payments in different currencies. In a currency swap, one party is long a bond
(fixed or floating) denominated in one currency and short a bond (fixed or floating) in
another currency. The procedure for pricing and valuing currency swaps is like the
pricing and valuation of interest rate swaps. Currency swaps come in a wide array of
types and structures. We review a few key features:

1. Currency swaps often involve an exchange of notional amounts at both the
initiation of the swap and at the expiration of the swap.

2. The payment on each leg of the swap is in a different currency unit, such as
euros and Japanese yen, and the payments are not netted.

3. Each leg of the swap can be either fixed or floating.

Pricing a currency swap involves solving for three key variables: two fixed interest
rates (each in a different currency) and one notional amount. We must determine
the appropriate notional amount in one currency, given the notional amount in the
other currency, as well as two fixed-interest rates such that the currency swap value
is zero at initiation.
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We will focus on fixed-for-fixed currency swaps, so we essentially trade cash flows
on a bond in one currency for cash flows on a bond in another currency. Let k be
the currency units, such as euros and yen. Letters are used here rather than numbers
to avoid confusion with calendar time. The value of a fixed-rate bond in currency k
with par of 1 can be expressed generically as the present value of the coupons plus
the present value of par, or:

V, = C 3PV, (D +PV, (Par;) .
=1

Cy is the coupon in currency k, and Pary is the Par value paid at maturity in
currency k. The value of a fixed-for-fixed currency swap, Vg is the difference in the
price of two bonds. That is, the value of a currency swap is simply the value of a bond
in currency a (V,) less the value of a bond in currency b (V},), expressed in terms of
currency a, as follows:

Here, S is the spot exchange rate at time 0. To make each party indifferent between
the two bonds, the par or principal notional amounts are set to reflect the current
spot exchange rate. This will lead to the swap having zero value (Vg = 0) at inception
(to prevent any arbitrage opportunity), so

V, = SoVyp.

The swap value may change after initiation as the exchange rate and interest rates on
the two currencies fluctuate. Currency swap valuation is best understood by considering
an example. Exhibit 18 provides an illustration of an at-market 10-year receive-fixed
US$ and pay-fixed € swap. The US$ bond has an annual coupon of US$30 and par of
US$1,150. The annual coupon amount of the euro-denominated bond is €9 with par
of €1,000. Both bonds are assumed to be trading at par (note, this is $1,150 for the
US$ bond, not the usual $1,000) and have a 10-year maturity. We proceed as follows:

= Step 1: We enter the receive-fixed US$ and pay-fixed € swap.

In Steps 2 and 3, we create a portfolio to offset the swap cash flows.

= Step 2 involves short-selling a US bond (so, paying the fixed US$ coupon on
the bond) to offset the US dollar inflows from the swap.

= Step 3 involves purchasing a euro bond (so, receiving the fixed € coupon on
the bond), which provides offsetting cash flows for the pay-fixed € portion
of the swap.

Exhibit 18: Numerical Example of Currency Swap Offset with Bonds

49

Position Step Time 0 Time 1 Time 2 Time 10
Swap 1. Receive-fixed +$30 +$30 +($30 + $1,150)
US$, pay-fixed —($1.5/€) x - ($1.1/€) x —($1.2/€) x
euro swap €9 = €9 = (€9 + €1,000) =
0 +$16.5 +$20.1 -$30.8
Offsetting Bond 2. Short-sell US$ +$1,150 -$30 -$30 —($30 + $1,150)
Portfolio bond
3. Buy euro bond —($1.15/€) x +($1.5/€) x +($1.1/€) x +($1.2/€) x
€1,000 = €9 = €9 = (€9 + €1,000) = $1,210.8

-$1,150 +$13.5 +$9.9
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Position Step Time 0 Time 1 Time 2 Time 10
Offsetting

Portfolio Cash 0 -$16.5 -$20.1 +$30.8

Flows

Overall Net Cash 0 0 0 0 0

Flows

The cash flows from the bond portfolio will exactly offset the cash flows from the
swap. This illustration assumes a current spot exchange rate (Sy) at which €1 trades
for US$1.15, so Sy = $1.15/€1. Selected future spot exchange rates are S; = $1.50/€1,
S, = $1.10/€1, and S; = $1.20/€1. These future spot exchange rates are used to show
the conversion of future euro cash flows into US dollars, but notice that the overall
net cash flows are all zero regardless of the future spot exchange rates. In other words,
we could have used any numbers for S;, Sy, and S;,. Regardless of exchange rates in
the future, the bond portfolio and the swap always have offsetting cash flows. Since
the portfolio and swap produce identical (although opposite) cash flows, the law of
one price will allow us to determine a value for our swap in terms of a pair of bonds.

Since the net cash flows are 0 at every time t, the portfolio must be worth 0 initially.
Exhibit 18 provides the intuition for solving for the notional amount (NA). For a zero
cash flow at initiation, the NA (or par value) of the bond denominated in currency a
(NA,) must equal the spot exchange S, rate times the notional amount (or par value)
of the bond denominated in currency b (NAy). That is,

NA, = Sg * NA,,

The exchange rate is stated as number of units of currency a to buy one unit of currency
b. The spot exchange rate in Exhibit 18 is $1.15/€1, so currency a (in the numerator) is
USS$. At the prevailing exchange rate S, it takes $1.15 to buy one euro. NA, = $1,150
and S, = $1.15/€1, so NAy = $1,150/($1.15/€1) = €1,000. Therefore, the swap value at
initiation is equal to zero, as it should be:

Ves =V, — SV = $1,150 — ($1.15/€1) x €1,000 = 0.

At any time during the life (tenor) of the swap shown in Exhibit 18, the opposite cash
flows from the offsetting bond transactions result in a zero net cash flow. If the initial
swap value is not at market or zero, then there are arbitrage opportunities. If the initial
swap value is positive, then a set of arbitrage transactions would be implemented to
capture the initial value with no net cash outflow. If the initial swap value is negative,
then the opposite set of transactions would be implemented. The goal is to determine
the fixed rates of the swap such that the current swap value is zero.

Because the fixed swap rate does not depend on the notional amounts, the fixed
swap rates are found in the same manner as the fixed swap rate in an interest rate swap.
For emphasis, we repeat the equilibrium fixed swap rate equations for each currency:

1PV, (D 1PV, , D
r, :W and ry :m (16)

We now have a solution for each of the three swap variables: one notional amount
(NA, = Sy x NA} ) and two fixed interest rates from Equation 16. Again, the fixed
swap rate in each currency is simply one minus the final present value term divided
by the sum of present values. We need to be sure that the present value terms are
expressed in the appropriate currency. We illustrate currency swap pricing with spot
rates by way of an example.
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EXAMPLE 15

Currency Swap Pricing with Spot Rates

A US company needs to borrow 100 million Australian dollars (A$) for one year
for its Australian subsidiary. The company decides to issue US$-denominated
bonds in an amount equivalent to A$100 million. Then, the company enters
into a one-year currency swap with quarterly reset (30/360 day count) and the
exchange of notional amounts at initiation and at maturity. At the swap’s initi-
ation, the US company receives the notional amount in Australian dollars and
pays to the counterparty, a swap dealer, the notional amount in US dollars. At
the swap’s expiration, the US company pays the notional amount in Australian
dollars and receives from the counterparty the notional amount in US dollars.
Based on interbank rates, we observe the following spot rates today, at Time 0,
and compute their PV factors and sums:

USS$ Spot
A$ Spot Interest Interest Present
Days to Rates Present Value Rates Value
Maturity (%) (A$1) (%) (US$1)
90 2.50 0.9937892 0.10 0.999750
180 2.60 0.987167 0.15 0.999251b
270 2.70 0.980152 0.20 0.998502
360 2.80 0.972763 0.25 0.997506
Sum: 3.933870 Sum: 3.995009

2 A$0.993789 = 1/[1 + 0.0250(90/360)].
b 115$0.999251 = 1/[1 + 0.00150(180/360))].

Assume that the counterparties in the currency swap agree to an A$/US$
spot exchange rate of 1.140 (expressed as number of Australian dollars for US$1).

1. The annual fixed swap rates for Australian dollars and US dollars, respec-
tively, will be closest to:
A. 2.80% and 0.10%.
B. 2.77% and 0.25%.
C. 2.65% and 0.175%.

Solution:

B is correct. Since the PV factors are given, we do not need to compute
them from the spot rates. Using Equation 16, the Australian dollar periodic
fixed swap rate is:

r = 1= PViaup® _ 1-0.972763
AUD = 3% By, o) 3.933870

= 0.00692381 or 0.692381%.

The US dollar periodic fixed swap rate is:
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Frran = V= PVausp ™ 1-0.997506
USD = 34 BV, yop (D 3.995000

= 0.00062422 or 0.062422%.

The annualized rate is simply (360/90) times the period results: 2.7695% for
Australian dollars and 0.2497% for US dollars.

2. The notional amount (in US$ millions) will be closest to:

A. 88.

B. 100.

C 114.
Solution:

A is correct. The US dollar notional amount is calculated as A$100 million
divided by the current spot exchange rate, A$1.140/US$1. From NA, = S x
NAy, we have A$100,000,000 = A$1.14/US$1 x Nj. Solving for Ni, we have
US$87,719,298 = A$100,000,000/(A$1.14/US$1).

3. The fixed swap quarterly payments in the currency swap will be closest to:

A. A$692,000 and US$55,000.
B. A$220,000 and US$173,000.
C. A$720,000 and US$220,000.

Solution:

A is correct. The fixed swap quarterly payments in currency units equal
the periodic swap rate times the appropriate notional amounts. From the
answers to 1 and 2, we have

FSA$ = NAA$ X (AP) X rA$

= A$100,000,000 x (90/360) x (0.027695)
= A$692,375
and

FSUS$ = NAUS$ X (AP) X I'US$

= US$87,719,298 x (90/360) x (0.002497)
= US$54,759.

One approach to pricing currency swaps is to view the swap as a pair of fixed-rate
bonds. The main advantage of this approach is that all foreign exchange considerations
are moved to the initial exchange rate. We do not need to address future foreign cur-
rency transactions. Also, note that a fixed-for-floating currency swap (i.e., pay-fixed
currency a, receive-floating currency b) is simply a fixed-for-fixed currency swap
(i.e., pay-fixed currency a, receive-fixed currency b) paired with a fixed-for-floating
interest rate swap (i.e., pay-fixed currency b, receive-floating currency b). Also, we
do not technically “price” a floating-rate swap because we do not designate a single
coupon rate and because the value of such a swap is par on any reset date. Thus, we
have the capacity to price any variation of currency swaps.
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We now turn to currency swap valuation. Recall that with currency swaps, there
are two main sources of risk: interest rates associated with each currency and their
exchange rate. The value of a fixed-for-fixed currency swap at some future point in
time, say Time t, is simply the difference in a pair of fixed-rate bonds, one expressed
in currency a and one expressed in currency b. To express the bonds in the same
currency units, we convert the currency b bond into units of currency a through a
spot foreign exchange transaction at a new rate, S;. The value of a “receive currency
a, pay currency b” (fixed-for-fixed) swap at any time t expressed in terms of currency
a is the difference in bond values:

VCS = Va - StVb

Substituting the valuation equation for each of the bonds, we have:

Ves
= (FS XL PV,(D) +NA, PV, (1)) =5, (FS, XL PV,(1) +NA, PV, (D).

Note that the fixed swap amount (FS) is the per-period fixed swap rate times the
notional amount. Therefore, the currency swap valuation equation can be expressed as:

Ves

= NAy (rpia X1 PV, + PV, (D)) = S;NAy (i D1y P V(D +PVn(l))('17)

As mentioned, the terms in Equation 17 represent the difference in value of two
fixed-rate bonds. The first term in braces is the value of a long position in a bond with
face value of 1 unit of currency a, which is then multiplied by the notional amount of
the swap in currency a (NA,). This product represents the value of the cash inflows
to the counterparty receiving interest payments in currency a. The second term (after
the minus sign) implies outflows and represents the value of a short bond position
with face value of 1 unit of currency b, which is multiplied by the product of the
swap notional amount in currency b (NA,) and the current (Time t) exchange rate,
S, (stated in units of currency a per unit of currency b). This gives the value of the
payments, in currency a terms, made by the party receiving interest in currency a and
paying interest in currency b. Vg is then the value of the swap to the party receiving
currency a, while the value of the swap to the party receiving currency b is simply the
negative of that amount, —Vg.

Equation 17 seems formidable, but it is a straightforward idea. We hold a bond in
currency a, and we are short a bond in currency b (which we must express in terms of
currency a). It is best understood by an example of a firm that has entered a currency
swap and needs to determine the current value.

Example 16 continues the case of the company using a currency swap to effec-
tively convert a bond issued in US dollars into a bond issued in Australian dollars. In
studying the problem, take care to identify currency a (implied by how the exchange
rate, S;, is given) and the party receiving interest payments in currency a in the swap.

EXAMPLE 16

Currency Swap Valuation with Spot Rates

This example builds on the previous example addressing currency swap pricing.
Recall that a US company needed to borrow 100 million Australian dollars (A$)
for one year for its Australian subsidiary. The company decided to borrow in US
dollars (US$) an amount equivalent to A$100 million by issuing US-denominated
bonds. The company then entered a one-year currency swap with a swap dealer.
The swap uses quarterly reset (30/360 day count) and exchange of notional
amounts at initiation and at maturity. At the swap’s expiration, the US company
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pays the notional amount in Australian dollars and receives from the dealer the
notional amount in US dollars. The fixed rates were found to be 2.7695% for
Australian dollars and 0.2497% for US dollars. Initially, the notional amount in
US dollars was determined to be US$87,719,298 with a spot exchange rate of
A$1.14 for US$1.

Assume 60 days have passed since swap initiation and we now observe the
following updated market information:

AS$ Spot USS$ Spot

Days to Interest Rates Present Value Interest Rates Present Value
Maturity (%) (A$1) (%) (US$1)
30 2.00 0.998336 0.50 0.999584
120 1.90 0.993707 0.40 0.998668
210 1.80 0.989609 0.30 0.998253
300 1.70 0.986031 0.20 0.998336

Sum: 3.967683 Sum: 3.994841

The currency spot exchange rate (S,) is now A$1.13 for US$1.

1. The current value to the swap dealer in A$ of the currency swap entered 60
days ago will be closest to:
A. —A$13,557,000.
B. A$637,620.
C A$2,145,200.

Solution:

C is correct. The US firm issues $87.7 million of bonds and enters a swap
with the swap dealer. The initial exchange rate is given as 1.14A$/1US$, so
currency a is A$. The swap dealer is receiving quarterly interest payments
in currency a (A$). The swap is diagrammed for Example 15 and Example 16
as shown below:

Swap Cash Flows:

Initial Cash Flows Exchanged

A$100M/1.14 = US$87.719M
US Firm ’ AS$100M Swap Dealer

Quarterly Cash Flows Exchanged
A$692,375 = (0.00692375) x A$100M
US Firm  1175$54,759 = (0.00062425) x US$87,719,298| SWap Dealer

Terminal Cash Flows Exchanged

AS$100M
US Firm US$87.719M Swap Dealer

After 60 days, the new exchange rate is 1.13A$/1US$ and the term structure
of interest rates has changed in both markets. Equation 17 gives the value
of the swap at Time t, V-5 This is the value of the swap to the party receiv-
ing interest payments in Australian dollars, which is the swap dealer. Thus,
using Equation 14, the value to the swap dealer receiving A$ is:

Ves
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= N4, (rFl-xa $ PV, +PVn(1)) ~S,N4, <rmb $ PV, +PVn(1)>
= il

Vg = A$100,000,000 x [0.00692375 (3.967683) + 0.986031] — 1.13 (A$/1USS) x
(US$87,719,298) x [0.00062425 (3.994841) + 0.998336]

= A$2,145,167.

The first term in Equation 17 represents the PV of the dealer’s incoming
cash flows in A$, effectively a long position in an A$ bond. Remember, the
dealer is receiving quarterly interest payments in A$ and will receive the
A$100M terminal payment at swap maturity. To compute the PV of the A$
cash flows, the notional amount is multiplied by a term inside the braces,
which represents the periodic interest rate multiplied by the sum of the PV
factors for the four payments plus the PV factor for the terminal cash flow
(where the PV factors reflect the new term structure). The second term is
the PV of the dealer’s US$ outflows (effectively a short bond in currency b,
here US$). The PV of the quarterly interest payments and terminal payment
are calculated using the new term structure and converted into A$ at S,.
Thus, we have the value of the long A$ bond minus the value of short US$
bond (stated in A$ terms). This gives Vg, which is the value of the swap to
the party receiving currency a and is the value from the perspective of the
swap dealer.

2. The current value to the US firm in US$ of the currency swap entered 60
days ago will be closest to:

A. —$2,673,705.

B. -$1,898,400.

C. $334,730.
Solution:

B is correct. In terms of Solution 1, the current value of the swap to the US
firm is —Vg. This represents the value to the firm making interest payments
in currency a (A$).

—Vg =—A$2,145,167, which when converted to USS at S, is:
—Veg =—A$2,145,167 x (1US$/1.13A8) = -US$1,898,378.

Note that the US company initially issues a bond in US$ in their home mar-
ket and uses the swap to effectively convert to an A$ bond issue. Under-
standing the swap as two bonds, the US firm is long a US$ bond (US$ is cur-
rency b in this example, which the US firm is receiving) and short a bond in
A$ (currency a, which the US firm is paying). The swap offsets the US firm’s
US$ bond issue. The swap allows the US firm to make A$ interest payments
to the swap dealer, or to effectively issue a bond in A$ (currency a).
Alternatively, if the exchange rate had been stated as S, = 1US$/1.13A$ or
equivalently as S, = $0.885/A$, then currency a would be US$. In that case,
the swap value, Vg, can be understood in terms of the firm receiving US$
since the swap gives the US firm the equivalent of a long position in a US$
bond. The first term in the following equation represents the value of the
US$ bond to the US firm in the swap. The second term is the value of the A$
bond position (short for the US firm) expressed in US$ terms.

Ves



56

Learning Module 1

© CFA Institute. For candidate use only. Not for distribution.
Pricing and Valuation of Forward Commitments

= N4, (rFixa $ PV, +PVn(1)) ~S,N4, <rF[xb $ PV, +PVn(1)>
= Sl

Ves = $87,719,298 x [0.00062422 (3.994841) + 0.998336] — (1US$/AS$1.13) x
(A$100,000,000) x [0.00692381 (3.967683) + 0.986031]

=-US$1,898,410.

The swap value is negative to the US firm due to changes in the term struc-
ture and exchange rate. The A$ has strengthened against the US$, so now
the US firm must pay periodic interest and principal cash flows in A$ at a
rate of 1.13A$/1US$. That is, for each US$ the US firm gets fewer A$ for
making payments to the dealer. The new term structure now offers lower
interest rates to A$ borrowers, and this also contributes to the negative swap
value for the US firm. The firm had agreed to pay higher periodic A$ rates in
the swap, but now the present value of those outflows has increased.

PRICING AND VALUING EQUITY SWAP CONTRACTS

] describe how equity swaps are priced, and calculate and interpret
their no-arbitrage value

Drawing on our prior definition of a swap, we define an equity swap in the following
manner: An equity swap is an OTC derivatives contract in which two parties agree
to exchange a series of cash flows whereby one party pays a variable series that will be
determined by an equity and the other party pays either (1) a variable series determined
by a different equity or rate or (2) a fixed series. An equity swap is used to convert
the returns from an equity investment into another series of returns, which, as noted,
either can be derived from another equity series or can be a fixed rate. Equity swaps
are widely used in equity portfolio investment management to modify returns and
risks. Equity swaps allow parties to benefit from returns of an equity or index without
owning any shares of the underlying equity. An equity swap may also be used to hedge
risk exposure to an equity or index for a certain period.

We examine three types of equity swaps: 1) receive-equity return, pay-fixed; 2)
receive-equity return, pay-floating; and 3) receive-equity return, pay-another equity
return. Like interest rate swaps and currency swaps, equity swaps have several unique
nuances. We highlight just a few. First, the underlying reference instrument for the
equity leg of an equity swap can be an individual stock, a published stock index, or a
custom portfolio. Second, the equity leg cash flow(s) can be with or without dividends.
Third, all the interest rate swap nuances exist with equity swaps that have a fixed or
floating interest rate leg.

We focus here on viewing an equity swap as a portfolio of an equity position and
a bond. The equity swap cash flows can be expressed as follows:

NA(Equity return — Fixed rate) (for receive-equity, pay-fixed),
NA(Equity return — Floating rate) (for receive-equity, pay-floating), and

NA(Equity return, — Equity returny) (for receive-equity, pay-equity),
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where a and b denote different equities. Note that an equity-for-equity swap can
be viewed simply as a receive-equity a, pay-fixed swap combined with a pay-equity b,
receive-fixed swap. The fixed payments cancel out, and we have synthetically created
an equity-for-equity swap.

The cash flows for an equity leg (S;) of an equity swap can be expressed as:

S; = NAg R,

where Rg denotes the periodic return of the equity either with or without divi-
dends as specified in the swap contract, and NAp denotes the notional amount. The
cash flows for a fixed-interest rate leg (FS) of an equity swap are the same as those of
an interest rate swap, or:

FS = NAg x APy X 1pix,

where APy denotes the accrual period for the fixed leg (for which we assume the
accrual period is constant) and rg;x here denotes the fixed rate on the equity swap.

EXAMPLE 17

Equity Swap Cash Flows

Suppose we entered a receive-equity index and pay-fixed swap. It is quarterly
reset, 30/360 day count, €5,000,000 notional amount, pay-fixed (1.6% annualized,
quarterly pay, or 0.4% per quarter).

1. If the equity index return was 4.0% for the quarter (not annualized), the
equity swap cash flow will be closest to:

A. —€220,000.

B. —€180,000.

C. €180,000.
Solution:

C is correct. Note that the equity index return is reported on a quarterly
basis. It is not an annualized number. The fixed leg is often reported on an
annual basis. Thus, one must carefully interpret the different return conven-
tions. In this case, receive-equity index counterparty cash flows (S; — FS =
NA; x (Rg — rpry)) are as follows:

€5,000,000 x (0.040 — 0.004)
= €180,000 (Receive 4%, pay 0.4% for the quarter).

2. If the equity index return was —6.0% for the quarter (not annualized), the
equity swap cash flow will be closest to:

A. —€320,000.
B. —€180,000.
C. €180,000.
Solution:
A is correct. Similar to 1, we have (S; — FS = NAg x (R — rppy)):
€5,000,000 x (—0.060 — 0.004)
= —€320,000 (Receive —6%, pay 0.4% for the quarter).

When the equity leg of the swap is negative, then the receive-equity coun-
terparty must pay both the equity return as well as the fixed rate (or whatev-
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er are the payment terms). Note also that equity swaps may cause liquidity
problems. As seen here, if the equity return is negative, then the receive-eq-
uity return, pay-floating or pay-fixed swap may result in a large negative
cash flow for the receive-equity return party.

For equity swaps, the equity position could be a wide variety of claims, including
the return on a stock index with or without dividends and the return on an individual
stock with or without dividends. For our objectives here, we ignore the influence of
dividends with the understanding that the equity swap leg assumes all dividends are
reinvested in the equity position. The arbitrage transactions for an equity swap when
dividends are not included are extremely complex and beyond our objectives. The
equity leg of the swap is produced by selling the equity position on a reset date and
reinvesting the original equity notional amount (NAg), leaving a remaining balance
that is the cash flow required of the equity swap leg (S;). Technically, we just sell off
any equity value in excess of NAg or purchase additional shares to return the equity
value to NA¢, effectively generating S;. Exhibit 19 shows the cash flows from an equity
swap offset with an equity and bond portfolio.

Exhibit 19: Cash Flows for Receive-Fixed, Pay-Equity Swap Offset with Equity and Bond Portfolio

Position Steps Time 0 Time 1 Time 2 Timen
Equity Swap 1. Receive-fixed, pay-equity -Viq +FS-S; +FS-5, +FS-S,
swap
Offset Portfolio 2. Buy NA; of equity - NAg +5; +S, +S, + NAg
3. Short sell fixed-rate bond +Vire (C=FS) -FS -FS —(FS + Par)
Net cash flows —Veq — NAg + Ve 0 0 0 NAf — Par

Assume a portfolio manager has a large position in a stock that he/she expects to
underperform in the future. Perhaps for liquidity or tax reasons, the manager prefers
not to sell the stock but considers a receive-fixed, pay equity swap. Exhibit 19 shows
the cash flows from such a swap as well as the offsetting portfolio (to eliminate arbi-
trage), which will assist us in valuing the swap. In Step 1, we enter a receive-fixed, pay
equity swap. Steps 2 and 3 provide the offsetting cash flows to those of the swap, which
are buy NA worth of equity and short sell a fixed-rate bond (with coupon equal to
the fixed interest rate leg cash flows), respectively. Notice that from Time 1 ton — 1
the sum of these three transactions is always zero. Note also that the final (Time n)
cash flow for the long position in the equity includes the periodic return (S,)) plus the
sale proceeds of the underlying equity position (NAp). For the terminal cash flows to
equal zero, we must either set the bond par value to equal the initial equity position
(NAf = Par) or finance this difference. In this latter case, the bond par value could be
different from the notional amount of equity.

As shown, the swap and pair of offsetting transactions produce 0 net cash flow from
period 1 to period n — 1. In equilibrium, we require ~Vgq — NAg + Vgx — PV(Par
— NAg) = 0. That is, if the portfolio has initial value with no required cash outflow,
then arbitrage will be possible. Hence, the equity swap value is:

Assuming equilibrium (Vg = 0), the fixed swap rate can be expressed as the rgy rate
such that Vpy = NAg + PV(Par — NAp). Note that assuming NAg = Par = 1 and using
our fixed bond pricing (Equation 10), we have the pricing equation for an equity swap:
_1-PV, D
"FIX T Y PV,(D-
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You should recognize that the pricing of an equity swap is identical to Equation 11
for the pricing of a comparable interest rate swap, even though the future cash flows
are dramatically different. If the swap required a floating payment, there would be no
need to price the swap; the floating side effectively prices itself at par automatically at
the start. If the swap involves paying one equity return against another, there would
also be no need to price it. You could effectively view this arrangement as paying
equity ‘a” and receiving the fixed rate as specified and receiving equity “b” and paying
the same fixed rate. The fixed rates would cancel.

Finding the value of an equity swap after the swap is initiated, say at Time t (so,
VEQ,)» is similar to valuing an interest rate swap except that rather than adjusting the
floating-rate bond for the last floating rate observed (remember, advanced set), we
adjust the value of the notional amount of equity, as shown in Equation 18:

Vet = Vix(Co) — (S¢/Si_1)NAE — PV(Par — NAg), (18)

where Vix (Cy) denotes the value at Time t of a fixed-rate bond initiated with
coupon C, at Time 0, S; denotes the current equity price, S;_; denotes the equity price
observed at the last reset date, and PV() denotes the present value function from the
swap maturity date to Time t.

EXAMPLE 18

Equity Swap Pricing

1. In Examples 13 and 14 related to interest rate swaps, we considered a five-
year, annual reset, 30/360 day count, MRR-based swap. The following table
provides the present values per €1, PV; (1).

Maturity

(years) Present Value Factors
1 0.990099

2 0.977876

3 0.965136

4 0.951529

5 0.937467

Assume an annual reset Libor floating-rate bond trading at par. The fixed
rate was previously found to be 1.2968% (see Example 13). Given these same
data (just shown), the fixed interest rate in the EURO STOXX 50 equity
swap is closest to:

A. 0.0%.

B. 1.1%.

¢ 1.3%.

Solution:

C is correct. The fixed rate on an equity swap is the same as that on an
interest rate swap, or 1.2968% as in Example 13. That is, the fixed rate on an
equity swap is simply the fixed rate on a comparable interest rate swap.
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S

2. PV, (D = 0.990099 + 0.977876 + 0.965136 + 0.951529 + 0.937467
i=1
=4.822107.

Using Equation 11, the solution for the fixed swap rate is:

1 —0.937467

TFIx = ~agn107 = 0012968, or 1.2968%.

EXAMPLE 19

Equity Swap Valuation

Suppose six months ago we entered a receive-fixed, pay-equity five-year annual
reset swap in which the fixed leg is based on a 30/360 day count. At the time
the swap was entered, the fixed swap rate was 1.5%, the equity was trading at
100, and the notional amount was 10,000,000. Now all spot interest rates have
fallen to 1.2% (a flat term structure), and the equity is trading for 105. Assume
the Par value of the bond is equal to NAg.

1. The current fair value of this equity swap is closest to:

A. —€300,000.
B. —€500,000.
C. €500,000.

Solution:

A is correct. Because we have not yet passed the first reset date, there are
five remaining cash flows for this equity swap. The fair value of this swap is
found by solving for the fair value of the implied fixed-rate bond. We then
adjust for the equity value. The fixed rate of 1.5% results in fixed cash flows
of 150,000 at each settlement. Applying the respective present value factors,
which are based on the new spot rates of 1.2% (i.e., new term structure is
flat), gives us the following:

Date Present Value

(Years) Factors (PV) Fixed Cash Flow PV (Fixed Cash Flow)
0.5 0.994036 150,000 149,105

1.5* 0.982318 150,000 147,348

2.5 0.970874 150,000 145,631

3.5 0.959693 150,000 143,954

4.5 0.948767 10,150,000 9,629,981

Total: 10,216,019

* Answers may differ due to rounding: PV(1.5) = 1/(1 + 3 x (0.012/2)) = 0.982318.
Using Equation 18, we have,
VEeQ.t = Vix(Cop) — (S¢/S_1)NAE — PV(Par — NAE).
Therefore, the fair value of this equity swap is:

Vgq,: = 10,216,019 — [(105/100) x 10,000,000] — 0 = —283,981.


Equation 11
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2. The value of the equity swap will be closest to zero if the stock price is:

A. 100.

B. 102.

C 105.
Solution:

B is correct. The value of the fixed leg of the swap is 102.16% of par, =
(10,216,019/10,000,000) x 100]. Therefore, a stock price (S;) of 102.1602 will
result in a value of zero for the swap, as follows:

VEq,: = 10,216,019 — [(102.1602/100) x 10,000,000] — 0 = 0.

SUMMARY

This reading on forward commitment pricing and valuation provides a foundation for
understanding how forwards, futures, and swaps are both priced and valued.
Key points include the following:

= The arbitrageur would rather have more money than less and abides by two
fundamental rules: Do not use your own money, and do not take any price
risk.

= The no-arbitrage approach is used for the pricing and valuation of forward
commitments and is built on the key concept of the law of one price, which
states that if two investments have the same future cash flows, regardless
of what happens in the future, these two investments should have the same
current price.

= Throughout this reading, the following key assumptions are made:

* Replicating and offsetting instruments are identifiable and investable.
e Market frictions are nil.

e Short selling is allowed with full use of proceeds.

¢ Borrowing and lending are available at a known risk-free rate.

= Carry arbitrage models used for forward commitment pricing and valuation
are based on the no-arbitrage approach.

= With forward commitments, there is a distinct difference between pricing
and valuation. Pricing involves the determination of the appropriate fixed
price or rate, and valuation involves the determination of the contract’s cur-
rent value expressed in currency units.

» Forward commitment pricing results in determining a price or rate such
that the forward contract value is equal to zero.

= Using the carry arbitrage model, the forward contract price (F) is:
Fo=FV(Sy) =So(1 + )T (assuming annual compounding, r)
Fo=FV (SO) =35 exp’<! (assuming continuous compounding, r.)

= The key forward commitment pricing equations with carry costs (CC) and
carry benefits (CB) are:
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Fy=FV[S,+ CCy— CBy] (with discrete compounding)

Foy = Spexp (r+CC-CB) T, (with continuous compounding)

Futures contract pricing in this reading can essentially be treated the same as

forward contract pricing.

= The value of a forward commitment is a function of the price of the underly-
ing instrument, financing costs, and other carry costs and benefits.

= The key forward commitment valuation equations are:

Loy I )
Long Forward: ¥, = PV [F,— F| = R,
and
o o R
Short Forward: V, =PV [Fo F;] T a+prr

With the PV of the difference in forward prices adjusted for carry costs and
benefits. Alternatively,

F
Long Forward: V, = St—PV[FO] = St—ﬁgﬁ
and
Fo
Short Forward: — V', = PV [F] -5 = W*St

= With equities and fixed-income securities, the forward price is determined
such that the initial forward value is zero.

= A forward rate agreement (FRA) is a forward contract on interest rates. The
FRA’s fixed interest rate is determined such that the initial value of the FRA
is zero.

= FRA settlements amounts at Time h are:

Pay-fixed (Long): NA x {[L, — FRA(] t,}/[1 + Dt,] and
Receive-fixed (Short): NA x {FRAy — L] t,,}/[1 + Dytl-

=  The FRA’s fixed interest rate (annualized) at contract initiation is:
FRA( = {[1 + Lytr]/[1 + Lyty] — 1}/ty,.

= The Time g value of an FRA initiated at Time 0 is:

Long FRA: V, = NA x {[FRAg —FRA(] t,}/[1+ D(1_g) t(1_g)l and
Short FRA: =V, = NA x {[FRA; — FRA,] t;}/[1+ D(1_g) tr_g)l-

= The fixed-income forward (or futures) price including conversion factor (i.e.,
adjusted price) is:

and the conversion factor adjusted futures price (i.e., quoted futures price)
is:
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Q = [1/CF] {FV [By + Aly] — Al — FVCI}.

= The general approach to pricing and valuing swaps as covered here is using
a replicating portfolio or offsetting portfolio of comparable instruments,
typically bonds for interest rate and currency swaps and equities plus bonds
for equity swaps.

= The swap pricing equation, which sets rppy for the implied fixed bond in an
interest rate swap, is:

1PV,
PFIX T Y PV,

= The value of an interest rate swap at a point in Time t after initiation is the
sum of the present values of the difference in fixed swap rates times the
stated notional amount, or:

Vswapy = NA % (FSq—FS,) x Y2, PV, (Value of receive-fixed swap)
and
—Vswaps = NAX (FS,—FSy) x YL, PV, (Value of pay-fixed swap).

= With a basic understanding of pricing and valuing a simple interest rate
swap, it is a straightforward extension to pricing and valuing currency swaps
and equity swaps.

= The solution for each of the three variables, one notional amount (NA,)
and two fixed rates (one for each currency, a and b), needed to price a
fixed-for-fixed currency swap are :

1-PV, (D 1 =PV, , (D
NA,=Sx NAy, 7, =YLV, and 7y YL PV,, (D

= The currency swap valuation equation, for valuing the swap at time ¢ (after

initiation), can be expressed as:

Ves
= NA, (Fpiva SEPV,(D + PV, (D) = S;NAy (rrip S PV, (D + PV, (D).

= For a receive-fixed, pay equity swap, the fixed rate (rpry) for the implied
fixed bond that makes the swap’s value (Vgq) equal to “0” at initiation is:

_1-PV,D
TFIX = ¥ Pv.(D-

= The value of an equity swap at Time t (VEQ,t)’ after initiation, is:

Vit = VEix(Co) — (S¢/Si_)NAE — PV(Par — NAg)

where Viix (Cyp) is the Time t value of a fixed-rate bond initiated with cou-
pon C, at Time 0, S; is the current equity price, S;_; is the equity price at the last reset
date, and PV() is the PV function from the swap maturity date to Time t.
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PRACTICE PROBLEMS

The following information relates to questions
1-6

Tim Doyle is a portfolio manager at BestFutures Group, a hedge fund that fre-
quently enters into derivative contracts either to hedge the risk of investments it
holds or to speculate outside of those investments. Doyle works alongside Diane
Kemper, a junior analyst at the hedge fund. They meet to evaluate new invest-
ment ideas and to review several of the firm’s existing investments.

Carry Arbitrage Model

Doyle and Kemper discuss the carry arbitrage model and how they can take
advantage of mispricing in bond markets. Specifically, they would like to execute
an arbitrage transaction on a Eurodollar futures contract in which the underlying
Eurodollar bond is expected to make an interest payment in two months. Doyle
makes the following statements:

Statement 1 If the Eurodollar futures price is less than the price suggested
by the carry arbitrage model, the futures contract should be
purchased.

Statement 2 Based on the cost of carry model, the futures price would be
higher if the underlying Eurodollar bond’s upcoming interest
payment was expected in five months instead of two.

Three-Year Treasury Note Futures Contract

Kemper then presents two investment ideas to Doyle. Kemper’s first investment
idea is to purchase a three-year Treasury note futures contract. The underlying
1.5%, semi-annual three-year Treasury note is quoted at a clean price of 101. It
has been 60 days since the three-year Treasury note’s last coupon payment, and
the next coupon payment is payable in 120 days. Doyle asks Kemper to calculate
the full spot price of the underlying three-year Treasury note.

10-Year Treasury Note Futures Contract

Kemper’s second investment idea is to purchase a 10-year Treasury note futures
contract. The underlying 2%, semi-annual 10-year Treasury note has a dirty

price of 104.17. It has been 30 days since the 10-year Treasury note’s last coupon
payment. The futures contract expires in 90 days. The quoted futures contract
price is 129. The current annualized three-month risk-free rate is 1.65%. The con-
version factor is 0.7025. Doyle asks Kemper to calculate the equilibrium quoted
futures contract price based on the carry arbitrage model.

Japanese Government Bonds

After discussing Kemper’s new investment ideas, Doyle and Kemper evaluate one
of their existing forward contract positions. Three months ago, BestFutures took
a long position in eight 10-year Japanese government bond (JGB) forward con-
tracts, with each contract having a contract notional value of 100 million yen. The
contracts had a price of JPY153 (quoted as a percentage of par) when the con-
tracts were purchased. Now, the contracts have six months left to expiration and
have a price of JPY155. The annualized six-month interest rate is 0.12%. Doyle
asks Kemper to value the JGB forward position.

Interest Rate Swaps
Additionally, Doyle asks Kemper to price a one-year plain vanilla swap. The spot
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rates and days to maturity at each payment date are presented in Exhibit 1.

Exhibit 1: Selected US Spot Rate Data

Days to Maturity Spot Interest Rates (%)
90 1.90
180 2.00
270 2.10
360 2.20

Finally, Doyle and Kemper review one of BestFutures’s pay-fixed interest rate
swap positions. Two years ago, the firm entered into a JPY5 billion five-year inter-
est rate swap, paying the fixed rate. The fixed rate when BestFutures entered into
the swap two years ago was 0.10%. The current term structure of interest rates for
JPY cash flows, which are relevant to the interest rate swap position, is presented
in Exhibit 2.

Exhibit 2: Selected Japanese Interest Rate Data

Yen Spot Interest

Maturity (Years) Rates (%) Present Value Factors
1 0.03 0.9997

0.06 0.9988

0.08 0.9976
Sum 2.9961

Doyle asks Kemper to calculate the value of the pay-fixed interest rate swap.

1. Which of Doyle’s statements regarding the Eurodollar futures contract price is
correct?

A. Only Statement 1
B. Only Statement 2

C. Both Statement 1 and Statement 2

2. 'The full spot price of the three-year Treasury note is:

A. 101.00.
B. 101.25.
(. 101.50.

3. The equilibrium 10-year Treasury note quoted futures contract price is closest to:

A. 147.94.
B. 148.89.

C. 149.78.
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4. The value of the JGB long forward position is closest to:
A. JPY15,980,823.

B. JPY15,990,409.

(. JPY16,000,000.

5. Based on Exhibit 1, the fixed rate of the one-year plain vanilla swap is closest to:

A. 0.12%.
B. 0.55%.
¢ 0.72%.

6. Based on Exhibit 2, the value of the pay-fixed interest rate swap is closest to:

A. -JPY6,491,550.
B. -JPY2,980,500.

C. -JPY994,793.

The following information relates to questions
7-11

Donald Troubadour is a derivatives trader for Southern Shores Investments. The
firm seeks arbitrage opportunities in the forward and futures markets using the
carry arbitrage model.

Troubadour identifies an arbitrage opportunity relating to a fixed-income futures
contract and its underlying bond. Current data on the futures contract and
underlying bond are presented in Exhibit 1. The current annual compounded
risk-free rate is 0.30%.

Exhibit 1: Current Data for Futures and Underlying Bond

Futures Contract Underlying Bond
Quoted futures price 125.00 Quoted bond price 112.00
Conversion factor 0.90 Accrued interest since last coupon 0.08
payment
Time remaining to contract expiration Three Accrued interest at futures contract 0.20
months expiration
Accrued interest over life of futures contract 0.00

Troubadour next gathers information on a Japanese equity index futures con-
tract, the Nikkei 225 Futures Contract:

Troubadour holds a long position in a Nikkei 225 futures contract that has a re-
maining maturity of three months.The continuously compounded dividend yield
on the Nikkei 225 Stock Index is 1.1%, and the current stock index level is 16,080.
The continuously compounded annual interest rate is 0.2996%.
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Troubadour next considers an equity forward contract for Texas Steel, Inc. (TSI).
Information regarding TSI common shares and a TSI equity forward contract is
presented in Exhibit 2.

Exhibit 2: Selected Information for TSI

= The price per share of TSI's common shares is $250.

= The forward price per share for a nine-month TSI equity forward con-
tract is $250.562289.

= Assume annual compounding.

Troubadour takes a short position in the TSI equity forward contract. His super-
visor asks, “Under which scenario would our position experience a loss?”

Three months after contract initiation, Troubadour gathers information on TSI
and the risk-free rate, which is presented in Exhibit 3.

Exhibit 3: Selected Data on TSI and the Risk-Free Rate (Three Months Later)

= The price per share of TSI's common shares is $245.
= The risk-free rate is 0.325% (quoted on an annual compounding basis).

= TSI recently announced its regular semiannual dividend of $1.50 per
share that will be paid exactly three months before contract expiration.

= The market price of the TSI equity forward contract is equal to the
no-arbitrage forward price.

7. Based on Exhibit 1 and assuming annual compounding, the arbitrage profit on
the bond futures contract is closest to:

A. 0.4158.
B. 0.5356.
C. 0.6195.

8. The current no-arbitrage futures price of the Nikkei 225 futures contract is closest

to:

A. 15,951.81.
B. 16,047.86.
¢ 16,112.21.

9. Based on Exhibit 2, Troubadour should find that an arbitrage opportunity relat-
ing to TSI shares is

A. not available.
B. available based on carry arbitrage.

(. available based on reverse carry arbitrage.

10. The most appropriate response to Troubadour’s supervisor’s question regarding
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the TSI forward contract is:

A. adecrease in TSI’s share price, all else equal.
B. an increase in the risk-free rate, all else equal

C. adecrease in the market price of the forward contract, all else equal.

11. Based on Exhibits 2 and 3, and assuming annual compounding, the per share val-
ue of Troubadour’s short position in the TSI forward contract three months after
contract initiation is closest to:

A. $1.6549.
B. $5.1561.
C $6.6549.

The following information relates to questions
12-20

Sonal Johnson is a risk manager for a bank. She manages the bank’s risks using a
combination of swaps and forward rate agreements (FRAs).

Johnson prices a three-year MRR-based interest rate swap with annual resets
using the present value factors presented in Exhibit 1.

Exhibit 1: Present Value Factors

Maturity (years) Present Value Factors
0.990099

2 0.977876
0.965136

Johnson also uses the present value factors in Exhibit 1 to value an interest rate
swap that the bank entered into one year ago as the pay-fixed (receive-floating)
party. Selected data for the swap are presented in Exhibit 2. Johnson notes that
the current equilibrium two-year fixed swap rate is 1.12%.

Exhibit 2: Selected Data on Fixed for Floating Interest Rate

Swap
Swap notional amount $50,000,000
Original swap term Three years, with annual resets
Fixed swap rate (since initiation) 3.00%

One of the bank’s investments is exposed to movements in the Japanese yen,

and Johnson desires to hedge the currency exposure. She prices a one-year
fixed-for-fixed currency swap involving yen and US dollars, with a quarterly re-
set. Johnson uses the interest rate data presented in Exhibit 3 to price the curren-
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cy swap.
Exhibit 3: Selected Japanese and US Interest Rate Data
Days to
Maturity Yen Spot Interest Rates US Dollar Spot Interest Rates
90 0.05% 0.20%
180 0.10% 0.40%
270 0.15% 0.55%
360 0.25% 0.70%

Johnson next reviews an equity swap with an annual reset that the bank entered
into six months ago as the receive-fixed, pay-equity party. Selected data regarding
the equity swap, which is linked to an equity index, are presented in Exhibit 4. At
the time of initiation, the underlying equity index was trading at 100.00.

Exhibit 4: Selected Data on Equity Swap

Swap notional amount $20,000,000
Original swap term Five years, with annual resets
Fixed swap rate 2.00%

The equity index is currently trading at 103.00, and relevant US spot rates, along
with their associated present value factors, are presented in Exhibit 5.

Exhibit 5: Selected US Spot Rates and Present Value Factors

Maturity (years) Spot Rate Present Value Factors
0.5 0.40% 0.998004
1.5 1.00% 0.985222
2.5 1.20% 0.970874
3.5 2.00% 0.934579
4.5 2.60% 0.895255

Johnson reviews a 6 x 9 FRA that the bank entered into 90 days ago as the
pay-fixed/receive-floating party. Selected data for the FRA are presented in
Exhibit 6, and current MRR data are presented in Exhibit 7. Based on her interest
rate forecast, Johnson also considers whether the bank should enter into new
positions in 1 x 4 and 2 x 5 FRAs.

Exhibit 6: 6 x 9 FRA Data

FRA term 6x9
FRA rate 0.70%
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FRA notional amount US$20,000,000
FRA settlement terms Advanced set, advanced settle

Exhibit 7: Current MRR (Market Reference Rate)

30-day MRR 0.75%
60-day MRR 0.82%
90-day MRR 0.90%
120-day MRR 0.92%
150-day MRR 0.94%
180-day MRR 0.95%
210-day MRR 0.97%
270-day MRR 1.00%

Three months later, the 6 x 9 FRA in Exhibit 6 reaches expiration, at which time
the three-month US dollar MRR is 1.10% and the six-month US dollar MRR is
1.20%. Johnson determines that the appropriate discount rate for the FRA settle-
ment cash flows is 1.10%.

12. Based on Exhibit 1, Johnson should price the three-year MRR-based interest rate
swap at a fixed rate closest to:

A. 0.34%.
B. 1.16%.

¢ 1.19%.

13. From the bank’s perspective, using data from Exhibit 1, the current value of the
swap described in Exhibit 2 is closest to:

A. -$2,951,963.
B. -$1,849,897.

€. -%$1,943,000.

14. Based on Exhibit 3, Johnson should determine that the annualized equilibrium
fixed swap rate for Japanese yen is closest to:

A. 0.0624%.
B. 0.1375%.

C.  0.2496%.

15. From the bank’s perspective, using data from Exhibits 4 and 5, the fair value of
the equity swap is closest to:

A. -$1,139,425.
B. -$781,322.

¢ -$181,323.
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16. Based on Exhibit 5, the current value of the equity swap described in Exhibit 4
would be zero if the equity index was currently trading the closest to:

A. 97.30.
B. 99.09.

C. 100.00.

17. From the bank’s perspective, based on Exhibits 6 and 7, the value of the 6 x 9
FRA 90 days after inception is closest to:

A. $14,820.
B. $19,647.
¢ $29,635.
18. Based on Exhibit 7, the no-arbitrage fixed rate on a new 1 x 4 FRA is closest to:
A. 0.65%.
B. 0.73%.
¢ 0.98%.
19. Based on Exhibit 7, the fixed rate on a new 2 x 5 FRA is closest to:
A. 0.61%.
B. 1.02%.

¢ 1.71%.

20. Based on Exhibit 6 and the three-month US dollar MRR at expiration, the pay-
ment amount that the bank will receive to settle the 6 x 9 FRA is closest to:

A. $19,945.
B. $24,925.

C $39,781.
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SOLUTIONS

1. Cis correct. Doyle’s first statement is correct. Unless the Eurodollar futures con-
tract’s quoted price is equal to the no-arbitrage futures price, there is an arbitrage
opportunity. Moreover, if the quoted futures price is less than the no-arbitrage
futures price, then to take advantage of the arbitrage opportunity, the Eurodollar
futures contract should be purchased and the underlying Eurodollar bond should
be sold short. Doyle would then lend the short sale proceeds at the risk-free
rate. The strategy that comprises those transactions is known as reverse carry
arbitrage.

Doyle’s second statement is also correct. Based on the cost of carry model, the fu-
tures price is calculated as the future value of the sum of the underlying plus the
underlying carry costs minus the future value of any ownership benefits. If the
Eurodollar bond’s interest payment was expected in five months instead of two,
the benefit of the cash flow would occur three months later, so the future value

of the benefits term would be slightly lower. Therefore, the Eurodollar futures
contract price would be slightly higher if the Eurodollar bond’s interest payment
was expected in five months instead of two months.

A is incorrect because Doyle’s Statement 2 is correct (not incorrect). Based on
the cost of carry model, the futures price would be higher if the underlying Euro-
dollar bond’s interest payment took place in five months instead of two months.

B is incorrect because Doyle’s Statement 1 is correct (not incorrect). If the
Eurodollar’s futures contract price is less than the price suggested by the carry
arbitrage model, the futures contract should be purchased.

2. Bis correct. The full spot price of the three-year Treasury note is calculated as

Sy = Quoted bond price + Accrued interest = B + Alj,.

Accrued interest (AD = Accrual period x Periodic coupon amount
_ (NAD fol

= (¥m) * ()

Al = (60/180) x (1.5/2) = 0.25.

Sp =101 +0.25 = 101.25.

A is incorrect because 101 is the quoted clean (not the full spot) price of the
three-year Treasury note. The clean price excludes accrued interest; the full price,
also referred to as the dirty price, includes accrued interest.

C is incorrect because the number of days until the next coupon payment (in-
stead of the accrual period) is incorrectly used to compute accrued interest:

Al = (120/180) x (1.5/2) = 0.50.

Sp =101 +0.50 = 101.50.

3. Ais correct. The equilibrium 10-year quoted futures contract price based on the
carry arbitrage model is calculated as

0, = (1/CF) x [FV(B, + Aly) — Al;~ FVCI].
CF = 0.7025.

By = 104.00.
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Aly=0.17.
Aly= (120/180 x 2/2) = 0.67.

FVCI=0.

Qp = (1/0.7025) x [(1+0.0165)312(104.17) — 0.67 - 0] = 147.94.

B is incorrect because accrued interest at expiration is not subtracted in the equi-
librium quoted futures contract price formula:

Qp = (1/0.7025) x [(1+0.0165)312(104.17) — 0] = 148.89.

Cis incorrect because the future value is incorrectly calculated (the exponent of
3/12 is omitted):

Qp = (1/0.7025 = [(1+0.0165) (104.17 —0.67 — 01 = 149.78.

4. Bis correct. The value of the JGB forward position is calculated as

V, = PV[F,—Fy| = (155—153)/(1+0.0012)1s = 1.9988.

Therefore, the value of the long forward position is 1.9988 per JPY100 par value.

For the long position in eight contracts with each contract having a par value of
100 million yen, the value of the position is calculated as

0.019988 x (JPY100,000,000) x 8 = JPY15,990,409.

A is incorrect because the present value of the difference between the price when
the contracts were purchased and the current price of the contracts was incor-
rectly computed (the exponent of 6/12 is omitted):

V,=F,— Fy= (155 — 153)/(1 + 0.0012) = 1.9980.

0.019980 x (JPY'100,000,000) x 8 = JPY15,980,823.

C is incorrect because the absolute difference (not the present value of the differ-
ence) between the price when the contracts were purchased and the current price
of the contracts was computed:

V,=F,— Fy=(155-153)=2.
0.02 x (JPY100,000,000) x 8 = JPY16,000,000.

5. Bis correct. The swap’s fixed rate is calculated as

re = [1 =PV, (D] /él PV, (D).

PV, (1) = 1/[1 + Rspot; (NAD/NTD)].

90 — day PV factor = 1/[1 + 0.019 x (90/360)] = 0.9953.
180 — day PV factor = 1/[1 + 0.020 x (180/360)] = 0.9901.
270 — day PV factor = 1/[1 + 0.021 x (270/360)] = 0.9845.

360 — day PV factor = 1/[1 + 0.022 x (360/360)] = 0.9785.
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M

PV;(1) = 0.9953 +0.9901 + 0.9845 + 0.9785 = 3.9483.
1

rey = (1 —0.9785)/3.9483 = 0.0055 = 0.55%.

A is incorrect because the 90-day PV factor is incorrectly used in the numerator
of the swap pricing equation instead of the final present value term:

re = [1 =PV, (D] /é PV, (D).

rey = (1 —0.9953)/3.9483 = 0.0012 = 0.12%.

C is incorrect because the sum of the present value terms excludes the final pres-
ent value term:

PV,;(1) = 0.9953 +0.9901 + 0.9845 = 2.9699.

M

i=1
n
ree = [1=PV,(D] /3 PV,(D).
i=1
repe= (1 = 0.9785)/2.9699 = 0.0072 = 0.72%.

6. Bis correct. The value of the pay-fixed interest rate swap is calculated as

“Vswapy = NAX (FS,~FSy) x X1 PV,

3
FS, = rpy = [1-PV, (D] /3 PV,(D = (1-0.9976)/2.9961 = 0.000801
=1

= 0.08%.

~Vswap, = NAx (FS,; = FSo) x X%, PV,
= JPY5billion x (0.000801 —0.001) x 2.9961
=-JPY2,980,500.

Given that rates have declined since the inception of the swap, the value of the
pay-fixed, receive-floating position is currently a loss of JPY2,980,500.

A is incorrect because the arithmetic average of the yen spot rates (instead of
the current fixed swap rate) was incorrectly used to calculate the value of the

pay-fixed swap:
Arithmetic average of yen spot rates = (0.0003 + 0.0006 + 0.0008)/3 = 0.0006.

~Vswaps = NAx (FS,~FSg) x ¥, PV,
= JPY5billion x (0.0006 — 0.001) x 2.9961
=-JPY6,491,550.

C is incorrect because the product of the notional amount and the difference
between the initial swap fixed rate and the current swap fixed rate was not multi-
plied by the sum of the present values:

~Vswups = NAx (FS,~FS;) = IPYS5billion x (0.0008 —0.001)
= —JPY994,793.
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7. Bis correct.
The no-arbitrage futures price is equal to the following:
Fy,=FV[B, + Al, - PVCI]
Fy=(1+0.003)%25(112.00 + 0.08 — 0) = 112.1640.

The adjusted price of the futures contract is equal to the conversion factor multi-
plied by the quoted futures price:

Fo = CF x Q
Fy = (0.90)(125) = 112.50.

Adding the accrued interest of 0.20 in three months (futures contract expiration)
to the adjusted price of the futures contract gives a total price of 112.70.

This difference means that the futures contract is overpriced by 112.70 —
112.1640 = 0.5360. The available arbitrage profit is the present value of this differ-
ence: 0.5360/(1.003)%-25 = 0.5356.

8. Bis correct. The no-arbitrage futures price is

Fy = Spexp (r4CC-CB) T

Fy = 16,080exp(0:002996 +0-0.011)(3/12) = 16,047.86.

9. A s correct. The carry arbitrage model price of the forward contract is
FV(S) = Sp(1 + )T = $250(1 + 0.003)%7> = $250.562289.

The market price of the TSI forward contract is $250.562289. A carry or reverse
carry arbitrage opportunity does not exist because the market price of the for-
ward contract is equal to the carry arbitrage model price.

10. B is correct. From the perspective of the long position, the forward value is equal
to the present value of the difference in forward prices:
V,=PV[F,- Fy],

where

F,=FV(S,+CC,—-CB,).

All else equal, an increase in the risk-free rate before contract expiration would
cause the forward price, F,, to increase. This increase in the forward price would
cause the value of the TSI forward contract, from the perspective of the short, to
decrease. Therefore, an increase in the risk-free rate would lead to a loss on the
short position in the TSI forward contract.

11. C is correct. The no-arbitrage price of the forward contract, three months after
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contract initiation, is

F25=FV(25(Sp25 + CCp 25 — CBy »5)

Fps = [$245 + 0 — $1.50/(1 + 0.00325)0-3 = 0-25))(1 + 0.00325)(0-75 - 025) =
$243.8966.

Therefore, from the perspective of the long, the value of the TSI forward contract
is

Vo.25 = PVo25Fo.25 — Fol
Vo5 = (8243.8966 — $250.562289)/(1 + 0.00325)0-75 = 025 = _$6.6549.

Because Troubadour is short the TSI forward contract, the value of his position is
a gain of $6.6549.
C is correct. The swap pricing equation is
1PV, (1)
"FIX T YT PV (D

That is, the fixed swap rate is equal to 1 minus the final present value factor (in
this case, Year 3) divided by the sum of the present values (in this case, the sum of
Years 1, 2, and 3). The sum of present values for Years 1, 2, and 3 is calculated as

f: PV, (1) = 0.990099 + 0.977876 + 0.965136 = 2.933111.
i=1

Thus, the fixed-swap rate is calculated as

1-0.965136
Trix = ~ 3933111 — 0-01189 or 1.19%.

B is correct. The value of a swap from the perspective of the receive-fixed
(pay-floating) party is calculated as
V = NAx (FS,—FS,) x Y1,PV,.

The swap has two years remaining until expiration. The sum of the present values
for Years 1 and 2 is

2PV, = 0.990099 +0.977876 = 1.967975.

Given the current equilibrium two-year swap rate of 1.12% and the fixed swap
rate at initiation of 3.00%, the swap value per dollar notional is calculated as

V'=1%(0.03 —0.0112) x 1.967975 = 0.036998.

The current value of the swap, from the perspective of the receive-fixed party, is
$50,000,000 x 0.036998 = $1,849,897.

From the perspective of the bank, as the pay-fixed party, the value of the swap is
-$1,849,897.
C is correct. The equilibrium swap fixed rate for yen is calculated as
1= PV, py(D
TIPY T SLIPV, py(D’
The yen present value factors are calculated as

1

NAD;\ >
1+ RSPO ti,JPY NTD

PV(l)i,JPY =
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15.

where

90-day PV factor = 1/[1 + 0.0005(90/360)] = 0.999875
180-day PV factor = 1/[1 + 0.0010(180/360)] = 0.999500
270-day PV factor = 1/[1 + 0.0015(270/360)] = 0.998876
360-day PV factor = 1/[1 + 0.0025(360/360)] = 0.997506

Sum of present value factors = 3.995757
Therefore, the yen periodic rate is calculated as

_1=PV, (D 1-0.997506 _ 3

The annualized rate is (360/90) times the periodic rate of 0.0624%, or 0.2496%.

B is correct. The value of an equity swap at time t is calculated as
VeQit = VRx(Co) — (S¢S 1)NAE — PV(Par — NAg).

The swap was initiated six months ago, so the first reset has not yet passed; thus,
there are five remaining cash flows for this equity swap. The fair value of the swap
is determined by comparing the present value of the implied fixed-rate bond with
the return on the equity index. The fixed swap rate of 2.00%, the swap notional
amount of $20,000,000, and the present value factors in Exhibit 5 result in a pres-
ent value of the implied fixed-rate bond’s cash flows of $19,818,678:

PV (fixed cash
Date (in years) PV Factors Fixed Cash Flow flow)
0.5 0.998004 or $400,000 $399,202
1/[1 + 0.0040(180/360)]
1.5 0.985222 or $400,000 $394,089
1/[1 + 0.0100(540/360)]
2.5 0.970874 or $400,000 $388,350
1/[1 + 0.0120(900/360)]
3.5 0.934579 or $400,000 $373,832
1/[1 + 0.0200(1,260/360)]
4.5 0.895255 or $20,400,000 $18,263,205
1/[1 + 0.0260(1,620/360)]
Total $19,818,678

16.

The value of the equity leg of the swap is calculated as (103/100)($20,000,000) =
$20,600,000.

Note the swap’s notional amount and the implied fixed-rate bond’s par value are
both $20,000,000; therefore, the term — PV(Par — NA) reduces to zero.

The swap was designed to profit if rates fell or equities declined. Neither hap-
pened, so the swap value will be negative for the bank. The fair value of the
equity swap, from the perspective of the bank (receive-fixed, pay-equity party) is
calculated as

Vio = $19,818,678 - $20,600,000 = —$781,322.

B is correct. The equity index level at which the swap’s fair value would be zero
can be calculated by setting the swap valuation formula equal to zero and solving
for S;:
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VEQ,t = VFIX(CO) - (St/st—l)NAE =0.

The value of the fixed leg of the swap has a present value of $19,818,678, or
99.0934% of par value:

Date (years) PV Factors Fixed Cash Flow PV (fixed cash flow)
0.5 0.998004 $400,000 $399,202
1.5 0.985222 $400,000 $394,089
2.5 0.970874 $400,000 $388,350
3.5 0.934579 $400,000 $373,832
4.5 0.895255 $20,400,000 $18,263,205
Total $19,818,678

17.

18.

Treating the swap notional value as par value and substituting the present value
of the fixed leg and S into the equation yields

— St
0 = 99.0934 — <m> 100

Solving for S, yields
S;=99.0934.

A is correct. The current value of the 6 x 9 FRA is calculated as

ng NA x {[FMg — FRAo]tm}/[l + D(T—g) t(T—g)]'

The 6 x 9 FRA expires six months after initiation. The bank entered into the
FRA 90 days ago; thus, the FRA will expire in 90 days. To value the FRA, the first
step is to compute the new FRA rate, which is the rate on Day 90 of an FRA that
expires in 90 days in which the underlying is the 90-day MRR:

FRA, = {[1 + Lyt /[ 14Lty] - 1}/

FRA, = {[1 + L1g((180/360)]/[1 + Lo, (90/360)] — 1}/(90/360)
Exhibit 7 indicates that Ly = 0.90% and Lgq = 0.95%, so

FRA, = {[1 +0.0095(180/360)]/[1 + 0.0090(90/360)] — 1}/(90/360)
FRA,= {[1.00475/1.00225] — 1]} x 4 = 0.009978, or 0.9978%.

Therefore, given the FRA rate at initiation of 0.70% and notional principal of $20
million from Exhibit 1, the current value of the forward contract is calculated as

V= $20,000,000 x [(0.009978 — 0.0070)(90/360)}/[1 + 0.0095(180/360)].
= $14,890.00/1.00475 = $14,819.61.

C is correct. The no-arbitrage fixed rate on the 1 x 4 FRA is calculated as

FRA( = {[1 + Lytp]/[1 + Lyty] — 1}ty .

For a 1 x 4 FRA, the two rates needed to compute the no-arbitrage FRA fixed rate
are Lyy = 0.75% and L, = 0.92%. Therefore, the no-arbitrage fixed rate on the 1
x 4 FRA rate is calculated as

FRA(= {[1 +0.0092(120/360)]/[1 + 0.0075(30/360)] — 1}/(90/360).
FRA = {[1.003066/1.000625] — 1} x 4 = 0.009761, or 0.98% rounded.
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19. B is correct. The fixed rate on the 2 x 5 FRA is calculated as

FRA) = {[1 + Lytrl[1+ Lyty] - 1/t

For a 2 x 5 FRA, the two rates needed to compute the no-arbitrage FRA fixed rate
are Lgy= 0.82% and L5, = 0.94%. Therefore, the no-arbitrage fixed rate on the 2 x
5 FRA rate is calculated as

FRA = {[1 + 0.0094(150/360))/[1 + 0.0082(60/360)] — 1}/(90/360)
FRA, = {[(1.003917/1.001367) — 1} x 4 = 0.010186, or 1.02% rounded.

20. A is correct. Given a three-month US dollar MRR of 1.10% at expiration, the set-
tlement amount for the bank as the pay-fixed (receive-floating) party is calculated
as

Settlement amount pay-fixed (receive floating)

=NA x {[L,,— FRA(]t,,}/[1 + Dyt 1}
Settlement amount pay-fixed (receive floating)

= $20,000,000 x {[0.011 — 0.0070] x (90/360)]/[1 + 0.011(90/360)]}.
Settlement amount pay-fixed (receive floating)

= §$20,000,000 x (0.001)/1.00275 = $19,945.15.

Therefore, the bank will receive $19,945 (rounded) as the receive-floating party.
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describe and interpret the binomial option valuation model and its
component terms

describe how the value of a European option can be analyzed as the
present value of the option’s expected payoff at expiration

identify an arbitrage opportunity involving options and describe the
related arbitrage

calculate the no-arbitrage values of European and American options
using a two-period binomial model

calculate and interpret the value of an interest rate option using a
two-period binomial model

identify assumptions of the Black—Scholes—Merton option valuation
model

interpret the components of the Black—Scholes—Merton model
as applied to call options in terms of a leveraged position in the
underlying

describe how the Black-Scholes—Merton model is used to value
European options on equities and currencies

describe how the Black model is used to value European options on
futures

describe how the Black model is used to value European interest rate
options and European swaptions

interpret each of the option Greeks
describe how a delta hedge is executed
describe the role of gamma risk in options trading

define implied volatility and explain how it is used in options trading
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INTRODUCTION

A contingent claim is a derivative instrument that provides its owner a right but not
an obligation to a payoff determined by an underlying asset, rate, or other derivative.
Contingent claims include options, the valuation of which is the objective of this
reading. Because many investments contain embedded options, understanding this
material is vital for investment management.

Our primary purpose is to understand how the values of options are determined.
Option values, as with the values of all financial instruments, are typically obtained
using valuation models. Any financial valuation model takes certain inputs and turns
them into an output that tells us the fair value or price. Option valuation models,
like their counterparts in the forward, futures, and swaps markets, are based on the
principle of no arbitrage, meaning that the appropriate price of an option is the one
that makes it impossible for any party to earn an arbitrage profit at the expense of
any other party. The price that precludes arbitrage profits is the value of the option.
Using that concept, we then proceed to introduce option valuation models using two
approaches. The first approach is the binomial model, which is based on discrete
time, and the second is the Black—Scholes—Merton (BSM) model, which is based on
continuous time.

The reading is organized as follows. Section 2 introduces the principles of the
no-arbitrage approach to pricing and valuation of options. In Section 3, the binomial
option valuation model is explored, and in Section 4, the BSM model is covered. In
Section 5, the Black model, being a variation of the BSM model, is applied to futures
options, interest rate options, and swaptions. Finally, in Section 6, the Greeks are
reviewed along with implied volatility. Section 7 provides a summary.

Principles of a No-Arbitrage Approach to Valuation

Our approach is based on the concept of arbitrage. Hence, the material will be covered
from an arbitrageur’s perspective. Key to understanding this material is to think like
an arbitrageur. Specifically, like most people, the arbitrageur would rather have more
money than less. The arbitrageur, as will be detailed later, follows two fundamental rules:

Rule #1 Do not use your own money.

Rule # 2 Do not take any price risk.

Clearly, if we can generate positive cash flows today and abide by both rules, we
have a great business—such is the life of an arbitrageur. If traders could create a port-
folio with no future liabilities and positive cash flow today, then it would essentially
be a money machine that would be attractive to anyone who prefers more cash to
less. In the pursuit of these positive cash flows today, the arbitrageur often needs to
borrow to satisfy Rule #1. In effect, the arbitrageur borrows the arbitrage profit to
capture it today and, if necessary, may borrow to purchase the underlying. Specifically,
the arbitrageur will build portfolios using the underlying instrument to synthetically
replicate the cash flows of an option. The underlying instrument is the financial instru-
ment whose later value will be referenced to determine the option value. Examples
of underlying instruments include shares, indexes, currencies, and interest rates. As
we will see, with options we will often rely on a specific trading strategy that changes
over time based on the underlying price behavior.

Based on the concept of comparability, the no-arbitrage valuation approach
taken here is built on the concept that if two investments have the same future cash
flows regardless of what happens, then these two investments should have the same
current price. This principle is known as the law of one price. In establishing these
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foundations of option valuation, the following key assumptions are made: (1) Replicating
instruments are identifiable and investable. (2) There are no market frictions, such as
transaction costs and taxes. (3) Short selling is allowed with full use of proceeds. (4)
The underlying instrument follows a known statistical distribution. (5) Borrowing and
lending at a risk-free interest rate is available. When we develop the models in this
reading, we will be more specific about what these assumptions mean, in particular
what we mean by a known statistical distribution.

In an effort to demonstrate various valuation results based on the absence of
arbitrage, we will rely heavily on cash flow tables, which are a representation of the
cash flows that occur during the life of an option. For example, if an initial investment
requires €100, then from an arbitrageur’s perspective, we will present it as a —€100
cash flow. If an option pays off ¥1,000, we will represent it as a +¥1,000 cash flow. That
is, cash outflows are treated as negative and inflows as positive.

We first demonstrate how to value options based on a two-period binomial model.
The option payoffs can be replicated with a dynamic portfolio of the underlying
instrument and financing. A dynamic portfolio is one whose composition changes
over time. These changes are important elements of the replicating procedure. Based
on the binomial framework, we then turn to exploring interest rate options using a
binomial tree. Although more complex, the general approach is shown to be the same.

The multiperiod binomial model is a natural transition to the BSM option valu-
ation model. The BSM model is based on the key assumption that the value of the
underlying instrument follows a statistical process called geometric Brownian motion.
This characterization is a reasonable way to capture the randomness of financial
instrument prices while incorporating a pre-specified expected return and volatil-
ity of return. Geometric Brownian motion implies a lognormal distribution of the
return, which implies that the continuously compounded return on the underlying
is normally distributed.

We also explore the role of carry benefits, meaning the reward or cost of holding
the underlying itself instead of holding the derivative on the underlying.

Next we turn to Fischer Black’s futures option valuation model (Black model) and
note that the model difference, versus the BSM model, is related to the underlying
futures contract having no carry costs or benefits. Interest rate options and swaptions
are valued based on simple modifications of the Black model.

Finally, we explore the Greeks, otherwise known as delta, gamma, theta, vega, and
rho. The Greeks are representations of the sensitivity of the option value to changes
in the factors that determine the option value. They provide comparative information
essential in managing portfolios containing options. The Greeks are calculated based
on an option valuation model, such as the binomial model, BSM model, or the Black
model. This information is model dependent, so managers need to carefully select the
model best suited for their particular situation. In the last section, we cover implied
volatility, which is a measure derived from a market option price and can be interpreted
as reflecting what investors believe is the volatility of the underlying.

The models presented here are useful first approximations for explaining observed
option prices in many markets. The central theme is that options are generally priced
to preclude arbitrage profits, which is not only a reasonable theoretical assumption
but is sufficiently accurate in practice.

We turn now to option valuation based on the binomial option valuation model.
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BINOMIAL OPTION VALUATION MODEL

] describe and interpret the binomial option valuation model and its
component terms

The binomial model is a valuable tool for financial analysts. It is particularly useful
as a heuristic device to understand the unique valuation approach used with options.
This model is extensively used to value path-dependent options, which are options
whose values depend not only on the value of the underlying at expiration but also
how it got there. The path-dependency feature distinguishes this model from the
Black—Scholes—Merton option valuation model (BSM model) presented in the next
section. The BSM model values only path-independent options, such as European
options, which depend on only the values of their respective underlyings at expiration.
One particular type of path-dependent option that we are interested in is American
options, which are those that can be exercised prior to expiration. In this section, we
introduce the general framework for developing the binomial option valuation models
for both European and American options.

The binomial option valuation model is based on the no-arbitrage approach to
valuation. Hence, understanding the valuation of options improves if one can under-
stand how an arbitrageur approaches financial markets. An arbitrageur engages in
financial transactions in pursuit of an initial positive cash flow with no possibility of a
negative cash flow in the future. As it appears, it is a great business if you can find it.!

To understand option valuation models, it is helpful to think like an arbitrageur.
The arbitrageur seeks to exploit any pricing discrepancy between the option price and
the underlying spot price. The arbitrageur is assumed to prefer more money compared
with less money, assuming everything else is the same. As mentioned earlier, there
are two fundamental rules for the arbitrageur.

Rule #1 Do not use your own money. Specifically, the arbitrageur does not
use his or her own money to acquire positions. Also, the arbitrageur
does not spend proceeds from short selling transactions on activi-
ties unrelated to the transaction at hand.

Rule # 2 Do not take any price risk. The focus here is only on market price
risk related to the underlying and the derivatives used. We do not
consider other risks, such as liquidity risk and counterparty credit
risk.

We will rely heavily on these two rules when developing option valuation models.
Remember, these rules are general in nature, and as with many things in finance,
there are nuances.

In Exhibit 1, the two key dates are the option contract initiation date (identified
as Time 0) and the option contract expiration date (identified as Time T). Based on
the no-arbitrage approach, the option value from the initiation date onward will be
estimated with an option valuation model.

1 There is not a one-to-one correspondence between arbitrage and great investment opportunities. An
arbitrage is certainly a great investment opportunity because it produces a risk-free profit with no invest-
ment of capital, but all great investment opportunities are not arbitrage. For example, an opportunity to
invest €1 today in return for a 99% chance of receiving €1,000,000 tomorrow or a 1% chance of receiving
€0 might appear to be a truly great investment opportunity, but it is not arbitrage because it is not risk
free and requires the investment of capital.
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Exhibit 1: lllustration of Option Contract Initiation and Expiration

Contract Contract
Initiation Expiration
t=0 t=T

Let S, denote the underlying instrument price observed at Time t, where t is expressed
as a fraction of a year. Similarly, St denotes the underlying instrument price observed
at the option expiration date, T. For example, suppose a call option had 90 days to
expiration when purchased (T = 90/365), but now only has 35 days to expiration (t =
55/365). Further, let ¢, denote a European-style call price at Time t and with expira-
tion on Date t = T, where both t and T are expressed in years. Similarly, let C; denote
an American-style call price. At the initiation date, the subscripts are omitted, thus
¢ = ¢y. We follow similar notation with a put, using the letter p, in place of c. Let X
denote the exercise price.?

For example, suppose on 15 April a 90-day European-style call option contract with
a 14 July expiration is initiated with a call price of ¢ = €2.50 and T = 90/365 = 0.246575.

At expiration, the call and put values will be equal to their intrinsic value or exercise
value. These exercise values can be expressed as

ct = Max(0,St — X) and
pr = Max(0,X - Sy),

respectively. If the option values deviate from these expressions, then there will be
arbitrage profits available. The option is expiring, there is no uncertainty remaining, and
the price must equal the market value obtained from exercising it or letting it expire.

Technically, European options do not have exercise values prior to expiration
because they cannot be exercised until expiration. Nonetheless, the notion of the value
of the option if it could be exercised, Max(0,S; — X) for a call and Max(0,X — S,) for a
put, forms a basis for understanding the notion that the value of an option declines with
the passage of time. Specifically, option values contain an element known as time value,
which is just the market valuation of the potential for higher exercise value relative to
the potential for lower exercise value. The time value is always non-negative because
of the asymmetry of option payoffs at expiration. For example, for a call, the upside is
unlimited, whereas the downside is limited to zero. At expiration, time value is zero.

Although option prices are influenced by a variety of factors, the underlying
instrument has a particularly significant influence. At this point, the underlying is
assumed to be the only uncertain factor affecting the option price. We now look in
detail at the one-period binomial option valuation model. The one-period binomial
model is foundational for the material that follows.

2 In financial markets, the exercise price is also commonly called the strike price.
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ONE-PERIOD BINOMIAL MODEL

] describe and interpret the binomial option valuation model and its
component terms

] describe how the value of a European option can be analyzed as the
present value of the option’s expected payoff at expiration

Exhibit 2 illustrates the one-period binomial process for an asset priced at S. In the
figure on the left, each dot represents a particular outcome at a particular point in
time in the binomial lattice. The dots are termed nodes. At the Time 0 node, there
are only two possible future paths in the binomial process, an up move and a down
move, termed arcs. The figure on the right illustrates the underlying price at each
node. At Time 1, there are only two possible outcomes: S* denotes the outcome when
the underlying goes up, and S~ denotes the outcome when the underlying goes down.

Exhibit 2: One-Period Binomial Lattice with Underlying Distribution

IHlustrated

S*

Node

At Time 1, there are only two possible outcomes and two resulting values of the under-
lying, S* (up occurs) and S~ (down occurs). Although the one-period binomial model
is clearly unrealistic, it will provide key insights into the more realistic multiperiod
binomial as well as the BSM model.

We further define the total returns implied by the underlying movements as

S+
u = 5 (up factor) and

d = % (down factor).

The up factors and down factors are the total returns; that is, one plus the rate
of return. The magnitudes of the up and down factors are based on the volatility of
the underlying. In general, higher volatility will result in higher up values and lower
down values.

We briefly review option valuation within a one-period binomial tree. With this
review, we can move quickly to option valuation within a two-period binomial lattice
by performing the one-period exercise three times.
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We consider the fair value of a two-period call option value measured at Time 1
when an up move occurs, that is c*. Based on arbitrage forces, we know this option
value at expiration is either

¢ = Max(0,S*" — X) = Max(0,u®S - X), or
¢ = Max(0,8" — X) = Max(0,udS — X).

At this point, we assume that there are no costs or benefits from owning the
underlying instrument. Now consider the transactions illustrated in Exhibit 3. These
transactions are presented as cash flows. Thus, if we write a call option, we receive
money at Time Step 0 and may have to pay out money at Time Step 1. Suppose the
first trade is to write or sell one call option within the single-period binomial model.
The value of a call option is positively related to the value of the underlying. That
is, they both move up or down together. Hence, by writing a call option, the trader
will lose money if the underlying goes up and make money if the underlying falls.
Therefore, to execute a hedge, the trader will need a position that will make money
if the underlying goes up. Thus, the second trade needs to be a long position in the
underlying. Specifically, the trader buys a certain number of units, h, of the underlying.
The symbol h is used because it represents a hedge ratio.

Note that with these first two trades, neither arbitrage rule is satisfied. The future
cash flow could be either —c™ + hS™ or —c* + hS* and can be positive or negative. Thus,
the cash flows at the Time Step 1 could result in the arbitrageur having to pay out
money if one of these values is less than zero. To resolve both of these issues, we set
the Time Step 1 cash flows equal to each other—that is, —c* + hS* = —¢™ + hS~—and
solve for the appropriate hedge ratio:

o

h=G=g =20 (1)
We determine the hedge ratio such that we are indifferent to the underlying going
up or down. Thus, we are hedged against moves in the underlying. A simple rule for
remembering this formula is that the hedge ratio is the value of the call if the under-
lying goes up minus the value of the call if the underlying goes down divided by the
value of the underlying if it goes up minus the value of the underlying if it goes down.
The up and down patterns are the same in the numerator and denominator, but the
numerator contains the option and the denominator contains the underlying.

Because call prices are positively related to changes in the underlying price, we
know that h is non-negative. As shown in Exhibit 3, we will buy h underlying units
as depicted in the second trade, and we will finance the present value of the net cash
flows as depicted in the third trade. If we assume r denotes the per period risk-free
interest rate, then the present value calculation, denoted as PV, is equal to 1/(1 + r).
We need to borrow or lend an amount such that the future net cash flows are equal
to zero. Therefore, we finance today the present value of —hS~ + ¢~ which also equals
—hS* + c*. At this point we do not know if the finance term is positive or negative,
thus we may be either borrowing or lending, which will depend on ¢, h, and S.

Exhibit 3: Writing One Call Hedge with h Units of the Underlying and

Finance

Time Step 1 Time Step 1
Strategy Time Step O Down Occurs Up Occurs
1) Write one call option +C —c” —c*

2) Buy h underlying units -hS +hS~ +hS*
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Time Step 1 Time Step 1
Strategy Time Step O Down Occurs Up Occurs
3) Borrow or lend —PV(-hS~ +¢") -hS™ + ¢ —hS* + ¢t
= —PV(-hS* + c¢*)
Net Cash Flow +c —hS 0 0
—-PV(-hS~ + ¢7)

The value of the net portfolio at Time Step 0 should be zero or there is an arbitrage
opportunity. If the net portfolio has positive value, then arbitrageurs will engage in
this strategy, which will push the call price down and the underlying price up until
the net is no longer positive. We assume the size of the borrowing will not influence
interest rates. If the net portfolio has negative value, then arbitrageurs will engage in
the opposite strategy—buy calls, short sell the underlying, and lend—pushing the call
price up and the underlying price down until the net cash flow at Time 0 is no longer
positive. Therefore, within the single-period binomial model, we have

+c—hS-PV(-hS™+c¢") =0
or, equivalently,
+c —hS - PV(-hS* +¢") = 0.

Therefore, the no-arbitrage approach leads to the following single-period call option
valuation equation:

¢ =hS + PV(-hS™ + ¢") ©)

or, equivalently, ¢ = hS + PV(-hS* + ¢*). In words, long a call option is equal to owning
h shares of stock partially financed, where the financed amount is PV(-=hS~ + ¢7), or
using the per period rate, (-hS™ + ¢7)/(1 + r).3

We will refer to Equation 2 as the no-arbitrage single-period binomial option
valuation model. This equation is foundational to understanding the two-period
binomial as well as other option valuation models. The option can be replicated with
the underlying and financing, a point illustrated in the following example.

EXAMPLE 1

Long Call Option Replicated with Underlying and
Financing

1. Identify the trading strategy that will generate the payoffs of taking a long
position in a call option within a single-period binomial framework.

A. Buyh = (c* + ¢7)/(S* + S7) units of the underlying and financing of —
PV(-hS™ + ¢?)
B. Buyh = (c" - ¢7)/(S* — S7) units of the underlying and financing of —
PV(-hS~ + ¢")
C. Shortsell h = (c* — ¢7)/(S* — S7) units of the underlying and financing
of +PV(-=hS~ + ¢7)
Solution:

B is correct. The following table shows the terminal payoffs to be identical
between a call option and buying the underlying with financing.

3 Or, by the same logic, PV(~hS* + ¢*), which is (<hS* + ¢*)/(1 + r).
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Time Step 1 Time Step 1

Strategy Time Step 0 Down Occurs Up Occurs
Buy 1 call option —c +c” +ct
OR A REPLICATING PORTFOLIO
Buy h underlying units -hS +hS~ +hS*
Borrow or lend —PV(-hS~ +¢") -hS™ + ¢ —hS* + ¢t
= —PV(-hS* + ¢*)
Net —hS - PV(-hS~ + +c” +ct

<)

Recall that by design, h is selected such that —hS™ + ¢~ = -hS* + ¢t or h =
(c* = c)/(ST = S7). Therefore, a call option can be replicated with the under-
lying and financing. Specifically, the call option is equivalent to a leveraged
position in the underlying.

Thus, the no-arbitrage approach is a replicating strategy: A call option is synthet-
ically replicated with the underlying and financing. Following a similar strategy with
puts, the no-arbitrage approach leads to the following no-arbitrage single-period put
option valuation equation:

p=hS + PV(-hS™ +p) 3)
or, equivalently, p = hS + PV(=hS* + p*) where

P —p”
h=2"r <o )

Because p* is less than p~, the hedge ratio is negative. Hence, to replicate a long
put position, the arbitrageur will short sell the underlying and lend a portion of the
proceeds. Note that a long put position would be replicated by trading h units of the
underlying. With h negative, this trade is a short sale, and because —h is positive, the
value —hS results in a positive cash flow at Time Step 0.

EXAMPLE 2

Long Put Option Replicated with Underlying and
Financing

1. Identify the trading strategy that will generate the payoffs of taking a long
position in a put option within a single-period binomial framework.

A. Short sell -h = —(p*™ — p7)/(S* — S7) units of the underlying and
financing of ~-PV(~hS~ + p7)

B. Buy —h = (p* — p7)/(S* — S7) units of the underlying and financing of
—PV(-hS~ + p")

C. Shortsell h = (p* — p7)/(S* — S7) units of the underlying and financing
of +PV(-hS™ + p7)

Solution:

A is correct. Before illustrating the replicating portfolio, we make a few
observations regarding the hedge ratio. Note that by design, h is selected
such that —hS~ + p~ = —hS* + p* or h = (p* — p7)/(S* — S7). Unlike calls, the
put hedge ratio is not positive (note that p* < p~ but S* > S7). Remember
that taking a position in —h units of the underlying is actually short selling
the underlying rather than buying it. The following table shows the terminal
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payoffs to be identical between a put option and a position in the underlying
with financing.

Time Step 1 Time Step 1

Strategy Time Step 0 Down Occurs Up Occurs
Buy 1 Put Option -p +p~ +p*
OR A REPLICATING PORTFOLIO

Short sell —-h -hS +hS™ +hS*
Underlying Units

Borrow or Lend —PV(-hS™ + p") -hS™ + p~ —-hS* + p*

= -PV(-hS* + p™)
Net —hS = PV(-hS™ + p7) +p~ +p*

Therefore, a put option can be replicated with the underlying and financing.
Specifically, the put option is simply equivalent to a short position in the
underlying with financing in the form of lending.

What we have shown to this point is the no-arbitrage approach. Before turning
to the expectations approach, we mention, for the sake of completeness, that the
transactions for replicating the payoffs for writing options are the reverse for those
of buying them. Thus, for writing a call option, the writer will be selling stock short
and investing proceeds (i.e. lending), whereas for a put, the writer will be purchasing
stock on margin (i.e. borrowing). Once again, we see the powerful result that the same
basic conceptual structure is used for puts and calls, whether written or purchased.
Only the exercise and expiration conditions vary.

The no-arbitrage results that have been presented can be expressed as the present
value of a unique expectation of the option payoffs.* Specifically, the expectations
approach results in an identical value as the no-arbitrage approach, but it is usually
easier to compute. The formulas are viewed as follows:

¢ =PV[nc" + (1 — m)c] and %)

p=PV[np" + (1 -m)p] (6)
where the probability of an up move is
n=[FV(l)—-d]/(u-d)
Recall the future value is simply the reciprocal of the present value or FV(1) = 1/
PV(1). Thus, if PV(1) = 1/(1 + r), then FV(1) = (1 + r). Note that the option values

are simply the present value of the expected terminal option payoffs. The expected
terminal option payoffs can be expressed as

E(c;) = mct + (1 —m)c™ and

E(p))=np" + (1 —m)p~

where ¢; and p; are the values of the options at Time 1. The present value and future
value calculations are based on the risk-free rate, denoted r.° Thus, the option values
based on the expectations approach can be written and remembered concisely as

¢ = PV,[E(c;)] and

p = PVi[E(p)]

4 It takes a bit of algebra to move from the no-arbitrage expression to the present value of the expected
future payoffs, but the important point is that both expressions yield exactly the same result.
5 We will suppress “r” most of the time and simply denote the calculation as PV. The “r” will be used at

times to reinforce that the present value calculation is based on the risk-free interest rate.
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The expectations approach to option valuation differs in two significant ways from
the discounted cash flow approach to securities valuation. First, the expectation is not
based on the investor’s beliefs regarding the future course of the underlying. That is,
the probability, m, is objectively determined and not based on the investor’s personal
view. This probability has taken several different names, including risk-neutral (RN)
probability. Importantly, we did not make any assumption regarding the arbitrageur’s
risk preferences: The expectations approach is a result of this arbitrage process, not
an assumption regarding risk preferences. Hence, they are called risk-neutral prob-
abilities. Although we called them probabilities from the very start, they are not the
true probabilities of up and down moves.

Second, the discount rate is not risk adjusted. The discount rate is simply based on
the estimated risk-free interest rate. The expectations approach here is often viewed
as superior to the discounted cash flow approach because both the subjective future
expectation as well as the subjective risk-adjusted discount rate have been replaced
with more objective measures.

EXAMPLE 3

Single-Period Binomial Call Value

A non-dividend-paying stock is currently trading at €100. A call option has one
year to mature, the periodically compounded risk-free interest rate is 5.15%, and
the exercise price is €100. Assume a single-period binomial option valuation
model, where u = 1.35 and d = 0.74.

1. The optimal hedge ratio will be closest to:

A. 0.57.

B. 0.60.

C 0.65.
Solution:

A is correct. Given the information provided, we know the following:
S*=uS =1.35(100) = 135

S~ =dS = 0.74(100) = 74

¢t = Max(0,uS — X) = Max(0,135 — 100) = 35

¢ = Max(0,dS — X) = Max(0,74 — 100) = 0

With this information, we can compute both the hedge ratio as well as the
call option value. The hedge ratio is:
h ct—c” 35-0

= &= = T35 = 0.573770

2. The call option value will be closest to:

A. €13.
B. €15.
C €17.
Solution:

C is correct. The risk-neutral probability of an up move is
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n=[FV(1) —d]/(u—d)=(1.0515 - 0.74)/(1.35 — 0.74) = 0.510656,
where FV(1) = (1 +r) = 1.0515.

Thus the call value by the expectations approach is

¢ =PV[rc" + (1 —m)c] = 0.951022[(0.510656)35 + (1 — 0.510656)0]
=€16.998,

where PV(1) = 1/(1 + r) = 1/(1.0515) = 0.951022.
Note that the call value by the no-arbitrage approach yields the same
answer:

¢ =hS + PV(-hS™ + ¢) = 0.573770(100) + 0.951022[0.573770(74) + 0] =
€16.998.

The value of a put option can also be found based on put—call parity. Put—call
parity can be remembered as simply two versions of portfolio insurance, long stock
and long put or lend and long call, where the exercise prices for the put and call are
identical. Put—call parity with symbols is

S+p=PV(X)+c (7)

Put—call parity holds regardless of the particular valuation model being used. Depending
on the context, this equation can be rearranged. For example, a call option can be
expressed as a position in a stock, financing, and a put, or

c=S-PVX)+p

EXAMPLE 4

Single-Period Binomial Put Value

1. You again observe a €100 price for a non-dividend-paying stock with the
same inputs as the previous box. That is, the call option has one year to
mature, the periodically compounded risk-free interest rate is 5.15%, the
exercise price is €100, u = 1.35, and d = 0.74. The put option value will be
closest to:

A. €12.00.
B. €12.10.
¢ €12.20.

Solution:

B is correct. For puts, we know the following:
p" = Max(0,100 — uS) = Max(0,100 — 135) = 0
p- = Max(0,100 — dS) = Max(0,100 — 74) = 26

With this information, we can compute the put option value based on
risk-neutral probability from the previous example or [recall that PV(1) =
0.951022]

p=PV[ap" + (1 — m)p] = 0.951022[(0.510656)0 + (1 — 0.510656)26] = €12.10




© CFA Institute. For candidate use only. Not for distribution.

Two-Period Binomial Model: Call Options

Therefore, in summary, option values can be expressed either in terms of replicating
portfolios or as the present value of the expected future cash flows. Both expressions
yield the same valuations.

TWO-PERIOD BINOMIAL MODEL: CALL OPTIONS

] describe and interpret the binomial option valuation model and its
component terms

] identify an arbitrage opportunity involving options and describe the
related arbitrage

The two-period binomial lattice can be viewed as three one-period binomial lattices,
as illustrated in Exhibit 4. Clearly, if we understand the one-period model, then the
process can be repeated three times. First, we analyze Box 1 and Box 2. Finally, based
on the results of Box 1 and Box 2, we analyze Box 3.

Exhibit 4: Two-Period Binomial Lattice as Three One-Period

Binomial Lattices

S 1
N
Iy
S+—:S—+
S \— +
S
S 2
| B B
0 1 2

At Time 2, there are only three values of the underlying, S** (an up move occurs
twice), S™ ~ (a down move occurs twice), and St~ = S™* (either an up move occurs
and then a down move or a down move occurs and then an up move). For computa-
tional reasons, it is extremely helpful that the lattice recombines—that is, St~ = S™%,
meaning that if the underlying goes up and then down, it ends up at the same price
as if it goes down and then up. A recombining binomial lattice will always have just
one more ending node in the final period than the number of time steps. In contrast,
a non-recombining lattice of n time steps will have 2" ending nodes, which poses a
tremendous computational challenge even for powerful computers.

For our purposes here, we assume the up and down factors are constant through-
out the lattice, ensuring that the lattice recombines—that is S*~ = S~*. For example,
assume u = 1.25, d = 0.8, and Sy = 100. Note that S*~ = 1.25(0.8)100 = 100 and S~*
= 0.8(1.25)100 = 100. So the middle node at Time 2 is 100 and can be reached from
either of two paths.

The two-period binomial option valuation model illustrates two important con-
cepts, self-financing and dynamic replication. Self-financing implies that the replicating
portfolio will not require any additional funds from the arbitrageur during the life of
this dynamically rebalanced portfolio. If additional funds are needed, then they are
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financed externally. Dynamic replication means that the payoffs from the option can
be exactly replicated through a planned trading strategy. Option valuation relies on
self-financing, dynamic replication.

Mathematically, the no-arbitrage approach for the two-period binomial model
is best understood as working backward through the binomial tree. At Time 2, the
payoffs are driven by the option’s exercise value.

For calls:

¢ = Max(0,S™ — X) = Max(0,u?S — X),
¢ = Max(0,S" — X) = Max(0,udS — X), and
¢~ =Max(0,S"~ - X) = Max(0,d*S - X)

For puts:
p™ = Max(0,X — S™) = Max(0,X — u?S),
pt™ =Max(0,X — S™) = Max(0,X — udS), and
P~ =Max(0,X — S~ ) = Max(0,X — d2S)

At Time 1, the option values are driven by the arbitrage transactions that syn-
thetically replicate the payoffs at Time 2. We can compute the option values at Time
1 based on the option values at Time 2 using the no-arbitrage approach based on
Equations 1 and 2. At Time 0, the option values are driven by the arbitrage transac-
tions that synthetically replicate the value of the options at Time 1 (again based on
Equations 1 and 2).

We illustrate the no-arbitrage approach for solving the two-period binomial call
value. Suppose the annual interest rate is 3%, the underlying stock is S = 72, u = 1.356,
d = 0.541, and the exercise price is X = 75. The stock does not pay dividends. Exhibit
5 illustrates the results.

Exhibit 5: Two-Period Binomial Tree with Call Values and Hedge Ratios

Ttem Value
Underlying 132.389
Item Value Call 57.389
Underlying 97.632
Call 33.43048
Item Value Hedge Ratio 0.72124
Item Value
Underlying 72
Underlying 52.81891
Call 19.47407
It val Call 0
Hedge Ratio 0.56971 em aue
Underlying 38.952
Item Value
Call 0
Underlying 21.07303
Hedge Ratio 0
Call 0

We now verify selected values reported in Exhibit 5. At Time Step 2 and assuming up
occurs twice, the underlying stock value is u?S = (1.356)272 = 132.389, and hence, the
call value is 57.389 [= Max(0,132.389 — 75)]. The hedge ratio at Time Step 1, assuming
up occurs once, is

++ +—
+ _ ¢ - _ 57.389 -0 _
ht = Stt—gt— — 132389 -52.819 0.72124
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The RN probability of an up move throughout this tree is
n=[FV(1) —d]/(u—d)=(1.03 - 0.541)/(1.356 — 0.541) = 0.6
With this information, we can compute the call price at Time 1 when an up move
occurs as
c=PV[rc™ + (1 —m)c™ ] =(1/1.03)[(0.6)57.389 + (1 — 0.6)0] = 33.43048
and at Time Step 0,

_crt—c¢ _ 3343048-0 _
h = ST—S  97.632-38.952 0.56971

Thus, the call price at the start is
c=PV[rc* + (1 - m)c7] = (1/1.03)[(0.6)33.43048 + (1 — 0.6)0] = 19.47

From the no-arbitrage approach, the call payoffs can be replicated by purchasing h
shares of the underlying and financing —-PV(-~hS~ + c¢7). Therefore, we purchase 0.56971
shares of stock for 41.019 [= 0.56971(72)] and borrow 21.545 {or in cash flow terms,
—21.545 = (1/1.03)[-0.56971(38.952) + 0]}, replicating the call values at Time 0. We
then illustrate Time 1 assuming that an up move occurs. The stock position will now
be worth 55.622 [= 0.56971(97.632)], and the borrowing must be repaid with interest
or 22.191 [= 1.03(21.545)]. Note that the portfolio is worth 33.431 (55.622 — 22.191),
the same value as the call except for a small rounding error. Therefore, the portfolio
of stock and the financing dynamically replicates the value of the call option.

The final task is to demonstrate that the portfolio is self-financing. Self-financing
can be shown by observing that the new portfolio at Time 1, assuming an up move
occurs, is equal to the old portfolio that was formed at Time 0 and liquidated at
Time 1. Notice that the hedge ratio rose from 0.56971 to 0.72124 as we moved from
Time O to Time 1, assuming an up move occurs, requiring the purchase of additional
shares. These additional shares will be financed with additional borrowing. The total
borrowing is 36.98554 {= —PV(-hS*~ + ¢*7) = — (1/1.03)[-0.72124(52.81891) +0]}.
The borrowing at Time O that is due at Time 1 is 22.191. The funds borrowed at Time
1 grew to 36.98554. Therefore, the strategy is self-financing.

The two-period binomial model can also be represented as the present value of
an expectation of future cash flows. Based on the one-period results, it follows by
repeated substitutions that

¢ =PV[ric™ + 2n(1 - m)c™ + (1 — m)%c ] (8)
and
p=PV[a?p™ + 2n(l —m)p™ + (1 —n)?p ] )

Therefore, the two-period binomial model is again simply the present value of
the expected future cash flows based on the RN probability. Again, the option values
are simply the present value of the expected terminal option payoffs. The expected
terminal option payoffs can be expressed as

E(cy) = n%c™ + 2n(1 —m)e™ + (1 —m)%c
and
E(py) = n2p"™ + 2n(1 — m)p*~+ (1 - m)2p

Thus, the two-period binomial option values based on the expectations approach
can be written and remembered concisely as

¢ = PV/[En(c,)] and

p = PV{[En(p,)]
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It is vital to remember that this present value is over two periods, so the discount
factor with discrete rates is PV = [1/(1 + r)2]. Recall the subscript “r” just emphasizes
the present value calculation and is based on the risk-free interest rate.

EXAMPLE 5

Two-Period Binomial Model Call Valuation

You observe a €50 price for a non-dividend-paying stock. The call option has
two years to mature, the periodically compounded risk-free interest rate is 5%,
the exercise price is €50, u = 1.356, and d = 0.744. Assume the call option is
European-style.

1. The probability of an up move based on the risk-neutral probability is closest
to:

A. 30%.
B. 40%.
C. 50%.

Solution:

C is correct. Based on the RN probability equation, we have:

= [FV(1) - d}/(u — d) = [(1 + 0.05) — 0.744]/(1.356 — 0.744) = 0.5 or 50%

2. The current call option value is closest to:

A. €9.53.
B. €9.71.
€. €9.87.

Solution:

B is correct. The current call option value calculations are as follows:
¢ = Max(0,u®S — X) = Max[0,1.3562(50) — 50] = 41.9368
¢ =c¢™ = Max(0,udS — X) = Max[0,1.356(0.744)(50) — 50] = 0.44320
¢~ = Max(0,d%S — X) = Max[0,0.7442(50) — 50] = 0.0
With this information, we can compute the call option value:
¢ = PV[E(c,)] = PVt + 2n(1 — m)c* + (1 —m)%c ]
=[1/(1 + 0.05)]%[0.5241.9368 + 2(0.5)(1 — 0.5)0.44320 + (1 — 0.5)20.0]
=9.71

It is vital to remember that the present value is over two periods, hence the
single-period PV is squared. Thus, the current call price is €9.71.

3. The current put option value is closest to:

A. €5.06.
B. €5.33.
C €5.94.



© CFA Institute. For candidate use only. Not for distribution.
Two-Period Binomial Model: Put Options

Solution:

A is correct. The put option value can be computed simply by applying put—
call parity or p = ¢ + PV(X) - S = 9.71 + [1/(1 + 0.05)]250 — 50 = 5.06. Thus,
the current put price is €5.06.

TWO-PERIOD BINOMIAL MODEL: PUT OPTIONS

] describe and interpret the binomial option valuation model and its
component terms

] calculate the no-arbitrage values of European and American options
using a two-period binomial model

We now turn to consider American-style options. It is well-known that call options
on non-dividend-paying stock will not be exercised early because the minimum price
of the option exceeds its exercise value. To illustrate by example, consider a call on
a US$100 stock, with an exercise price of US$10 (that is, very deep in the money).
Suppose the call is worth its exercise value of only US$90. To get stock exposure, one
could fund and pay US$100 to buy the stock, or fund and pay only US$90 for the call
and pay the last US$10 at expiration only if the stock is at or above US$100 at that
time. Because the latter choice is preferable, the call must be worth more than the
US$90 exercise value. Another way of looking at it is that it would make no sense to
exercise this call because you do not believe the stock can go any higher and you would
thus simply be obtaining a stock that you believe would go no higher. Moreover, the
stock would require that you pay far more money than you have tied up in the call.
It is always better to just sell the call in this situation because it will be trading for
more than the exercise value.

The same is not true for put options. By early exercise of a put, particularly a
deep in-the-money put, the sale proceeds can be invested at the risk-free rate and
earn interest worth more than the time value of the put. Thus, we will examine how
early exercise influences the value of an American-style put option. As we will see,
when early exercise has value, the no-arbitrage approach is the only way to value
American-style options.

Suppose the periodically compounded interest rate is 3%, the non-dividend-paying
underlying stock is currently trading at 72, the exercise price is 75, u = 1.356, d =
0.541, and the put option expires in two years. Exhibit 6 shows the results for a
European-style put option.
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Exhibit 6: Two-Period Binomial Model for a European-Style Put Option

Item Value
Underlying 132.389
Item Value Put 0
Underlying 97.632
Put 8.61401
Item Value Hedge Ratio —-0.27876
Item Value
Underlying 72
Underlying 52.81891
Put 18.16876
It Val Put 22.18109
Hedge Ratio ~0.43029 em alue
Underlying 38.952
Item Value
Put 33.86353
Underlying 21.07303
Hedge Ratio -1
Put 53.92697

The Time 1 down move is of particular interest. The exercise value for this put option
is 36.048 [= Max(0,75 — 38.952)]. Therefore, the exercise value is higher than the put
value. So, if this same option were American-style, then the option would be worth
more exercised than not exercised. Thus, the put option should be exercised. Exhibit
7 illustrates how the analysis changes if this put option were American-style. Clearly,
the right to exercise early translates into a higher value.

Exhibit 7: Two-Period Binomial Model for an American-Style Put Option

Item Value
Underlying 132.389
Item Value Put 0
Underlying 97.632
Put 8.61401
Item Value Hedge Ratio —-0.27876
Item Value
Underlying 72
Underlying 52.81891
Put :
19.01710 Item Value Put 2218109
Hedge Ratio Underlying 38.952
s ~0.46752 Ttem Value
Put 33-86353
! 36.04800 Underlying 21.07303
Hedge Ratio -1 Put 53.92697

American-style option valuation requires that one work backward through the binomial
tree and address whether early exercise is optimal at each step. In Exhibit 7, the early
exercise premium at Time 1 when a down move occurs is 2.18447 (36.048 — 33.86353).
Also, if we replace 33.86353 with 36.048—in bold below for emphasis—in the Time 0
calculation, we obtain a put value of

p=PV[ap" + (1 — m)p] = (1/1.03)[(0.6)8.61401 + (1 — 0.6)36.048] = 19.02

Thus, the early exercise premium at Time 0 is 0.85 (19.02 — 18.17). From this illustra-
tion, we see clearly that in a multiperiod setting, American-style put options cannot
be valued simply as the present value of the expected future option payouts, as shown
in Equation 9. American-style put options can be valued as the present value of the
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expected future option payout in a single-period setting. Hence, when early exercise is
a consideration, we must address the possibility of early exercise as we work backward
through the binomial tree.

EXAMPLE 6

Two-Period Binomial American-Style Put Option Valuation

1. Suppose you are given the following information: Sy = 26, X = 25, u = 1.466,
d = 0.656, n = 2 (time steps), r = 2.05% (per period), and no dividends. The
tree is provided in Exhibit 8.

Exhibit 8: Two-Period Binomial American-Style Put Option

Item Value
Underlying 55.87806
Ttem Value Put 0
Underlying 38.116
Put 0
Item Value Hedge Ratio 0
Item Value
Underlying 26
Underlying 25.00410
Put 4.01174
Put 0
Hedge Ratio 035345 ltem Value
Underlying 17.056
Item Value
Put 7.44360
Underlying 11.18874
Hedge Ratio —0.99970
Put 13.81126

The early exercise premium of the above American-style put option is closest
to:

A. 0.27.

B. 0.30.

C. 0.35.

Solution:

A is correct. The exercise value at Time 1 with a down move is 7.944 [=
Max(0,25 — 17.056)]. Thus, we replace this value in the binomial tree and
compute the hedge ratio at Time 0. The resulting put option value at Time 0
is thus 4.28143 (see Exhibit 9).
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Exhibit 9: Solution

Item Value
Underlying 55.87806
Item Value Put 0
Underlying 38.116
Put 0
Item Value Hedge Ratio 0
Item Value
Underlying 26
Underlying 25.00410
Put 40H74
428143 Item Value Put 0
Hedge Ratio =93 Underlying 17.056
g ~0.37721 Item Value
Put :
uf 7.94400 Underlying 11.18874
Hedge Ratio -0.99970 Put 13.81126

In Exhibit 9, the early exercise premium at Time 1 when a down move oc-
curs is 0.5004 (7.944 — 7.44360). Thus, if we replace 7.44360 with 7.944—in
bold below for emphasis—in the Time 0 calculation, we have the put value
of

p=PV[mp" + (1 — m)p] = (1/1.0205)[(0.45)0 + (1 — 0.45)7.944] = 4.28

Thus, the early exercise premium at Time 0 when a down move occurs 0.27
(= 4.28 — 4.01).

TWO-PERIOD BINOMIAL MODEL: ROLE OF
DIVIDENDS

] describe and interpret the binomial option valuation model and its
component terms

We now briefly introduce the role of dividend payments within the binomial model.
Our approach here is known as the escrow method. Because dividends lower the value
of the stock, a call option holder is hurt. Although it is possible to adjust the option
terms to offset this effect, most option contracts do not provide protection against
dividends. Thus, dividends affect the value of an option. We assume dividends are
perfectly predictable; hence, we split the underlying instrument into two components:
the underlying instrument without the known dividends and the known dividends.®
For example, the current value of the underlying instrument without dividends can
be expressed as

§=5- y
where y denotes the present value of dividend payments. We use the » symbol to denote
the underlying instrument without dividends. In this case, we model the uncertainty
of the stock based on § and not S. At expiration, the underlying instrument value is
the same, S = Sy, because we assume any dividends have already been paid. The
value of an investment in the stock, however, would be St + y, which assumes the
dividend payments are reinvested at the risk-free rate.

6 The reading focuses on regular, “known” dividends. In the case of large, special dividends, option
exchanges may adjust the exercise price.
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Two-Period Binomial Model: Role of Dividends

To illustrate by example, consider a call on a US$100 stock with exercise price of
US$95. The periodically compounded interest rate is 1.0%, the stock will pay a US$3
dividend at Time Step 1, u = 1.224, d = 0.796, and the call option expires in two years.
Exhibit 10 shows some results for an American-style call option. The computations
in Exhibit 10 involve several technical nuances that are beyond the scope of our
objectives. The key objective here is to see how dividend-motivated early exercise
influences American options.

The Time 1 up move is particularly interesting. At Time 0, the present value of
the US$3 dividend payment is US$2.970297 (= 3/1.01). Therefore, 118.7644 = (100
— 2.970297)1.224 is the stock value without dividends at Time 1, assuming an up
move occurs. The exercise value for this call option, including dividends, is 26.7644
[= Max(0,118.7644 + 3 — 95)], whereas the value of the call option per the binomial
model is 24.9344. In other words, the stock price just before it goes ex-dividend is
118.7644 + 3 = 121.7644, so the option can be exercised for 121.7644 — 95 = 26.7644.
If not exercised, the stock drops as it goes ex-dividend and the option becomes worth
24.9344 at the ex-dividend price. Thus, by exercising early, the call buyer acquires the
stock just before it goes ex-dividend and thus is able to capture the dividend. If the
call is not exercised, the call buyer will not receive this dividend. The American-style
call option is worth more than the European-style call option because at Time Step 1
when an up move occurs, the call is exercised early, capturing additional value.

Exhibit 10: Two-Period Binomial Model for an American-Style Call Option

with Dividends

Item Value
Underlying 145.3676
Ttem Value Call 50.3676
Underlying 118.7644
249344
Call 26.7644
Item Value
Hedge Ratio 0.9909 Item Value
Underlying 100
Underlying 94.5364
Call ’
al
13.2497 Ttem Value Call 0
Hedge Ratio Underlying 77.2356
s 0.6445 Ttem Value
Call 0 ,
Underlying 61.4796
Hedge Ratio 0
Call 0

We now provide a comprehensive binomial option valuation example. In this example,
we contrast European-style exercise with American-style exercise.

EXAMPLE 7

Comprehensive Two-Period Binomial Option Valuation
Model Exercise

Suppose you observe a non-dividend-paying Australian equity trading for A$7.35.
The call and put options have two years to mature, the periodically compounded
risk-free interest rate is 4.35%, and the exercise price is A$8.0. Based on an
analysis of this equity, the estimates for the up and down moves are u = 1.445
and d = 0.715, respectively.

101
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1. Calculate the European-style call and put option values at Time Step 0 and
Time Step 1. Describe and interpret your results.

Solution:
The expectations approach requires the following preliminary calculations:

RN probability: © = [FV(1) — d]/(u — d)

= [(1 + 0.0435) — 0.715]/(1.445 — 0.715) = 0.45
¢ = Max(0,u%S — X)

= Max[0,1.4452(7.35) — 8.0] = 7.347

¢t~ = Max(0,udS - X)

= Max[0,1.445(0.715)7.35 — 8.0] = 0

¢~ = Max(0,d%S — X)

= Max[0,0.715%(7.35) - 8.0]1 =0
p™" = Max(0,X — uS)

= Max[0,8.0 — 1.4452(7.35)] = 0
p"~ = Max(0,X — udS)

= Max[0,8.0 — 1.445(0.715)7.35] = 0.406
p~~ = Max(0,X — d2S)

= Max[0,8.0 — 0.715%(7.35)] = 4.24

Therefore, at Time Step 1, we have (note that ¢y | 1 is read as the call value
expiring at Time Step 2 observed at Time Step 1, assuming an up move

occurs)
E(cy|T) =mct + (1 —m)c™ = 0.45(7.347) + (1 — 0.45)0 = 3.31
E(cy|7) =me ™+ (1 —m)e = 0.45(0.0) + (1 - 0.45)0.0 = 0.0
E(py|T) =mp™ + (1 - mp* = 0.45(0.0) + (1 — 0.45)0.406 = 0.2233

E(py|7) =np ™+ (1 —m)p —=0.45(0.406) + (1 — 0.45)4.24 = 2.51

Thus, because PV 5(1) = 1/(1 + 0.0435) = 0.958313, we have the Time Step 1
option values of

gl — —
¢t =PV, [E(c2 1)] =0.958313(3.31) = 3.17
¢ =PV, [E (cz‘;) ] =0.958313(0.0) = 0.0
pt =PV, [E (pz T) ] = 0. 958313(0.2233) = 0.214
p =PV, [E (pzh) ] =0.958313(2.51) = 2.41

At Time Step 0, we have
E(cy|o) =n2c™ + 2n(1 —m)c™ + (1 —m)2c ~

= 0.452%(7.347) + 2(0.45)(1 — 0.45)0 + (1 — 0.45)20 = 1.488
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E(pylo) =n?p™ +20(1 - mp™ + (1 —m)?p -
= 0.452(0) + 2(0.45)(1 — 0.45)0.406 + (1 — 0.45)%4.24 = 1.484
Thus,

¢ =PV, [E (Cz ’ ) ) ] =0.91836(1.488) = 1.37 and

p=PVios [E <p2 | ) ] =0.91836(1.484) = 1.36

With the two-period binomial model, the call and put values based on the
expectations approach are simply the present values of the expected payoffs.
The present value of the expected payoffs is based on the risk-free interest
rate and the expectations approach is based on the risk-neutral probability.
The parameters in this example were selected so that the European-style

put and call would have approximately the same value. Notice that the stock
price is less than the exercise price by roughly the present value factor or
7.35 = 8.0/1.04352. One intuitive explanation is put—call parity, which can be
expressed as ¢ — p = S — PV(X). Thus, if S = PV(X), then ¢ = p.

2. Calculate the European-style call and put option hedge ratios at Time Step
0 and Time Step 1. Based on these hedge ratios, interpret the component
terms of the binomial option valuation model.

Solution:

The computation of the hedge ratios at Time Step 1 and Time Step 0 will re-
quire the option values at Time Step 1 and Time Step 2. The terminal values
of the options are given in Solution 1.

ST = u2S = 1.445%(7.35) = 15.347
S =udS = 1.445(0.715)7.35 = 7.594
S~ =d?S =0.715%(7.35) = 3.758

S* = uS = 1.445(7.35) = 10.621

S~ =dS =0.715(7.35) = 5.255

Therefore, the hedge ratios at Time 1 are

A
+ _cT"=c" _ 17347-00 _
he = gv—g—= = T5347-7.59% — 0.9476
_ ¢ t—c¢ 0.0 —-0.0 .
he = g7-g =~ 7593758 ~ 00
A=
L PP 00-0406
hy = g —g— = 153477594 ~ 0.05237
po = PP 0406-424 _
p T g g~ 7.594-3.758 :

In the last hedge ratio calculation, both put options are in the money (p~*
and p~ 7). In this case, the hedge ratio will be —1, subject to a rounding error.
We now turn to interpreting the model’s component terms. Based on the
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no-arbitrage approach, we have for the call price, assuming an up move has
occurred, at Time Step 1,

CJr = hCJrS+ + PV1,2 (_h;S+7 o C+7>

=0.9476(10.621) + (1/1.0435)[-0.9476(7.594) + 0.0] = 3.1684

Thus, the call option can be interpreted as a leveraged position in the stock.
Specifically, long 0.9476 shares for a cost of 10.0645 [= 0.9476(10.621)]
partially financed with a 6.8961 {= (1/1.0435)[-0.9476(7.594) + 0.0]} loan.
Note that the loan amount can be found simply as the cost of the position in
shares less the option value [6.8961 = 0.9476(10.621) — 3.1684]. Similarly, we
have

@ = h;S_ = Pvl’z (7}1;577 o (,’77>

= 0.0(5.255) + (1/1.0435)[-0.0(3.758) + 0.0] = 0.0

Specifically, long 0.0 shares for a cost of 0.0 [= 0.0(5.255)] with no financing.
For put options, the interpretation is different. Specifically, we have

+ + ¢+
pt =PV, (7hp+s+++p++> +hrS
= (1/1.0435)[(~0.05237)15.347 + 0.0] + (~0.05237)10.621 = 0.2140

Thus, the put option can be interpreted as lending that is partially financed
with a short position in shares. Specifically, short 0.05237 shares for a cost
of 0.55622 [= (~0.05237)10.621] with financing of 0.77022 {= (1/1.0435)[~
(=0.05237)15.347 + 0.0]}. Note that the lending amount can be found simply
as the proceeds from the short sale of shares plus the option value [0.77022
= (0.05237)10.621 + 0.2140]. Again, we have

p_ = PV172 <7hp,S,+ +p7+> + h;S_
— (1/1.0435)[~(~1.0)7.594 + 0.406] + (~1.0)5.255 = 2.4115

Here, we short 1.0 shares for a cost of 5.255 [= (-1.0)5.255] with financing of
7.6665 {= (1/1.0435)[—(~1.0)7.594 + 0.406]}. Again, the lending amount can
be found simply as the proceeds from the short sale of shares plus the option
value [7.6665 = (1.0)5.255 + 2.4115].

Finally, we have at Time Step 0

ho= ct—c” _ _3.1684-0
c St—98— 10.621 — 5.255

= 0.5905
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p = PP _ 02140-24115
p T sT—s- ~ 10.621-5.255

= —0.4095

The interpretations remain the same at Time Step 0:
¢=hS +PVj (-h,S™+¢)
= 0.5905(7.35) + (1/1.0435)[-0.5905(5.255) + 0.0] = 1.37

Here, we are long 0.5905 shares for a cost of 4.3402 [=0.5905(7.35)] partially
financed with a 2.97 {= (1/1.0435)[-0.5905(5.255) + 0.0] or = 0.5905(7.35) —
1.37} loan.

p="PV((-h,S"+p") +h,S
= (1/1.0435){-[-0.4095(10.621)] + 0.214} + (~0.4095)7.35 = 1.36

Here, we short 0.4095 shares for a cost of 3.01 [= (-0.4095)7.35] with financ-
ing of 4.37 (= (1/1.0435){—[-0.4095(10.621)] + 0.214} or = (0.4095)7.35 +
1.36).

3. Calculate the American-style call and put option values and hedge ratios at
Time Step 0 and Time Step 1. Explain how your results differ from the Euro-
pean-style results.

Solution:

We know that American-style call options on non-dividend-paying stock
are worth the same as European-style call options because early exercise will
not occur. Thus, as previously computed, c* = 3.17, ¢ = 0.0, and ¢ = 1.37.
Recall that the call exercise value (denoted with EV) is simply the maximum
of zero or the stock price minus the exercise price. We note that the EVs are
less than or equal to the call model values; that is,

¢y =Max(0,S" — X) = Max(0,10.621 — 8.0) = 2.621 (< 3.1684)
gy = Max(0,8~ — X) = Max(0,5.255 — 8.0) = 0.0 (= 0.0)
cpy = Max(0,S — X) = Max(0,7.35 — 8.0) = 0.0 (< 1.37)

Therefore, the American-style feature for non-dividend-paying stocks has
no effect on either the hedge ratio or the option value. The binomial model
for American-style calls on non-dividend-paying stocks can be described
and interpreted the same as a similar European-style call. This point is
consistent with what we said earlier. If there are no dividends, an Ameri-
can-style call will not be exercised early.

This result is not true for puts. We know that American-style put options on
non-dividend-paying stock may be worth more than the analogous Euro-
pean-style put options. The hedge ratios at Time Step 1 will be the same

as European-style puts because there is only one period left. Therefore, as
previously shown, p* = 0.214 and p~ = 2.41.

The put exercise values are

Py =Max(0,X — S) = Max(0,8.0 — 10.621) = 0 (< 0.214)
Py =Max(0,X — S7) = Max(0,8.0 — 5.255) = 2.745 (> 2.41)

Because the exercise value for the put at Time Step 1, assuming a down
move occurred, is greater than the model value, we replace the model value
with the exercise value. Hence,
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p~=2.745

and the hedge ratio at Time Step 0 will be affected. Specifically, we now have

h - P =pT  0.2140-2.745

p = g7 _s ~ 10621 —5255 ~ 04717

and thus the put model value is

p = (1/1.0435)[0.45(0.214) + 0.55(2.745)] = 1.54

Clearly, the early exercise feature has a significant impact on both the
hedge ratio and the put option value in this case. The hedge ratio goes from
—0.4095 to —0.4717. The put value is raised from 1.36 to 1.54.

We see through the simple two-period binomial model that an option can be viewed
as a position in the underlying with financing. Furthermore, this valuation model can
be expressed as the present value of the expected future cash flows, where the expec-
tation is taken under the RN probability and the discounting is at the risk-free rate.

Up to this point, we have focused on equity options. The binomial model can be
applied to any underlying instrument though often requiring some modifications.
For example, currency options would require incorporating the foreign interest rate.
Futures options would require a binomial lattice of the futures prices. Interest rate
options, however, require somewhat different tools that we now examine.

INTEREST RATE OPTIONS AND MULTIPERIOD MODEL

] calculate and interpret the value of an interest rate option using a
two-period binomial model

In this section, we will briefly illustrate how to value interest rate options. There are
a wide variety of approaches to valuing interest rate options. We do not delve into
how arbitrage-free interest rate trees are generated. The particular approach used here
assumes the RN probability of an up move at each node is 50%.

Exhibit 11 presents a binomial lattice of interest rates covering two years along
with the corresponding zero-coupon bond values. The rates are expressed in annual
compounding. Therefore, at Time 0, the spot rate is (1.0/0.970446) — 1 or 3.04540%.”
Note that at Time 1, the value in the column labeled “Maturity” reflects time to matu-
rity not calendar time. The lattice shows the rates on one-period bonds, so all bonds
have a maturity of 1. The column labeled “Value” is the value of a zero-coupon bond
with the stated maturity based on the rates provided.

7 The values in the first box from the left are observed at t = 0. The values in the remainder of the lattice
are derived by using a technique that is outside the scope of this reading.
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Exhibit 11: Two-Year Binomial Interest Rate Lattice by Year

Maturity Value Rate

) 1 0.961810 | 3.9706
Maturity Value Rate

1 0.962386 3.9084

Maturity Value Rate Maturity Value Rate

1 0.970446 3.0454 1 0.968484 3.2542

Maturity Value Rate

1 0.974627 | 2.6034

Maturity Value Rate

1 0.977906 2.2593

The underlying instrument for interest rate options here is the spot rate. A call option
on interest rates will be in the money when the current spot rate is above the exercise
rate. A put option on interest rates will be in the money when the current spot rate
is below the exercise rate. Thus, based on the notation in the previous section, the
current spot rate is denoted S. Option valuation follows the expectations approach
discussed in the previous section but taken only one period at a time. The procedure
is illustrated with an example.

EXAMPLE 8

Option on Interest Rates

1. This example is based on Exhibit 11. Suppose we seek to value two-year
European-style call and put options on the periodically compounded one-
year spot interest rate (the underlying). Assume the notional amount of the
options is US$1,000,000 and the call and put exercise rate is 3.25% of par.
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Assume the RN probability is 50% and these option cash settle at Time 2
based on the observed rates.’

Solution:

Using the expectations approach introduced in the last section, we have (per
US$1) at Time Step 2

ctt = Max(0,S™ — X) = Max[0,0.039706 — 0.0325] = 0.007206

¢t~ =Max(0,S* — X) = Max[0,0.032542 — 0.0325] = 0.000042

¢~ = Max(0,S" ~ — X) = Max[0,0.022593 — 0.0325] = 0.0

ptt = Max(0,X — S*") = Max[0,0.0325 — 0.039706] = 0.0

p = Max(0,X — S*) = Max[0,0.0325 — 0.032542] = 0.0

p~— = Max(0,X — S~ ) = Max[0,0.0325 — 0.022593] = 0.009907
At Time Step 1, we have

¢t =PV y[act + (1 -m)c™]

= 0.962386[0.5(0.007206) + (1 — 0.5)0.000042]

= 0.003488

¢ =PV lnc™ + (1 -m)c ]

— 0.974627[0.5(0.000042) + (1 — 0.5)0.0]

= 0.00002

p =PV np™ + (1 -mp"]

~ 0.962386[0.5(0.0) + (1 — 0.5)0.0]

=0.0

p =PV ,[mp™ + (1 -m)p ]

=0.974627[0.5(0.0) + (1 — 0.5)0.009907]

= 0.004828

Notice how the present value factors are different for the up and down
moves. At Time Step 1 in the + outcome, we discount by a factor of
0.962386, and in the — outcome, we discount by the factor 0.974627. Be-
cause this is an option on interest rates, it should not be surprising that we
have to allow the interest rate to vary.

8 In practice, interest rate options usually have a settlement procedure that results in a deferred payoff. The
deferred payoff arises from the fact that the underlying interest rate is based on an instrument that pays
interest at the end of its life. For the instrument underlying the interest rate, the interest payment occurs
after the interest has accrued. To accommodate this reality in this problem, we would have to introduce an
instrument that matures at time three. The purpose of this example is merely to illustrate the procedure
for rolling backward through an interest rate tree when the underlying is the interest rate. We simplify this
example by omitting this deferred settlement. In Section 5.2, we discuss in detail the deferred settlement
procedure and incorporate it into the pricing model.
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Therefore, at Time Step 0, we have
¢ = PVyp lne* + (1 - m)c-]
=(.970446[0.5(0.003488) + (1 — 0.5)0.00002]
=0.00170216
p =PV lmp" + (1 -m)p]
=0.970446[0.5(0.0) + (1 — 0.5)0.004828]

=0.00234266

Because the notional amount is US$1,000,000, the call value is US$1,702.16
[= US$1,000,000(0.00170216)] and the put value is US$2,342.66 [=
US$1,000,000(0.00234266)]. The key insight is to just work a two-period
binomial model as three one-period binomial models.

We turn now to briefly generalize the binomial model as it leads naturally to the
Black—Scholes—Merton option valuation model.

Multiperiod Model

The multiperiod binomial model provides a natural bridge to the Black—Scholes—
Merton option valuation model presented in the next section. The idea is to take the
option’s expiration and slice it up into smaller and smaller periods. The two-period
model divides the expiration into two periods. The three-period model divides expi-
ration into three periods and so forth. The process continues until you have a large
number of time steps. The key feature is that each time step is of equal length. Thus,
with a maturity of T, if there are n time steps, then each time step is T/n in length.

For American-style options, we must also test at each node whether the option is
worth more exercised or not exercised. As in the two-period case, we work backward
through the binomial tree testing the model value against the exercise value and always
choosing the higher one.

The binomial model is an important and useful methodology for valuing options.
The expectations approach can be applied to European-style options and will lead
naturally to the BSM model in the next section. This approach simply values the option
as the present value of the expected future payoffs, where the expectation is taken
under the risk-neutral probability and the discounting is based on the risk-free rate.
The no-arbitrage approach can be applied to either European-style or American-style
options because it provides the intuition for the fair value of options.

BLACK-SCHOLES-MERTON (BSM) OPTION VALUATION
MODEL

] identify assumptions of the Black—Scholes—Merton option valuation
model

109
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The BSM model, although very complex in its derivation, is rather simple to use and
interpret. The objective here is to illustrate several facets of the BSM model with the
objective of highlighting its practical usefulness. After a brief introduction, we examine
the assumptions of the BSM model and then delve into the model itself.

Introductory Material

Louis Bachelier published the first known mathematically rigorous option valuation
model in 1900. By the late 1960s, there were several published quantitative option
models. Fischer Black, Myron Scholes, and Robert Merton introduced the BSM model
in 1973 in two published papers, one by Black and Scholes and the other by Merton.
The innovation of the BSM model is essentially the no-arbitrage approach introduced
in the previous section but applied with a continuous time process, which is equivalent
to a binomial model in which the length of the time step essentially approaches zero.
It is also consistent with the basic statistical fact that the binomial process with a
“large” number of steps converges to the standard normal distribution. Myron Scholes
and Robert Merton won the 1997 Nobel Prize in Economics based, in part, on their
work related to the BSM model.? Let us now examine the BSM model assumptions.

Assumptions of the BSM Model

The key assumption for option valuation models is how to model the random nature
of the underlying instrument. This characteristic of how an asset evolves randomly is
called a stochastic process. Many financial instruments enjoy limited liability; hence,
the values of instruments cannot be negative, but they certainly can be zero. In 1900,
Bachelier proposed the normal distribution. The key advantages of the normal distri-
bution are that zero is possible, meaning that bankruptcy is allowable, it is symmetric,
it is relatively easy to manipulate, and it is additive (which means that sums of normal
distributions are normally distributed). The key disadvantage is that negative stock
values are theoretically possible, which violates the limited liability principal of stock
ownership. Based on research on stock prices in the 1950s and 1960s, a preference
emerged for the lognormal distribution, which means that log returns are distributed
normally. Black, Scholes, and Merton chose to use the lognormal distribution.
Recall that the no-arbitrage approach requires self-financing and dynamic repli-
cation; we need more than just an assumption regarding the terminal distribution of
the underlying instrument. We need to model the value of the instrument as it evolves
over time, which is what we mean by a stochastic process. The stochastic process
chosen by Black, Scholes, and Merton is called geometric Brownian motion (GBM).
Exhibit 12 illustrates GBM, assuming the initial stock price is S = 50. We assume
the stock will grow at 3% (u = 3% annually, geometrically compounded rate). This
GBM process also reflects a random component that is determined by a volatility (o) of
45%. This volatility is the annualized standard deviation of continuously compounded
percentage change in the underlying, or in other words, the log return. Note that as a
particular sample path drifts upward, we observe more variability on an absolute basis,
whereas when the particular sample path drifts downward, we observe less variability
on an absolute basis. For example, examine the highest and lowest lines shown in
Exhibit 12. The highest line is much more erratic than the lowest line. Recall that a
10% move in a stock with a price of 100 is 10 whereas a 10% move in a stock with a
price of 10 is only 1. Thus, GBM can never hit zero nor go below it. This property is

9 Fischer Black passed away in 1995 and the Nobel Prize is not awarded posthumously.
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appealing because many financial instruments enjoy limited liability and cannot be
negative. Finally, note that although the stock movements are rather erratic, there are
no large jumps—a common feature with marketable financial instruments.

Exhibit 12: Geometric Brownian Motion Simulation (S =50, p=3%, o =

45%)
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Within the BSM model framework, it is assumed that all investors agree on the dis-

tributional characteristics of GBM except the assumed growth rate of the underlying.

This growth rate depends on a number of factors, including other instruments and

time. The standard BSM model assumes a constant growth rate and constant volatility.
The specific assumptions of the BSM model are as follows:

= The underlying follows a statistical process called geometric Brownian
motion, which implies that the continuously compounded return is nor-
mally distributed.

=  Geometric Brownian motion implies continuous prices, meaning that the
price of underlying instrument does not jump from one value to another;
rather, it moves smoothly from value to value.

= The underlying instrument is liquid, meaning that it can be easily bought
and sold.

= Continuous trading is available, meaning that in the strictest sense one must
be able to trade at every instant.

= Short selling of the underlying instrument with full use of the proceeds is
permitted.

= There are no market frictions, such as transaction costs, regulatory con-
straints, or taxes.

= No arbitrage opportunities are available in the marketplace.

= The options are European-style, meaning that early exercise is not allowed.

m



© CFA Institute. For candidate use only. Not for distribution.
112 Learning Module 2 Valuation of Contingent Claims

= The continuously compounded risk-free interest rate is known and constant;
borrowing and lending is allowed at the risk-free rate.

= The volatility of the return on the underlying is known and constant.
= If the underlying instrument pays a yield, it is expressed as a continuous

known and constant yield at an annualized rate.

Naturally, the foregoing assumptions are not absolutely consistent with real financial
markets, but, as in all financial models, the question is whether they produce models
that are tractable and useful in practice, which they do.

EXAMPLE 9

BSM Model Assumptions

1. Which is the correct pair of statements? The BSM model assumes:
A. the return on the underlying has a normal distribution. The price of
the underlying can jump abruptly to another price.

B. brokerage costs are factored into the BSM model. It is impossible to
trade continuously.

(. volatility can be predicted with certainty. Arbitrage is non-existent in
the marketplace.

Solution:

C is correct. All four of the statements in A and B are incorrect within the
BSM model paradigm.

BSM MODEL: COMPONENTS

] interpret the components of the Black—Scholes—Merton model
as applied to call options in terms of a leveraged position in the
underlying

We turn now to a careful examination of the BSM model.

The BSM model is a continuous time version of the discrete time binomial model.
Given that the BSM model is based on continuous time, it is customary to use a con-
tinuously compounded interest rate rather than some discretely compounded alter-
native. Thus, when an interest rate is used here, denoted simply as r, we mean solely
the annualized continuously compounded rate.10 The volatility, denoted as o, is also
expressed in annualized percentage terms. Initially, we focus on a non-dividend-paying
stock. The BSM model, with some adjustments, applies to other underlying instru-
ments, which will be examined later.

The BSM model for stocks can be expressed as

¢ =SN(d,) — e "TXN(d,) (10)
and
p = ¢ "TXN(-d,) — SN(-d,) (11)

10 Note e" =1 + ry, where ryq is the annually compounded rate.
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where

IS0+ (r+0%/2)T
oNT

S
|

d2 = dl_O'\/T

N(x) denotes the standard normal cumulative distribution function, which is the
probability of obtaining a value of less than x based on a standard normal distribu-
tion. In our context, x will have the value of d; or d,. N(x) reflects the likelihood of
observing values less than x from a random sample of observations taken from the
standard normal distribution.

Although the BSM model appears very complicated, it has straightforward inter-
pretations that will be explained. N(x) can be estimated by a computer program or
a spreadsheet or approximated from a lookup table. The normal distribution is a
symmetric distribution with two parameters, the mean and standard deviation. The
standard normal distribution is a normal distribution with a mean of 0 and a standard
deviation of 1.

Exhibit 13 illustrates the standard normal probability density function (the standard
bell curve) and the cumulative distribution function (the accumulated probability and
range of 0 to 1). Note that even though GBM is lognormally distributed, the N(x)
functions in the BSM model are based on the standard normal distribution. In Exhibit
13, we see that if x = —1.645, then N(x) = N(-1.645) = 0.05. Thus, if the model value
of d is —1.645, the corresponding probability is 5%. Clearly, values of d that are less
than 0 imply values of N(x) that are less than 0.5. As a result of the symmetry of the
normal distribution, we note that N(-x) = 1 — N(x).

Exhibit 13: Standard Normal Distribution
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The BSM model can be described as the present value of the expected option payoff
at expiration. Specifically, we can express the BSM model for calls as ¢ = PV, [E(cT)]
and for puts as p = PV, [E(py)], where E(cy) = SerTN(dl) — XN(d,) and E(py) = XN(-
d,) - SerTN(—dl). The present value term in this context is simply e T As with
most valuation tasks in finance, the value today is simply the present value of the
expected future cash flows. It is important to note that the expectation is based on the
risk-neutral probability measure defined in Section 3.1. The expectation is not based
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on the investor’s subjective beliefs, which reflect an aversion to risk. Also, the present
value function is based on the risk-free interest rate not on the investor’s required
return on invested capital, which of course is a function of risk.

Alternatively, the BSM model can be described as having two components: a
stock component and a bond component. For call options, the stock component
is SN(d;) and the bond component is e‘rTXN(dZ), The BSM model call value is the
stock component minus the bond component. For put options, the stock component
is SN(~d;) and the bond component is e "TXN(~d,). The BSM model put value is the
bond component minus the stock component.

The BSM model can be interpreted as a dynamically managed portfolio of the
stock and zero-coupon bonds.!! The goal is to replicate the option payoffs with
stocks and bonds. For both call and put options, we can represent the initial cost of
this replicating strategy as

Replicating strategy cost = ngS + ngB

where the equivalent number of underlying shares is ng = N(d;) > 0 for calls and
ng = —N(—d;) < 0 for puts. The equivalent number of bonds is ng = —-N(d,) < 0 for
calls and ng = N(=d,) > 0 for puts. The price of the zero-coupon bond is B = e "TX.
Note, if n is positive, we are buying the underlying and if n is negative we are selling
(short selling) the underlying. The cost of the portfolio will exactly equal either the
BSM model call value or the BSM model put value.

For calls, we are simply buying stock with borrowed money because ng > 0 and
ng < 0. Again the cost of this portfolio will equal the BSM model call value, and if
appropriately rebalanced, then this portfolio will replicate the payoff of the call option.
Therefore, a call option can be viewed as a leveraged position in the stock.

Similarly, for put options, we are simply buying bonds with the proceeds from
short selling the underlying because ng < 0 and ng > 0. The cost of this portfolio will
equal the BSM model put value, and if appropriately rebalanced, then this portfolio will
replicate the payoff of the put option. Note that a short position in a put will result in
receiving money today and ng > 0 and ng < 0. Therefore, a short put can be viewed as
an over-leveraged or over-geared position in the stock because the borrowing exceeds
100% of the cost of the underlying.

Exhibit 14 illustrates the direct comparison between the no-arbitrage approach
to the single-period binomial option valuation model and the BSM option valuation
model. The parallel between the h term in the binomial model and N(d,) is easy to
see. Recall that the term hedge ratio was used with the binomial model because we
were creating a no-arbitrage portfolio. Note for call options, —-N(d,) implies borrowing
money or short selling N(d,) shares of a zero-coupon bond trading at e"TX. For put
options, N(-d,) implies lending money or buying N(-d,) shares of a zero-coupon
bond trading at e "TX.

Exhibit 14: BSM and Binomial Option Valuation Model Comparison

Call Option Put Option
Option Valuation Model Terms Underlying Financing Underlying Financing
Binomial Model hS PV(-hS™ + ¢7) hS PV(-hS™ + p7)
BSM Model N(d,)S —N(dy)eTX —N(-d;)S N(-dy)e*TX

11 When covering the binomial model, the bond component was generically termed financing. This com-
ponent is typically handled with bank borrowing or lending. With the BSM model, it is easier to understand
as either buying or short selling a risk-free zero-coupon bond.
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If the value of the underlying, S, increases, then the value of N(d;) also increases
because S has a positive effect on d;. Thus, the replicating strategy for calls requires
continually buying shares in a rising market and selling shares in a falling market.

Within the BSM model theory, the aggregate losses from this “buy high/sell low”
strategy, over the life of the option, adds up exactly to the BSM model option premium
received for the option at inception.!2 This result must be the case; otherwise there
would be arbitrage profits available. Because transaction costs are not, in fact, zero,
the frequent rebalancing by buying and selling the underlying adds significant costs
for the hedger. Also, markets can often move discontinuously, contrary to the BSM
model’s assumption that prices move continuously, thus allowing for continuous hedg-
ing adjustments. Hence, in reality, hedges are imperfect. For example, if a company
announces a merger, then the company’s stock price may jump substantially higher,
contrary to the BSM model’s assumption.

In addition, volatility cannot be known in advance. For these reasons, options are
typically more expensive than they would be as predicted by the BSM model theory.
In order to continue using the BSM model, the volatility parameter used in the for-
mula is usually higher (by, say, 1% or 2%, but this can vary a lot) than the volatility of
the stock actually expected by market participants. We will ignore this point for now,
however, as we focus on the mechanics of the model.

EXAMPLE 10

lllustration of BSM Model Component Interpretation

Suppose we are given the following information on call and put options on a
stock: S = 100, X = 100, r = 5%, T = 1.0, and ¢ = 30%. Thus, based on the BSM
model, it can be demonstrated that PV(X) = 95.123, d; = 0.317, d, = 0.017, N(d,)
= 0.624, N(d,) = 0.507, N(~d,) = 0.376, N(~d,) = 0.493, c = 14.23, and p = 9.35.

1. The initial trading strategy required by the no-arbitrage approach to repli-
cate the call option payoffs for a buyer of the option is:

A. buy 0.317 shares of stock and short sell —0.017 shares of zero-coupon

bonds.
B. buy 0.624 shares of stock and short sell 0.507 shares of zero-coupon
bonds.
C. short sell 0.317 shares of stock and buy 0.017 shares of zero-coupon
bonds.
Solution:

B is correct. The no-arbitrage approach to replicating the call option in-
volves purchasing ng = N(d;) = 0.624 shares of stock partially financed with
ng = —N(d,) = —0.507 shares of zero-coupon bonds priced at B = Xe™"T =
95.123 per bond. Note that by definition the cost of this replicating strategy
is the BSM call model value or ngS + ngB = 0.624(100) + (-0.507)95.123 =
14.17. Without rounding errors, the option value is 14.23.

2. Identify the initial trading strategy required by the no-arbitrage approach to
replicate the put option payoffs for a buyer of the put.

A. Buy 0.317 shares of stock and short sell —0.017 shares of zero-coupon
bonds.

12 The validity of this claim does not rest on the validity of the BSM model assumptions; rather the validity
depends only on whether the BSM model accurately predicts the replication cost.
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B. Buy 0.624 shares of stock and short sell 0.507 shares of zero-coupon

bonds.
C. Short sell 0.376 shares of stock and buy 0.493 shares of zero-coupon
bonds.
Solution:

C is correct. The no-arbitrage approach to replicating the put option is
similar. In this case, we trade ng = —N(—d;) = —0.376 shares of stock—spe-
cifically, short sell 0.376 shares—and buy ng = N(-d,) = 0.493 shares of
zero-coupon bonds. Again, the cost of the replicating strategy is ngS + ngB
=—0.376(100) + (0.493)95.123 = 9.30. Without rounding errors, the option
value is 9.35. Thus, to replicate a call option based on the BSM model, we
buy stock on margin. To replicate a put option, we short the stock and buy
zero-coupon bonds.

Note that the N(d,) term has an additional important interpretation. It is a unique
measure of the probability that the call option expires in the money, and correspond-
ingly, 1 — N(d,) = N(-d,) is the probability that the put option expires in the money.
Specifically, the probability based on the RN probability of being in the money, not
one’s own estimate of the probability of being in the money nor the market’s estimate.
That is, N(dy) = Prob(St > X) based on the unique RN probability.

BSM MODEL: CARRY BENEFITS AND APPLICATIONS

] describe how the Black-Scholes—Merton model is used to value
European options on equities and currencies

We now turn to incorporating various carry benefits into the BSM model. Carry ben-
efits include dividends for stock options, foreign interest rates for currency options,
and coupon payments for bond options. For other underlying instruments, there are
carry costs that can easily be treated as negative carry benefits, such as storage and
insurance costs for agricultural products. Because the BSM model is established in
continuous time, it is common to model these carry benefits as a continuous yield,
denoted generically here as y© or simply y.

The BSM model requires a few adjustments to accommodate carry benefits. The
carry benefit-adjusted BSM model is

¢ = Se"TN(d,) — e "TXN(d,) (12)
and

p = e "TXN(-d,) — Se YTN(-d,) (13)
where

_ In(S/0 + (r—y+o2/2)T
L oNT
Note that d, can be expressed again simply as d, = d; — 0VT. The value of a put
option can also be found based on the carry benefit-adjusted put—call parity:

p+Se?T=c+eTX (14)
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The carry benefit-adjusted BSM model can again be described as the present value
of the expected option payoff at expiration. Now, however, E(ct) = Se(r‘Y)TN(dl)
— XN(d,) and E(py) = XN(-d,) — Se(r‘Y)TN(—dl). The present value term remains
simply e~*T. Carry benefits will have the effect of lowering the expected future value
of the underlying

Again, the carry benefit adjusted BSM model can be described as having two
components, a stock component and a bond component. For call options, the stock
component is Se™YTN(d;) and the bond component is again e *TXN(d,). For put
options, the stock component is Se™YTN(-d;) and the bond component is again
e "TXN(~d,). Although both d; and d, are reduced by carry benefits, the general
approach to valuation remains the same. An increase in carry benefits will lower the
value of the call option and raise the value of the put option.

Note that N(d,) term continues to be interpreted as the RN probability of a call
option being in the money. The existence of carry benefits has the effect of lowering
d; and d,, hence the probability of being in the money with call options declines as
the carry benefit rises. This RN probability is an important element to describing how
the BSM model is used in various valuation tasks.

For stock options, y = §, which is the continuously compounded dividend yield.
The dividend-yield BSM model can again be interpreted as a dynamically managed
portfolio of the stock and zero coupon bonds. Based on the call model above applied
to a dividend yielding stock, the equivalent number of units of stock is now ng = e~
6TN(d1) > 0 and the equivalent number of units of bonds remains ng = -N(d,) < 0.
Similarly with puts, the equivalent number of units of stock is now ng = —e"¥TN(-d,)
< 0 and the equivalent number of units of bonds again remains ng = N(-d,) > 0.

With dividend paying stocks, the arbitrageur is able to receive the benefits of
dividend payments when long the stock and has to pay dividends when short the
stock. Thus, the burden of carrying the stock is diminished for a long position. The
key insight is that dividends influence the dynamically managed portfolio by lowering
the number of shares to buy for calls and raising the number of shares to short sell for
puts. Higher dividends will lower the value of d;, thus lowering N(d;). Also, higher
dividends will lower the number of bonds to short sell for calls and raise the number
of bonds to buy for puts.

EXAMPLE 11

BSM Model Applied to Equities

Suppose we are given the following information on an underlying stock and
options: S = 60, X = 60, r = 2%, T = 0.5, § = 2%, and o = 45%. Assume we are
examining European-style options.

1. Which answer best describes how the BSM model is used to value a call
option with the parameters given?

A. The BSM model call value is the exercise price times N(d;) less the
present value of the stock price times N(d,).

B. The BSM model call value is the stock price times e‘STN(dl) less the
exercise price times e "TN(d,).

(. The BSM model call value is the stock price times e‘éTN(—dl) less the

present value of the exercise price times e "TN(-d,).

Solution:

B is correct. The BSM call model for a dividend-paying stock can be ex-
pressed as Se“STN(dl) - Xe‘rTN(dz).
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2. Which answer best describes how the BSM model is used to value a put
option with the parameters given?

A. The BSM model put value is the exercise price times N(d;) less the
present value of the stock price times N(d,).

B. The BSM model put value is the exercise price times e‘6TN(—d2) less
the stock price times e‘rTN(—dz).

(. The BSM model put value is the exercise price times e‘rTN(—dz) less
the stock price times e’STN(—dl).

Solution:

C is correct. The BSM put model for a dividend-paying stock can be ex-
pressed as Xe‘rTN(—dZ) - Se‘5TN(—d1).

3. Suppose now that the stock does not pay a dividend—that is, & = 0%. Identi-
fy the correct statement.

A. The BSM model option value is the same as the previous problems
because options are not dividend adjusted.

B. The BSM model option values will be different because there is an
adjustment term applied to the exercise price, that is e=9T, which will
influence the option values.

(. The BSM model option value will be different because d;, dy, and the
stock component are all adjusted for dividends.

Solution:

C is correct. The BSM model option value will be different because d;, d,,
and the stock component are all adjusted for dividends.

EXAMPLE 12

How the BSM Model Is Used to Value Stock Options

1. Suppose that we have some Bank of China shares that are currently trading
on the Hong Kong Stock Exchange at HKD4.41. Our view is that the Bank
of China’s stock price will be steady for the next three months, so we decide
to sell some three-month out-of-the-money calls with exercise price at 4.60
in order to enhance our returns by receiving the option premium. Risk-
free government securities are paying 1.60% and the stock is yielding HKD
0.24%. The stock volatility is 28%. We use the BSM model to value the calls.

Which statement is correct? The BSM model inputs (underlying, exercise,
expiration, risk-free rate, dividend yield, and volatility) are:

A. 4.60, 4.41, 3, 0.0160, 0.0024, and 0.28.

B. 4.41, 4.60, 0.25, 0.0160, 0.0024, and 0.28.

C 4.41,4.41,0.3,0.0160, 0.0024, and 0.28.

Solution:

B is correct. The spot price of the underlying is HKD4.41. The exercise price
is HKD4.60. The expiration is 0.25 years (three months). The risk-free rate is
0.016. The dividend yield is 0.0024. The volatility is 0.28.
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For foreign exchange options, y = rf, which is the continuously compounded foreign
risk-free interest rate. When quoting an exchange rate, we will give the value of the
domestic currency per unit of the foreign currency. For example, Japanese yen (¥) per
unit of the euro (€) will be expressed as the euro trading for ¥135 or succinctly 135¥/€.
This is called the foreign exchange spot rate. Thus, the foreign currency, the euro, is
expressed in terms of the Japanese yen, which is in this case the domestic currency.
This is logical, for example, when a Japanese firm would want to express its foreign
euro holdings in terms of its domestic currency, Japanese yen.

With currency options, the underlying instrument is the foreign exchange spot
rate. Again, the carry benefit is the interest rate in the foreign country because the
foreign currency could be invested in the foreign country’s risk-free instrument. Also,
with currency options, the underlying and the exercise price must be quoted in the
same currency unit. Lastly, the volatility in the model is the volatility of the log return
of the spot exchange rate. Each currency option is for a certain quantity of foreign
currency, termed the notional amount, a concept analogous to the number of shares
of stock covered in an option contract. The total cost of the option would be obtained
by multiplying the formula value by the notional amount in the same way that one
would multiply the formula value of an option on a stock by the number of shares
the option contract covers.

The BSM model applied to currencies can be described as having two components,
a foreign exchange component and a bond component. For call options, the foreign
exchange component is Se TN (d,) and the bond component is e "TXN(d,), where

r is the domestic risk-free rate. The BSM call model applied to currencies is simply
the foreign exchange component minus the bond component. For put options, the
foreign exchange component is Se "fTN(—dl) and the bond component is e "TXN(-

d,). The BSM put model applied to currencies is simply the bond component minus
the foreign exchange component. Remember that the underlying is expressed in terms
of the domestic currency.

EXAMPLE 13

BSM Model Applied to Value Options on Currency

A Japanese camera exporter to Europe has contracted to receive fixed euro (€)
amounts each quarter for his goods. The spot price of the currency pair is 135¥/€.
If the exchange rate falls to, say, 130¥/€, then the yen will have strengthened
because it will take fewer yen to buy one euro. The exporter is concerned that
the yen will strengthen because in this case, his forthcoming fixed euro will buy
fewer yen. Hence, the exporter is considering buying an at-the-money spot euro
put option to protect against this fall; this in essence is a call on yen. The Japanese
risk-free rate is 0.25% and the European risk-free rate is 1.00%.

1. What are the underlying and exercise prices to use in the BSM model to get
the euro put option value?

A. 1/135;1/135

B. 135; 135
C. 135;130
Solution:

B is correct. The underlying is the spot FX price of 135 ¥/€. Because the put
is at-the-money spot, the exercise price equals the spot price.

119



© CFA Institute. For candidate use only. Not for distribution.
120 Learning Module 2 Valuation of Contingent Claims

2. What are the risk-free rate and the carry rate to use in the BSM model to get
the euro put option value?
A. 0.25%; 1.00%
B. 0.25%; 0.00%
(. 1.00%; 0.25%

Solution:

A is correct. The risk-free rate to use is the Japanese rate because the
Japanese yen is the domestic currency unit per the exchange rate quoting
convention. The carry rate is the foreign currency’s risk-free rate, which is
the European rate.

BLACK OPTION VALUATION MODEL AND EUROPEAN
OPTIONS ON FUTURES

] describe how the Black model is used to value European options on
futures

We turn now to examine a modification of the BSM model when the underlying is a
forward or futures contract.

In 1976, Fischer Black introduced a modified version of the BSM model approach
that is applicable to options on underlying instruments that are costless to carry, such
as options on futures contracts—for example, equity index futures—and options on
forward contracts. The latter include interest rate-based options, such as caps, floors,
and swaptions.

European Options on Futures

We assume that the futures price also follows geometric Brownian motion. We ignore
issues like margin requirements and marking to market. Black proposed the following
model for European-style futures options:

¢ = e "T[F(T)N(d,) — XN(d,)] (15)
and
p = e T[XN(=d,) - Fo(T)N(-d,)] (16)
where
- In [Fy (D) /)?+ (e22)T and
oNT
dy = d| - oNT

Note that Fy(T) denotes the futures price at Time 0 that expires at Time T, and ¢ denotes
the volatility related to the futures price. The other terms are as previously defined.
Black’s model is simply the BSM model in which the futures contract is assumed to
reflect the carry arbitrage model. Futures option put—call parity can be expressed as

c=e"[Fy(T) - X] +p amn
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As we have seen before, put—call parity is a useful tool for describing the valuation
relationship between call and put values within various option valuation models.

The Black model can be described in a similar way to the BSM model. The Black
model has two components, a futures component and a bond component. For call
options, the futures component is FO(T)e‘rTN(dl) and the bond component is again
e "TXN(d,). The Black call model is simply the futures component minus the bond
component. For put options, the futures component is F(T)e "TN(~d,) and the bond
component is again e "I XN(~d,). The Black put model is simply the bond component
minus the futures component.

Alternatively, futures option valuation, based on the Black model, is simply com-
puting the present value of the difference between the futures price and the exercise
price. The futures price and exercise price are appropriately adjusted by the N(d)
functions. For call options, the futures price is adjusted by N(d;) and the exercise
price is adjusted by —N(d,) to arrive at difference. For put options, the futures price
is adjusted by —N(—d;) and the exercise price is adjusted by +N(-d,).

EXAMPLE 14

European Options on Futures Index

The S&P 500 Index (a spot index) is presently at 1,860 and the 0.25 expiration
futures contract is trading at 1,851.65. Suppose further that the exercise price is
1,860, the continuously compounded risk-free rate is 0.2%, time to expiration is
0.25, volatility is 15%, and the dividend yield is 2.0%. Based on this information,
the following results are obtained for options on the futures contract.!3

Options on Futures

Calls Puts
N(d;) =0.491 N(-d;) = 0.509
N(d,) = 0.461 N(-d,) = 0.539
¢ = US$51.41 p = US$59.76

1. Identify the statement that best describes how the Black model is used to
value a European call option on the futures contract just described.

A. The call value is the present value of the difference between the exer-
cise price times 0.461 and the current futures price times 0.539.

B. The call value is the present value of the difference between the cur-
rent futures price times 0.491 and the exercise price times 0.461.

C. The call value is the present value of the difference between the cur-
rent spot price times 0.491 and the exercise price times 0.461.

Solution:

B is correct. Recall Black’s model for call options can be expressed as c = e~
"TIE,(T)N(d;) — XN(dy)].

13 We ignore the effect of the multiplier. As of this writing, the S&P 500 futures option contract has a
multiplier of 250. The prices reported here have not been scaled up by this amount. In practice, the option
cost would by 250 times the option value.
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2. Which statement best describes how the Black model is used to value a
European put options on the futures contract just described?

A. The put value is the present value of the difference between the exer-
cise price times 0.539 and the current futures price times 0.509.

B. The put value is the present value of the difference between the cur-
rent futures price times 0.491 and the exercise price times 0.461.

C. The put value is the present value of the difference between the cur-
rent spot price times 0.491 and the exercise price times 0.461.

Solution:

A is correct. Recall Black’s model for put options can be expressed as p = e~
"T[XN(=dy) — Fo(T)N(=d})].

3. What are the underlying and exercise prices to use in the Black futures op-
tion model?

A. 1,851.65; 1,860

B. 1,860; 1,860

C. 1,860; 1,851.65
Solution:

A is correct. The underlying is the futures price of 1,851.65 and the exercise
price was given as 1,860.

1 2 INTEREST RATE OPTIONS

[

describe how the Black model is used to value European interest rate
options and European swaptions

With interest rate options, the underlying instrument is a reference interest rate, such
as three-month MRR. An interest rate call option gains when the reference interest
rate rises and an interest rate put option gains when the reference interest rate falls.
Interest rate options are the building blocks of many other instruments.

For an interest rate call option on three-month MRR with one year to expiration,
the underlying interest rate is a forward rate agreement (FRA) rate that expires in one
year. This FRA is observed today and is the underlying rate used in the Black model.
The underlying rate of the FRA is a 3-month MRR deposit that is investable in 12
months and matures in 15 months. Thus, in one year, the FRA rate typically converges
to the three-month spot MRR.

Interest rates are typically set in advance, but interest payments are made in
arrears, which is referred to as advanced set, settled in arrears. For example, with a
bank deposit, the interest rate is usually set when the deposit is made, say tj—lf but
the interest payment is made when the deposit is withdrawn, say t.. The deposit,
therefore, has t,| = G-t time until maturity. Thus, the rate is advanced set, but the
payment is settled in arrears. Likewise with a floating rate loan, the rate is usually set
and the interest accrues at this known rate, but the payment is made later. Similarly,
with some interest rate options, the time to option expiration (tj_;) when the interest
rate is set does not correspond to the option settlement (t) when the cash payment is
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made, if any. For example, if an interest rate option payment based on three-month
MRR is US$5,000 determined on January 15th, the actual payment of the US$5,000
would occur on April 15.

Interest rates are quoted on an annual basis, but the underlying implied deposit
is often less than a year. Thus, the annual rates must be adjusted for the accrual
period. Recall that the accrual period for a quarterly reset 30/360 day count FRA is
0.25 (= 90/360). If the day count is on an actual (ACT) number of days divided by
360 (ACT/360), then the accrual period may be something like 0.252778 (= 91/360),
assuming 91 days in the period. Typically, the accrual period in FRAs is based on
30/360 whereas the accrual period based on the option is actual number of days in
the contract divided by the actual number of days in the year (identified as ACT/
ACT or ACT/365).

The model presented here is known as the standard market model and is a variation
of Black’s futures option valuation model. Again, let ti_1 denote the time to option
expiration (ACT/365), whereas let t; denote the time to the maturity date of the
underlying FRA. Note that the interest accrual on the underlying begins at the option
expiration (Time tj—l)- Let FRA(O,tj_l,tm) denote the fixed rate on a FRA at Time 0
that expires at Time t;_;, where the underlying matures at Time t; (= t;_; + tp,)), with
all times expressed on an annual basis. We assume the FRA is 30/360 day count. For
example, FRA(0,0.25,0.5) = 2% denotes the 2% fixed rate on a forward rate agreement
that expires in 0.25 years with settlement amount being paid in 0.75 (= 0.25 + 0.5)
years.* Let Ry denote the exercise rate expressed on an annual basis. Finally, let o
denote the interest rate volatility. Specifically, o is the annualized standard deviation
of the continuously compounded percentage change in the underlying FRA rate.

Interest rate options give option buyers the right to certain cash payments based
on observed interest rates. For example, an interest rate call option gives the call
buyer the right to a certain cash payment when the underlying interest rate exceeds
the exercise rate. An interest rate put option gives the put buyer the right to a certain
cash payment when the underlying interest rate is below the exercise rate.

With the standard market model, the prices of interest rate call and put options
can be expressed as

¢ = uPre(570) [FRA (0,6 1,4, ) N (d)) — RyN (dy) ] (18)
and

p = UPre () [RyN (~dy) — FRA (0,6 1,1, ) N (=) | (19)
where

AP denotes the accrual period in years

In [FRA (0,111, IRy] + (@%/2)1;,

d, = P
d2 = dlfo'qufl

The formulas here give the value of the option for a notional amount of 1. In practice,
the notional would be more than one, so the full cost of the option is obtained by
multiplying these formula amounts by the notional amount. Of course, this point is
just the same as finding the value of an option on a single share of stock and then
multiplying that value by the number of shares covered by the option contract.

14 Note that in other contexts the time periods are expressed in months. For example with months, this
FRA would be expressed as FRA(0,3,6). Note that the third term in parentheses denotes the maturity of
the underlying deposit from the expiration of the FRA.
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Immediately, we note that the standard market model requires an adjustment when
compared with the Black model for the accrual period. In other words, a value such
as FRA(O,tj_l,tm) or the strike rate, Ry, as appearing in the formula given earlier, is
stated on an annual basis, as are interest rates in general. The actual option premium
would have to be adjusted for the accrual period. After accounting for this adjustment,
this model looks very similar to the Black model, but there are important but subtle
differences. First, the discount factor, e " (4-1+4n) , does not apply to the option expi-
ration, t;_;. Rather, the discount factor is applied to the maturity date of the FRA or
tj (= ti_1 + ty,). We express this maturity as (j_; + t;;) rather than t; to emphasize the
settlement in arrears nature of this option. Second, rather than the underlying being
a futures price, the underlying is an interest rate, specifically a forward rate based on
a forward rate agreement or FRA(O,tj_l,tm). Third, the exercise price is really a rate
and reflects an interest rate, not a price. Fourth, the time to the option expiration, t_1
is used in the calculation of d; and d,. Finally, both the forward rate and the exercise
rate should be expressed in decimal form and not as percent (for example, 0.02 and
not 2.0). Alternatively, if expressed as a percent, then the notional amount adjustment
could be divided by 100.

As with other option models, the standard market model can be described as
simply the present value of the expected option payoff at expiration. Specifically, we
can express the standard market model for calls as ¢ = PV[E(ctj)] and for puts as p
= PV[E(ptj)], where E(ctj) = (AP)[FRA(O,tj_l,tm)N(dl) - RyN(d,)] and E(ptj) = (AP)
[RyN(-d,) - FRA(O,tj_l,tm)N(—dl)]. The present value term in this context is simply
e”"j = e"\l-1*tn) . Again, note we discount from Time t;, the time when the cash
flows are settled on the FRA.

There are several interesting and useful combinations that can be created with
interest rate options. We focus on a few that will prove useful for understanding
swaptions in the next section. First, if the exercise rate is selected so as to equal the
current FRA rate, then long an interest rate call option and short an interest rate put
option is equivalent to a receive-floating, pay-fixed FRA.

Second, if the exercise rate is again selected so it is equal to the current FRA rate,
then long an interest rate put option and short an interest rate call option is equiva-
lent to a receive-fixed, pay-floating FRA. Note that FRAs are the building blocks of
interest rate swaps.

Third, an interest rate cap is a portfolio or strip of interest rate call options in
which the expiration of the first underlying corresponds to the expiration of the sec-
ond option and so forth. The underlying interest rate call options are termed caplets.
Thus, a set of floating-rate loan payments can be hedged with a long position in an
interest rate cap encompassing a series of interest rate call options.

Fourth, an interest rate floor is a portfolio or strip of interest rate put options in
which the expiration of the first underlying corresponds with the expiration of the sec-
ond option and so forth. The underlying interest rate put options are termed floorlets.
Thus, a floating-rate bond investment or any other floating-rate lending situation can
be hedged with an interest rate floor encompassing a series of interest rate put options.

Fifth, applying put—call parity as discussed earlier, long an interest rate cap and
short an interest rate floor with the exercise prices set at the swap rate is equivalent to
a receive-floating, pay-fixed swap. On a settlement date, when the underlying rate is
above the strike, both the cap and the swap pay off to the party. When the underlying
rate is below the strike on a settlement date, the party must make a payment on the
short floor, just as the case with a swap. For the opposite position, long an interest
rate floor and short an interest rate cap result in the party making a payment when
the underlying rate is above the strike and receiving one when the underlying rate is
below the strike, just as is the case for a pay-floating, receive-fixed swap.
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Finally, if the exercise rate is set equal to the swap rate, then the value of the cap
must be equal to the value of the floor at the start. When an interest rate swap is ini-
tiated, its current value is zero and is known as an at-market swap. When an exercise
rate is selected such that the cap value equals the floor value, then the initial cost of
being long a cap and short the floor is also zero. This occurs when the cap and floor
strike are equal to the swap rate.

EXAMPLE 15

European Interest Rate Options

Suppose you are a speculative investor in Singapore. On 15 May, you anticipate
that some regulatory changes will be enacted, and you want to profit from this
forecast. On 15 June, you intend to borrow 10,000,000 Singapore dollars to fund
the purchase of an asset, which you expect to resell at a profit three months
after purchase, say on 15 September. The current three-month SORA (that is,
Singapore MRR) is 0.55%. The appropriate FRA rate over the period of 15 June
to 15 September is currently 0.68%. You are concerned that rates will rise, so
you want to hedge your borrowing risk by purchasing an interest rate call option
with an exercise rate of 0.60%.

1. In using the Black model to value this interest rate call option, what would
the underlying rate be?
A. 0.55%
B. 0.68%
¢ 0.60%

Solution:

B is correct. In using the Black model, a forward or futures price is used as
the underlying. This approach is unlike the BSM model in which a spot price
is used as the underlying.

2. The discount factor used in pricing this option would be over what period of
time?
A. 15 May-15 June
B. 15 June-15 September
(. 15 May-15 September

Solution:

C is correct. You are pricing the option on 15 May. An option expiring 15
June when the underlying is three-month Sibor will have its payoff deter-
mined on 15 June, but the payment will be made on 15 September. Thus, the
expected payment must be discounted back from 15 September to 15 May.

Interest rate option values are linked in an important way with interest rate swap
values through caps and floors. As we will see in the next section, an interest rate
swap serves as the underlying for swaptions. Thus, once again, we see that important
links exist between interest rate options, swaps, and swaptions.
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SWAPTIONS

] describe how the Black model is used to value European interest rate
options and European swaptions

A swap option or swaption is simply an option on a swap. It gives the holder the
right, but not the obligation, to enter a swap at the pre-agreed swap rate—the exercise
rate. Interest rate swaps can be either receive fixed, pay floating or receive floating,
pay fixed. A payer swaption is an option on a swap to pay fixed, receive floating. A
receiver swaption is an option on a swap to receive fixed, pay floating. Note that the
terms “call” and “put” are often avoided because of potential confusion over the nature
of the underlying. Notice also that the terminology focuses on the fixed swap rate.

A payer swaption buyer hopes the fixed rate goes up before the swaption
expires. When exercised, the payer swaption buyer is able to enter into a pay-fixed,
receive-floating swap at the predetermined exercise rate, Ry. The buyer can then
immediately enter an offsetting at-market receive-fixed, pay-floating swap at the current
fixed swap rate. The floating legs of both swaps will offset, leaving the payer swaption
buyer with an annuity of the difference between the current fixed swap rate and the
swaption exercise rate. Thus, swaption valuation will reflect an annuity.

Swap payments are advanced set, settled in arrears. Let the swap reset dates be
expressed as tg, t, ty, ..., t,. Let Rppy denote the fixed swap rate starting when the
swaption expires, denoted as before with T, quoted on an annual basis, and Ry denote
the exercise rate starting at Time T, again quoted on an annual basis. As before, we
will assume a notional amount of 1.

Because swap rates are quoted on an annual basis, let AP denote the accrual
period. Finally, we need some measure of uncertainty. Let ¢ denote the volatility of
the forward swap rate. More precisely, o denotes annualized, standard deviation of
the continuously compounded percentage changes in the forward swap rate.

The swaption model presented here is a modification of the Black model. Let the
present value of an annuity matching the forward swap payment be expressed as

1
PVA = > PV,, (D
=1 >

This term is equivalent to what is sometimes referred to as an annuity discount
factor. It applies here because a swaption creates a series of equal payments of the
difference in the market swap rate at expiration and the chosen exercise rate. Therefore,
the payer swaption valuation model is

PAYgwn = (AP)PVA[RExN(d)) — RyN(d,)] (20)
and the receiver swaption valuation model
RECgwN = (AP)PVA[R¥N(=d;) — RppxN(=d;)] @n
where
dy = In (Repy/Ry) + (02/2) T, and as always,

O'\/T
dy = d;—oNT

As noted with interest rate options, the actual premium would need to be scaled by
the notional amount. Once again, we can see the similarities to the Black model. We
note that the swaption model requires two adjustments, one for the accrual period and
one for the present value of an annuity. After accounting for these adjustments, this
model looks very similar to the Black model but there are important subtle differences.
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First, the discount factor is absent. The payoff is not a single payment but a series of
payments. Thus, the present value of an annuity used here embeds the option-related
discount factor. Second, rather than the underlying being a futures price, the underly-
ing is the fixed rate on a forward interest rate swap. Third, the exercise price is really
expressed as an interest rate. Finally, both the forward swap rate and the exercise rate
should be expressed in decimal form and not as percent (for example, 0.02 and not 2.0).

As with other option models, the swaption model can be described as simply the
present value of the expected option payoff at expiration. Specifically, we can express
the payer swaption model value as

and the receiver swaption model value as

RECgwn = PVIE(RECgyn 1)),
where

E(PAY gy 1) = €' TPAY gy and
E(RECgwn 1) = €' TRECgyy.

The present value term in this context is simply e "T. Because the annuity term
embedded the discounting over the swaption life, the expected swaption values are
the current swaption values grossed up by the current risk-free interest rate.

Alternatively, the swaption model can be described as having two components, a
swap component and a bond component. For payer swaptions, the swap component
is (AP)PVA(Rgx)N(d;) and the bond component is (AP)PVA(Ry)N(d,). The payer
swaption model value is simply the swap component minus the bond component.
For receiver swaptions, the swap component is (AP)PVA(Rg;x)N(—d;) and the bond
component is (AP)PVA(Ry)N(—d,). The receiver swaption model value is simply the
bond component minus the swap component.

As with nearly all derivative instruments, there are many useful equivalence rela-
tionships. Recall that long an interest rate cap and short an interest rate floor with
the same exercise rate is equal to a receive-floating, pay-fixed interest rate swap. Also,
short an interest rate cap and long an interest rate floor with the same exercise rate
is equal to a pay-floating, receive-fixed interest rate swap. There are also equivalence
relationships with swaptions. In a similar way, long a receiver swaption and short a
payer swaption with the same exercise rate is equivalent to entering a receive-fixed,
pay-floating forward swap. Long a payer swaption and short a receiver swaption with
the same exercise rate is equivalent to entering a receive-floating, pay-fixed forward
swap. Note that if the exercise rate is selected such that the receiver and payer swap-
tions have the same value, then the exercise rate is equal to the at-market forward
swap rate. Thus, there is again a put—call parity relationship important for valuation.

In addition, being long a callable fixed-rate bond can be viewed as being long
a straight fixed-rate bond and short a receiver swaption. A receiver swaption gives
the buyer the right to receive a fixed rate. Hence, the seller will have to pay the fixed
rate when this right is exercised in a lower rate environment. Recall that the bond
issuer has the right to call the bonds. If the bond issuer sells a receiver swaption with
similar terms, then the bond issuer has essentially converted the callable bond into
a straight bond. The bond issuer will now pay the fixed rate on the underlying swap
and the floating rate received will be offset by the floating-rate loan created when
the bond was refinanced. Specifically, the receiver swaption buyer will benefit when
rates fall and the swaption is exercised. Thus, the embedded call feature is similar to
a receiver swaption.
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EXAMPLE 16

European Swaptions

1. Suppose you are an Australian company and have ongoing floating-rate
debt. You have profited for some time by paying at a floating rate because
rates have been falling steadily for the last few years. Now, however, you are
concerned that within three months the Australian central bank may tighten
its monetary policy and your debt costs will thus increase. Rather than lock
in your borrowing via a swap, you prefer to hedge by buying a swaption
expiring in three months, whereby you will have the choice, but not the
obligation, to enter a five-year swap locking in your borrowing costs. The
current three-month forward, five-year swap rate is 2.65%. The current five-
year swap rate is 2.55%. The current three-month risk-free rate is 2.25%.

With reference to the Black model to value the swaption, which statement is
correct?

A. The underlying is the three-month forward, five-year swap rate.

B. The discount rate to use is 2.55%.

C. The swaption time to expiration, T, is five years.

Solution:

A is correct. The current five-year swap rate is not used as a discount rate
with swaptions. The swaption time to expiration is 0.25, not the life of the
swap.

OPTION GREEKS AND IMPLIED VOLATILITY: DELTA

] interpret each of the option Greeks

] describe how a delta hedge is executed

With option valuation models, such as the binomial model, BSM model, and Black’s
model, we are able to estimate a wide array of comparative information, such as how
much the option value will change for a small change in a particular parameter.'> We
will explore this derived information as well as implied volatility in this section. These
topics are essential for those managing option positions and in general in obtaining
a solid understanding of how option prices change. Our discussion will be based on
stock options, though the material covered in this section applies to all types of options.

The measures examined here are known as the Greeks and include, delta, gamma,
theta, vega, and rho. With these calculations, we seek to address how much a par-
ticular portfolio will change for a given small change in the appropriate parameter.
These measures are sometimes referred to as static risk measures in that they capture
movements in the option value for a movement in one of the factors that affect the
option value, while holding all other factors constant.

15 Parameters in the BSM model, for example, include the stock price, exercise price, volatility, time to
expiration, and the risk-free interest rate.
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Our focus here is on European stock options in which the underlying stock is
assumed to pay a dividend yield (denoted §). Note that for non-dividend-paying
stocks, 6 = 0.

Delta

Delta is defined as the change in a given instrument for a given small change in the
value of the stock, holding everything else constant. Thus, the delta of long one share
of stock is by definition +1.0, and the delta of short one share of stock is by definition
—1.0. The concept of the option delta is similarly the change in an option value for
a given small change in the value of the underlying stock, holding everything else
constant. The option deltas for calls and puts are, respectively,

Delta, = e ¥TN(d,) (22)
and
Deltap = fe’STN(fdl) (23)

Note that the deltas are a simple function of N(d;). The delta of an option answers the
question of how much the option will change for a given change in the stock, holding
everything else constant. Therefore, delta is a static risk measure. It does not address
how likely this particular change would be. Recall that N(d,) is a value taken from the
cumulative distribution function of a standard normal distribution. As such, the range
of values is between 0 and 1. Thus, the range of call delta is 0 and e~®T and the range
of put delta is —e~5T and 0. As the stock price increases, the call option goes deeper
in the money and the value of N(d,) is moving toward 1. As the stock price decreases,
the call option goes deeper out of the money and the value of N(d;) is moving toward
zero. When the option gets closer to maturity, the delta will drift either toward 0 if it
is out of the money or drift toward 1 if it is in the money. Clearly, as the stock price
changes and as time to maturity changes, the deltas are also changing.

Delta hedging an option is the process of establishing a position in the underlying
stock of a quantity that is prescribed by the option delta so as to have no exposure
to very small moves up or down in the stock price. Hence, to execute a single option
delta hedge, we first calculate the option delta and then buy or sell delta units of
stock. In practice, rarely does one have only one option position to manage. Thus,
in general, delta hedging refers to manipulating the underlying portfolio delta by
appropriately changing the positions in the portfolio. A delta neutral portfolio refers
to setting the portfolio delta all the way to zero. In theory, the delta neutral portfolio
will not change in value for small changes in the stock instrument. Let N}; denote
the number of units of the hedging instrument and Deltay; denote the delta of the
hedging instrument, which could be the underlying stock, call options, or put options.
Delta neutral implies the portfolio delta plus Ny;Deltay; is equal to zero. The optimal
number of hedging units, Ny, is

_ Portfolio delta

Ny = Deltay

Note that if Ny; is negative, then one must short the hedging instrument, and if N
is positive, then one must go long the hedging instrument. Clearly, if the portfolio is
options and the hedging instrument is stock, then we will buy or sell shares to off-
set the portfolio position. For example, if the portfolio consists of 100,000 shares of
stock at US$10 per share, then the portfolio delta is 100,000. The delta of the hedging
instrument, stock, is +1. Thus, the optimal number of hedging units, Ny, is —100,000
(= —=100,000/1) or short 100,000 shares. Alternatively, if the portfolio delta is 5,000
and a particular call option with delta of 0.5 is used as the hedging instrument, then
to arrive at a delta neutral portfolio, one must sell 10,000 call options (= —5,000/0.5).
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Alternatively, if a portfolio of options has a delta of —1,500, then one must buy 1,500
shares of stock to be delta neutral [= —(-1,500)/1]. If the hedging instrument is stock,
then the delta is +1 per share.

EXAMPLE 17

Delta Hedging

1. Apple stock is trading at US$125. We write calls (that is, we sell calls) on
1,000 Apple shares and now are exposed to an increase in the price of the
Apple stock. That is, if Apple rises, we will lose money because the calls we
sold will go up in value, so our liability will increase. Correspondingly, if Ap-
ple falls, we will make money. We want to neutralize our exposure to Apple.
Say the call delta is 0.50, which means that if Apple goes up by US$0.10, a
call on one Apple share will go up US$0.05. We need to trade in such a way
as to make money if Apple goes up, to offset our exposure. Hence, we buy
500 Apple shares to hedge. Now, if Apple goes up US$0.10, the sold calls will
go up US$50 (our liability goes up), but our long 500 Apple hedge will profit
by US$50. Hence, we are delta hedged.

Identify the incorrect statement:

A. If we sell Apple puts, we need to buy Apple stock to delta hedge.
B. Call delta is non-negative (= 0); put delta is non-positive (< 0).
(. Delta hedging is the process of neutralizing exposure to the
underlying.
Solution:

A is the correct answer because statement A is incorrect. If we sell puts, we
need to short sell stock to delta hedge.

One final interpretation of option delta is related to forecasting changes in option
prices. Let ¢, P, and S denote some new value for the call, put, and stock. Based on
an approximation method, the change in the option price can be estimated with a
concept known as a delta approximation or

¢ - c = Delta, (§ - S) for calls and
P -p = Delta, (§ - S) for puts.10
We can now illustrate the actual call values as well as the estimated call values

based on delta. Exhibit 15 illustrates the call value based on the BSM model and the
call value based on the delta approximation,

IR

¢ = c+Delta, (S-8).

Notice for very small changes in the stock, the delta approximation is fairly accurate.
For example, if the stock value rises from 100 to 101, notice that both the call line and
the call (delta) estimated line are almost the same value. If, however, the stock value
rises from 100 to 150, the call line is now significantly above the call (delta) estimated
line. Thus, we see that as the change in the stock increases, the estimation error also
increases. The delta approximation is biased low for both a down move and an up move.

16 The symbol = denotes approximately. The approximation method is known as a Taylor series. Also
note that the put delta is non-positive (< 0).
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Exhibit 15: Call Values and Delta Estimated Call Values (S=100=X, r =5%,

0=30%,6=0)
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We see that delta hedging is imperfect and gets worse as the underlying moves further
away from its original value of 100. Based on the graph, the BSM model assumption
of continuous trading is essential to avoid hedging risk. This hedging risk is related to
the difference between these two lines and the degree to which the underlying price
experiences large changes.

EXAMPLE 18

Delta Hedging

Suppose we know S = 100, X = 100, r = 5%, T = 1.0, ¢ = 30%, and & = 5%. We
have a short position in put options on 10,000 shares of stock. Based on this
information, we note Delta, = 0.532, and Delta, = —0.419. Assume each stock
option contract is for one share of stock.

1. The appropriate delta hedge, assuming the hedging instrument is stock, is
executed by which of the following transactions? Select the closest answer.
A. Buy 5,320 shares of stock.
B. Short sell 4,190 shares of stock.
C. Buy 4,190 shares of stock.

Solution:

B is correct. Recall that Ny M The put delta is given as
—0.419, thus the short put delta is 0. 419 ]fn this case, Portfolio delta =
10,000(0.419) = 4,190 and Deltay; = 1.0. Thus, the number of number of
hedging units is —4,190 [= —(4,190/1)] or short sell 4,190 shares of stock.
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2. The appropriate delta hedge, assuming the hedging instrument is calls, is
executed by which of the following transactions? Select the closest answer.
A. Sell 7,876 call options.
B. Sell 4,190 call options.
C. Buy 4,190 call options.

Solution:

A is correct. Again the Portfolio delta = 4,190 but now Deltay; = 0.532. Thus,
the number of hedging units is —7,875.9 [= —(4,190/0.532)] or sell 7,876 call
options.

3. Identify the correct interpretation of an option delta.
A. Option delta measures the curvature in the option price with respect
to the stock price.

B. Option delta is the change in an option value for a given small change
in the stock’s value, holding everything else constant.

C. Option delta is the probability of the option expiring in the money.
Solution:

B is correct. Delta is defined as the change in a given portfolio for a given
small change in the stock’s value, holding everything else constant. Option
delta is defined as the change in an option value for a given small change in
the stock’s value, holding everything else constant.

GAMMA

] interpret each of the option Greeks

] describe the role of gamma risk in options trading

Recall that delta is a good approximation of how an option price will change for a small
change in the stock. For larger changes in the stock, we need better accuracy. Gamma
is defined as the change in a given instrument’s delta for a given small change in the
stock’s value, holding everything else constant. Option gamma is similarly defined as
the change in a given option delta for a given small change in the stock’s value, holding
everything else constant. Option gamma is a measure of the curvature in the option
price in relationship to the stock price. Thus, the gamma of a long or short position
in one share of stock is zero because the delta of a share of stock never changes. A
stock always moves one-for-one with itself. Thus, its delta is always +1 and, of course,
—1 for a short position in the stock. The gamma for a call and put option are the same
and can be expressed as

0T

Gamma, = Gamma,, =~=n (dy) (24)

where n(d;) is the standard normal probability density function. The lowercase “n” is
distinguished from the cumulative normal distribution—which the density function
generates—and that we have used elsewhere in this reading denoted by uppercase
“N”. The gamma of a call equals the gamma of a similar put based on put—call parity
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or c — p = Sy — e *TX. Note that neither S, nor e™TX is a direct function of delta.
Hence, the right-hand side of put—call parity has a delta of 1. Thus, the right-hand
side delta is not sensitive to changes in the underlying. Therefore, the gamma of a call
must equal the gamma of a put.

Gamma is always non-negative. Gamma takes on its largest value near at the money.
Options deltas do not change much for small changes in the stock price if the option
is either deep in or deep out of the money. Also, as the stock price changes and as
time to expiration changes, the gamma is also changing.

Gamma measures the rate of change of delta as the stock changes. Gamma approx-
imates the estimation error in delta for options because the option price with respect
to the stock is non-linear and delta is a linear approximation. Thus, gamma is a risk
measure; specifically, gamma measures the non-linearity risk or the risk that remains
once the portfolio is delta neutral. A gamma neutral portfolio implies the gamma is
zero. For example, gamma can be managed to an acceptable level first and then delta
is neutralized as a second step. This hedging approach is feasible because options have
gamma but a stock does not. Thus, in order to modify gamma, one has to include
additional option trades in the portfolio. Once the revised portfolio, including any new
option trades, has the desired level of gamma, then the trader can get the portfolio
delta to its desired level as step two. To alter the portfolio delta, the trader simply buys
or sells stock. Because stock has a positive delta, but zero gamma, the portfolio delta
can be brought to its desired level with no impact on the portfolio gamma.

One final interpretation of gamma is related to improving the forecasted changes
in option prices. Again, let ¢, p, and S denote new values for the call, put, and stock.
Again based on an approximation method, the change in the option price can be
estimated by a delta-plus-gamma approximation or

Gamma, /A

¢—c = Delta, (S-8) + 3 (S—S)2 for calls and

Gamma, .

Delta,, (S-s) + 3 L (S- S)2 for puts.

u

p—p

Exhibit 16 illustrates the call value based on the BSM model; the call value based
on the delta approximation,

¢ = c+Delta, (S-9);

and the call value based on the delta-plus-gamma approximation,

Gamma, (§ B S)Z.

¢ = c+Delta, (S-8) + 3

Notice again that for very small changes in the stock, the delta approximation and the
delta-plus-gamma approximations are fairly accurate. If the stock value rises from 100
to 150, the call line is again significantly above the delta estimated line but is below the
delta-plus-gamma estimated line. Importantly, the call delta-plus-gamma estimated
line is significantly closer to the BSM model call values. Thus, we see that even for
fairly large changes in the stock, the delta-plus-gamma approximation is accurate. As
the change in the stock increases, the estimation error also increases. From Exhibit
16, we see the delta-plus-gamma approximation is biased low for a down move but
biased high for an up move. Thus, when estimating how the call price changes when
the underlying changes, we see how the delta-plus-gamma approximation is an
improvement when compared with using the delta approximation on its own.
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Exhibit 16: Call Values, Delta Estimated Call Values, and Delta-Plus-Gamma

Estimated Call Values (S=100=X, r =5%, 6 =30%, 6 =0)
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If the BSM model assumptions hold, then we would have no risk in managing option
positions. In reality, however, stock prices often jump rather than move continuously
and smoothly, which creates “gamma risk” Gamma risk is so-called because gamma
measures the risk of stock prices jumping when hedging an option position, and thus
leaving us suddenly unhedged.

EXAMPLE 19

Gamma Risk in Option Trading

1. Suppose we are options traders and have only one option position—a short
call option. We also hold some stock such that we are delta hedged. Which
one of the following statements is true?

A. We are gamma neutral.

B. Buying a call will increase our overall gamma.

C. Our overall position is a positive gamma, which will make large moves
profitable for us, whether up or down.

Solution:

B is correct. Buying options (calls or puts) will always increase net gamma.
A is incorrect because we are short gamma, not gamma neutral. C is also
incorrect because we are short gamma. We can only become gamma neutral
from a short gamma position by purchasing options.
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THETA

] interpret each of the option Greeks

Theta is defined as the change in a portfolio for a given small change in calendar time,
holding everything else constant. Option theta is similarly defined as the change in
an option value for a given small change in calendar time, holding everything else
constant. Option theta is the rate at which the option time value declines as the option
approaches expiration. To understand theta, it is important to remember the “hold-
ing everything else constant” assumption. Specifically, the theta calculation assumes
nothing changes except calendar time. Clearly, if calendar time passes, then time to
expiration declines. Because stocks do not have an expiration date, the stock theta is
zero. Like gamma, theta cannot be adjusted with stock trades.

The gain or loss of an option portfolio in response to the mere passage of calendar
time is known as time decay. Particularly with long options positions, often the mere
passage of time without any change in other variables, such as the stock, will result
is significant losses in value. Therefore, investment managers with significant option
positions carefully monitor theta and their exposure to time decay. Time decay is
essentially the measure of profit and loss of an option position as time passes, holding
everything else constant.

Note that theta is fundamentally different from delta and gamma in the sense
that the passage of time does not involve any uncertainty. There is no chance that
time will go backward. Time marches on, but it is important to understand how your
investment position will change with the mere passage of time.

Typically, theta is negative for options. That is, as calendar time passes, expiration
time declines and the option value also declines. Exhibit 17 illustrates the option value
with respect to time to expiration. Remember, as calendar time passes, the time to
expiration declines. Both the call and the put option are at the money and eventually
are worthless if the stock does not change. Notice, however, how the speed of the
option value decline increases as time to expiration decreases.
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Exhibit 17: Option Values and Time to Expiration (S=100=X,r=5%, 6=

30%, 6 =0)

Option Values (3)
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Time to Expiration (years)

1 7 VEGA

] interpret each of the option Greeks

Vega is defined as the change in a given portfolio for a given small change in volatility,
holding everything else constant. Vega measures the sensitivity of a given portfolio
to volatility. The vega of an option is positive. An increase in volatility results in an
increase in the option value for both calls and puts.

The vega of a call equals the vega of a similar put based on put—call parity or
c—p =Sy - e "TX. Note that neither Sy nor e "X is a direct function of volatility.
Therefore, the vega of a call must offset the vega of a put so that the vega of the
right-hand side is zero.

Unlike the Greeks we have already discussed, vega is based on an unobservable
parameter, future volatility. Although historical volatility can be calculated, there is no
objective measure of future volatility. Similar to the concept of expected value, future
volatility is subjective. Thus, vega measures the sensitivity of a portfolio to changes
in the volatility used in the option valuation model. Option values are generally quite
sensitive to volatility. In fact, of the five variables in the BSM, an option’s value is most
sensitive to volatility changes.

At extremely low volatility, the option values tend toward their lower bounds. The
lower bound of a European-style call option is zero or the stock less the present value
of the exercise price, whichever is greater. The lower bound of a European-style put
option is zero or the present value of the exercise price less the stock, whichever is
greater. Exhibit 18 illustrates the option values with respect to volatility. In this case,
the call lower bound is 4.88 and the put lower bound is 0. The difference between the
call and put can be explained by put—call parity.
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Exhibit 18: Option Values and Volatility (S=100=X,r=5%,T=1,6 =0)

Option Values ($)
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Vega is very important in managing an options portfolio because option values can
be very sensitive to volatility changes. Vega is high when options are at or near the
money. Volatility is usually only hedged with other options and volatility itself can be
quite volatile. Volatility is sometimes considered a separate asset class or a separate
risk factor. Because it is rather exotic and potentially dangerous, exposure to volatility
needs to be managed, bearing in mind that risk managers, board members, and clients
may not understand or appreciate losses if volatility is the source.

RHO

] interpret each of the option Greeks

Rho is defined as the change in a given portfolio for a given small change in the risk-free
interest rate, holding everything else constant. Thus, rho measures the sensitivity of
the portfolio to the risk-free interest rate.

The rho of a call is positive. Intuitively, buying an option avoids the financing costs
involved with purchasing the stock. In other words, purchasing a call option allows an
investor to earn interest on the money that otherwise would have gone to purchasing
the stock. The higher the interest rate, the higher the call value.

The rho of a put is negative. Intuitively, the option to sell the stock delays the
opportunity to earn interest on the proceeds from the sale. For example, purchasing
a put option rather than selling the stock deprives an investor of the potential interest
that would have been earned from the proceeds of selling the stock. The higher the
interest rate, the lower the put value.

When interest rates are zero, the call and put option values are the same for
at-the-money options. Recall that with put—call parity, we have ¢ — p = Sy — e "X,
and when interest rates are zero, then the present value function has no effect. As
interest rates rise, the difference between call and put options increases as illustrated
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in Exhibit 19. The impact on option prices when interest rates change is relatively
small when compared with that for volatility changes and that for changes in the stock.
Hence, the influence of interest rates is generally not a major concern.!”

Exhibit 19: Option Values and Interest Rates (S=100=X,r=5%,T=1,8=0)

Option Values ($)
30

25 |

Call Value
20 |

Interest Rate (%)

IMPLIED VOLATILITY

] define implied volatility and explain how it is used in options trading

As we have already touched on in Section 6.4, for most options, the value is particularly
sensitive to volatility. Unlike the price of the underlying, however, volatility, is not an
observable value in the marketplace. Volatility can be, and often is estimated, based
on a sample of historical data. For example, for a three-month option, we might look
back over the last three months and calculate the actual historical stock volatility. We
can then use this figure as an estimate of volatility over the next three months. The
volatility parameter in the BSM model, however, is the future volatility. As we know,
history is a very frail guide of the future, so the option may appear to be “mispriced”
with respect to the actual future volatility experienced. Different investors will have
different views of the future volatility. The one with the most accurate forecast will
have the most accurate assessment of the option value.

Much like yield to maturity with bonds, volatility can be inferred from option prices.
This inferred volatility is called the implied volatility. Thus, one important use of the
BSM model is to invert the model and estimate implied volatility. The key advantage

17 An exception to this rule is that with interest rate options, the interest rate is not constant and serves
as the underlying. The relationship between the option value and the underlying interest rate is, therefore,
captured by the delta, not the rho. Rho is really more generally the relationship between the option value
and the rate used to discount cash flows.
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is that implied volatility provides information regarding the perceived uncertainty
going forward and thereby allows us to gain an understanding of the collective opin-
ions of investors on the volatility of the underlying and the demand for options. If the
demand for options increases and the no-arbitrage approach is not perfectly reflected
in market prices—for example, because of transaction costs—then the preference for
buying options will drive option prices up, and hence, the observed implied volatility.
This kind of information is of great value to traders in options.

Recall that one assumption of the BSM model is that all investors agree on the
value of volatility and that this volatility is non-stochastic. Note that the original BSM
model assumes the underlying instrument volatility is constant in our context. That
is, when we calculate option values, we have assumed a single volatility number, like
30%. In practice, it is very common to observe different implied volatilities for different
exercise prices and observe different implied volatilities for calls and puts with the
same terms. Implied volatility also varies across time to expiration as well as across
exercise prices. The implied volatility with respect to time to expiration is known as the
term structure of volatility, whereas the implied volatility with respect to the exercise
price is known as the volatility smile or sometimes skew depending on the particular
shape. It is common to construct a three dimensional plot of the implied volatility
with respect to both expiration time and exercise prices, a visualization known as the
volatility surface. If the BSM model assumptions were true, then one would expect
to find the volatility surface flat.

Implied volatility is also not constant through calendar time. As implied volatility
increases, market participants are communicating an increased market price of risk.
For example, if the implied volatility of a put increases, it is more expensive to buy
downside protection with a put. Hence, the market price of hedging is rising. With
index options, various volatility indexes have been created, and these indexes measure
the collective opinions of investors on the volatility in the market. Investors can now
trade futures and options on various volatility indexes in an effort to manage their
vega exposure in other options.

Exhibit 20 provides a look at a couple of decades of one such volatility index, the
Chicago Board Options Exchange S&P 500 Volatility Index, known as the VIX. The
VIX is quoted as a percent and is intended to approximate the implied volatility of the
S&P 500 over the next 30 days. VIX is often termed the fear index because it is viewed
as a measure of market uncertainty. Thus, an increase in the VIX index is regarded as
greater investor uncertainty. From this figure, we see that the implied volatility of the
S&P 500 is not constant and goes through periods when the VIX is low and periods
when the VIX is high. In the 2008 global financial crisis, the VIX was extremely high,
indicating great fear and uncertainty in the equity market. Remember that implied
volatility reflects both beliefs regarding future volatility as well as a preference for risk
mitigating products like options. Thus, during the crisis, the higher implied volatility
reflected both higher expected future volatility as well as increased preference for
buying rather than selling options.
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Exhibit 20: VIX Daily Values, 2 January 1990-18 July 2014
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Implied volatility has several uses in option trading. An understanding of implied
volatility is essential in managing an options portfolio. This reading explains the val-
uation of options as a function of the value of the underlying, the exercise price, the
expiration date, the risk-free rate, dividends or other benefits paid by the underlying,
and the volatility of the underlying. Note that each of these parameters is observable
except the volatility of the underlying over the option term looking ahead. This volatility
has to be estimated in some manner, such as by calculating historical volatility. But
as noted, historical volatility involves looking back in time. There are, however, a vast
number of liquid options traded on exchanges around the world so that a wide variety
of option prices are observable. Because we know the price and all the parameters
except the volatility, we can back out the volatility needed by the option valuation
model to get the known price. This volatility is the implied volatility.

Hence, implied volatility can be interpreted as the market’s view of how to value
options. In the option markets, participants use volatility as the medium in which to
quote options. The price is simply calculated by the use of an agreed model with the
quoted volatility. For example, rather than quote a particular call option as trading
for €14.23, it may be quoted as 30.00, where 30.00 denotes in percentage points the
implied volatility based on a €14.23 option price. Note that there is a one-to-one rela-
tionship between the implied volatility and the option price, ignoring rounding errors.

The benefit of quoting via implied volatility (or simply volatility), rather than price,
is that it allows volatility to be traded in its own right. Volatility is the “guess factor”
in option pricing. All other inputs—value of the underlying, exercise price, expiration,
risk-free rate, and dividend yield—are agreed.!® Volatility is often the same order of
magnitude across exercise prices and expiration dates. This means that traders can
compare the values of two options, which may have markedly different exercise prices
and expiration dates, and therefore, markedly different prices in a common unit of
measure, specifically implied volatility.

18 The risk-free rate and dividend yield may not be entirely agreed, but the impact of variations to these
parameters is generally very small compared with the other inputs.
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EXAMPLE 20

Implied Volatility in Option Trading within One Market

1. Suppose we hold portfolio of options all tied to FTSE 100 futures contracts.
Let the current futures price be 6,850. A client calls to request our offer
prices on out-of-the-money puts and at-the-money puts, both with the same
agreed expiration date. We calculate the prices to be respectively, 190 and
280 futures points. The client wants these prices quoted in implied volatility
as well as in futures points because she wants to compare prices by compar-
ing the quoted implied volatilities. The implied volatilities are 16% for the
out-of-the-money puts and 15.2% for the at-the-money puts. Why does the
client want the quotes in implied volatility?

A. Because she can better compare the two options for value—that is, she
can better decide which is cheap and which is expensive.

B. Because she can assess where implied volatility is trading at that time,
and thus consider revaluing her options portfolio at the current mar-
ket implied volatilities for the FTSE 100.

(. Both A and B are valid reasons for quoting options in volatility units.

Solution:

C is correct. Implied volatility can be used to assess the relative value of
different options, neutralizing the moneyness and time to expiration effects.
Also, implied volatility is useful for revaluing existing positions over time.

EXAMPLE 21

Implied Volatility in Option Trading Across Markets

1. Suppose an options dealer offers to sell a three-month at-the-money call on
the FTSE index option at 19% implied volatility and a one-month in-the-
money put on Vodaphone (VOD) at 24%. An option trader believes that
based on the current outlook, FTSE volatility should be closer to 25% and
VOD volatility should be closer to 20%. What actions might the trader take
to benefit from her views?

A. Buy the FTSE call and the VOD put.

B. Buy the FTSE call and sell the VOD put.
C. Sell the FTSE call and sell the VOD puts.

Solution:

B is correct. The trader believes that the FTSE call volatility is understated
by the dealer and that the VOD put volatility is overstated. Thus, the trader
would expect FTSE volatility to rise and VOD volatility to fall. As a result,
the FTSE call would be expected to increase in value and the VOD put
would be expected to decrease in value. The trader would take the positions
as indicated in B.

Regulators, banks, compliance officers, and most option traders use implied vol-
atilities to communicate information related to options portfolios. This is because
implied volatilities, together with standard pricing models, give the “market consensus”
valuation, in the same way that other assets are valued using market prices.
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In summary, as long as all market participants agree on the underlying option
model and how other parameters are calculated, then implied volatility can be used
as a quoting mechanism. Recall that there are calls and puts, various exercise prices,
various maturities, American and European, and exchange-traded and OTC options.
Thus, it is difficult to conceptualize all these different prices. For example, if two
call options on the same stock had different prices, but one had a longer expiration
and lower exercise price and the other had a shorter expiration and higher exercise,
which should be the higher priced option? It is impossible to tell on the surface. But
if one option implied a higher volatility than the other, we know that after taking into
account the effects of time and exercise, one option is more expensive than the other.
Thus, by converting the quoted price to implied volatility, it is easier to understand
the current market price of various risk exposures.

SUMMARY

This reading on the valuation of contingent claims provides a foundation for under-
standing how a variety of different options are valued. Key points include the following:

= The arbitrageur would rather have more money than less and abides by two
fundamental rules: Do not use your own money and do not take any price
risk.

= The no-arbitrage approach is used for option valuation and is built on the
key concept of the law of one price, which says that if two investments have
the same future cash flows regardless of what happens in the future, then
these two investments should have the same current price.

= Throughout this reading, the following key assumptions are made:

¢ Replicating instruments are identifiable and investable.
e Market frictions are nil.
¢ Short selling is allowed with full use of proceeds.
¢ The underlying instrument price follows a known distribution.
¢ Borrowing and lending is available at a known risk-free rate.
= The two-period binomial model can be viewed as three one-period binomial
models, one positioned at Time 0 and two positioned at Time 1.

= In general, European-style options can be valued based on the expectations
approach in which the option value is determined as the present value of the
expected future option payouts, where the discount rate is the risk-free rate
and the expectation is taken based on the risk-neutral probability measure.

=  Both American-style options and European-style options can be valued
based on the no-arbitrage approach, which provides clear interpretations of
the component terms; the option value is determined by working backward
through the binomial tree to arrive at the correct current value.

= For American-style options, early exercise influences the option values and
hedge ratios as one works backward through the binomial tree.

= Interest rate option valuation requires the specification of an entire term

structure of interest rates, so valuation is often estimated via a binomial
tree.
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= A key assumption of the Black—Scholes—Merton option valuation model is
that the return of the underlying instrument follows geometric Brownian
motion, implying a lognormal distribution of the price.

= The BSM model can be interpreted as a dynamically managed portfolio of
the underlying instrument and zero-coupon bonds.

= BSM model interpretations related to N(d;) are that it is the basis for the
number of units of underlying instrument to replicate an option, that it is
the primary determinant of delta, and that it answers the question of how
much the option value will change for a small change in the underlying.

= BSM model interpretations related to N(d,) are that it is the basis for the
number of zero-coupon bonds to acquire to replicate an option and that it is
the basis for estimating the risk-neutral probability of an option expiring in
the money.

= The Black futures option model assumes the underlying is a futures or a
forward contract.

= Interest rate options can be valued based on a modified Black futures option
model in which the underlying is a forward rate agreement (FRA), there is
an accrual period adjustment as well as an underlying notional amount, and
that care must be given to day-count conventions.

= An interest rate cap is a portfolio of interest rate call options termed caplets,
each with the same exercise rate and with sequential maturities.

= An interest rate floor is a portfolio of interest rate put options termed floor-
lets, each with the same exercise rate and with sequential maturities.

= A swaption is an option on a swap.
= A payer swaption is an option on a swap to pay fixed and receive floating.
= A receiver swaption is an option on a swap to receive fixed and pay floating.

= Long a callable fixed-rate bond can be viewed as long a straight fixed-rate
bond and short a receiver swaption.

= Delta is a static risk measure defined as the change in a given portfolio for a
given small change in the value of the underlying instrument, holding every-
thing else constant.

= Delta hedging refers to managing the portfolio delta by entering additional
positions into the portfolio.

= A delta neutral portfolio is one in which the portfolio delta is set and main-
tained at zero.

= A change in the option price can be estimated with a delta approximation.

= Because delta is used to make a linear approximation of the non-linear rela-
tionship that exists between the option price and the underlying price, there
is an error that can be estimated by gamma.

=  Gamma is a static risk measure defined as the change in a given portfolio
delta for a given small change in the value of the underlying instrument,
holding everything else constant.

=  Gamma captures the non-linearity risk or the risk—via exposure to the
underlying—that remains once the portfolio is delta neutral.

= A gamma neutral portfolio is one in which the portfolio gamma is main-
tained at zero.

= The change in the option price can be better estimated by a
delta-plus-gamma approximation compared with just a delta approximation.
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= Theta is a static risk measure defined as the change in the value of an option
given a small change in calendar time, holding everything else constant.

= Vega is a static risk measure defined as the change in a given portfolio for a
given small change in volatility, holding everything else constant.

= Rho is a static risk measure defined as the change in a given portfolio for
a given small change in the risk-free interest rate, holding everything else
constant.

= Although historical volatility can be estimated, there is no objective measure
of future volatility.

= Implied volatility is the BSM model volatility that yields the market option
price.

= Implied volatility is a measure of future volatility, whereas historical volatil-
ity is a measure of past volatility.

= Option prices reflect the beliefs of option market participant about the
future volatility of the underlying.

= The volatility smile is a two dimensional plot of the implied volatility with
respect to the exercise price.

= The volatility surface is a three dimensional plot of the implied volatility
with respect to both expiration time and exercise prices.

= If the BSM model assumptions were true, then one would expect to find the
volatility surface flat, but in practice, the volatility surface is not flat.
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PRACTICE PROBLEMS

The following information relates to questions
1-9

Bruno Sousa has been hired recently to work with senior analyst Camila Rocha.
Rocha gives him three option valuation tasks.

Alpha Company

Sousa’s first task is to illustrate how to value a call option on Alpha Company
with a one-period binomial option pricing model. It is a non-dividend-paying
stock, and the inputs are as follows.

= The current stock price is 50, and the call option exercise price is 50.
= In one period, the stock price will either rise to 56 or decline to 46.

= The risk-free rate of return is 5% per period.

Based on the model, Rocha asks Sousa to estimate the hedge ratio, the
risk-neutral probability of an up move, and the price of the call option. In the
illustration, Sousa is also asked to describe related arbitrage positions to use if the
call option is overpriced relative to the model.

Beta Company

Next, Sousa uses the two-period binomial model to estimate the value of a
European-style call option on Beta Company’s common shares. The inputs are as
follows.

= The current stock price is 38, and the call option exercise price is 40.
= The up factor () is 1.300, and the down factor (d) is 0.800.

= The risk-free rate of return is 3% per period.

Sousa then analyzes a put option on the same stock. All of the inputs, including
the exercise price, are the same as for the call option. He estimates that the value
of a European-style put option is 4.53. Exhibit 1 summarizes his analysis. Sousa
next must determine whether an American-style put option would have the same
value.
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Exhibit 1: Two-Period Binomial European-Style Put Option on Beta

Company
Item Value
Underlying 64.22
Item Value Put 0
Underlying 49.4
Put 0.2517
Item Value Hedge Ratio —-0.01943
Item Value
Underlying 38
Underlying 39.52
Put 4.5346
Put 0.48
Hedge Ratio ~0.4307 Ttem Value
Underlying 30.4
Item Value
Put 8.4350
Underlying 24.32
Hedge Ratio -1
Put 15.68
Time =0 Time =1 Time =2

Sousa makes two statements with regard to the valuation of a European-style
option under the expectations approach.

Statement 1  The calculation involves discounting at the risk-free rate.

Statement 2 The calculation uses risk-neutral probabilities instead of true
probabilities.

Rocha asks Sousa whether it is ever profitable to exercise American options prior
to maturity. Sousa answers, “I can think of two possible cases. The first case is the
early exercise of an American call option on a dividend-paying stock. The second
case is the early exercise of an American put option”

Interest Rate Option

The final option valuation task involves an interest rate option. Sousa must value
a two-year, European-style call option on a one-year spot rate. The notional value
of the option is 1 million, and the exercise rate is 2.75%. The risk-neutral proba-
bility of an up move is 0.50. The current and expected one-year interest rates are
shown in Exhibit 2, along with the values of a one-year zero-coupon bond of 1
notional value for each interest rate.
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Exhibit 2: Two-Year Interest Rate Lattice for an Interest Rate Option

Maturity Value Rate

Maturity Value Rate ! 0952381 5%
1 0.961538 4%

Maturity Value Rate Maturity Value Rate

1 0.970874 3% 1 0.970874 3%
Maturity Value Rate
1 0.980392 2%

Maturity Value Rate

1 0.990099 1%

Time =0 Time =1 Time =2

Rocha asks Sousa why the value of a similar in-the-money interest rate call op-
tion decreases if the exercise price is higher. Sousa provides two reasons.

Reason 1 The exercise value of the call option is lower.

Reason 2 The risk-neutral probabilities are changed.

1. The optimal hedge ratio for the Alpha Company call option using the one-period
binomial model is closest to:

A. 0.60.
B. 0.67.
¢ 1.67.

2. The risk-neutral probability of the up move for the Alpha Company stock is
closest to:

A. 0.06.
B. 0.40.

¢ 0.65.

3. The value of the Alpha Company call option is closest to:

A. 3.71.
B. 5.71.
¢ 6.19.

4. For the Alpha Company option, the positions to take advantage of the arbitrage
opportunity are to write the call and:

A. short shares of Alpha stock and lend.
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B. buy shares of Alpha stock and borrow.

C. short shares of Alpha stock and borrow.

5. The value of the European-style call option on Beta Company shares is closest to:

A. 4.83.
B. 5.12.
¢ 7.61.

6. The value of the American-style put option on Beta Company shares is closest to:

A. 4.53.
B. 5.15.
¢ 9.32

7. Which of Sousa’s statements about binomial models is correct?

A. Statement 1 only
B. Statement 2 only

C. Both Statement 1 and Statement 2

8. Based on Exhibit 2 and the parameters used by Sousa, the value of the interest
rate option is closest to:

A. 5,251.
B. 6,236.
C. 6,429.

9. Which of Sousa’s reasons for the decrease in the value of the interest rate option
is correct?

A. Reason 1 only
B. Reason 2 only

C. Both Reason 1 and Reason 2

The following information relates to questions
10-17

Trident Advisory Group manages assets for high-net-worth individuals and
family trusts.

Alice Lee, chief investment officer, is meeting with a client, Noah Solomon, to
discuss risk management strategies for his portfolio. Solomon is concerned about
recent volatility and has asked Lee to explain options valuation and the use of
options in risk management.

Options on Stock
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Lee uses the BSM model to price TCB, which is one of Solomon’s holdings.
Exhibit 1 provides the current stock price (S), exercise price (X), risk-free interest
rate (r), volatility (o), and time to expiration (7) in years as well as selected out-
puts from the BSM model. TCB does not pay a dividend.

Exhibit 1: BSM Model for European Options on TCB

BSM Inputs
S X r c T
$57.03 55 0.22% 32% 0.25
BSM Outputs
BSM BSM
d, N(d,) d, N(d5) Call Price Put Price
0.3100 0.6217 0.1500 0.5596 $4.695 $2.634

Options on Futures

The Black model valuation and selected outputs for options on another of Solo-
mon’s holdings, the GPX 500 Index (GPX), are shown in Exhibit 2. The spot index
level for the GPX is 187.95, and the index is assumed to pay a continuous divi-
dend at a rate of 2.2% () over the life of the options being valued, which expire in
0.36 years. A futures contract on the GPX also expiring in 0.36 years is currently
priced at 186.73.

Exhibit 2: Black Model for European Options on the GPX Index

Black Model Inputs

GPX Index X r c T d Yield
187.95 180 0.39% 24% 0.36 2.2%
Black Model Black Model Market Market

Call Value Put Value Call Price Put Price
$14.2089 $7.4890 $14.26 $7.20

Option Greeks

Gamma Rho

(call or Theta (call) Vega per %
Delta (call) Delta (put) put) (call) daily  per % (call or put)
0.6232 -0.3689 0.0139 -0.0327 0.3705 0.4231

After reviewing Exhibit 2, Solomon asks Lee which option Greek letter best de-
scribes the changes in an option’s value as time to expiration declines.

Solomon observes that the market price of the put option in Exhibit 2 is $7.20.
Lee responds that she used the historical volatility of the GPX of 24% as an input
to the BSM model, and she explains the implications for the implied volatility for
the GPX.

Options on Interest Rates

Solomon forecasts the three-month MRR will exceed 0.85% in six months and is
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considering using options to reduce the risk of rising rates. He asks Lee to value
an interest rate call with a strike price of 0.85%. The current three-month MRR
is 0.60%, and an FRA for a three-month MRR loan beginning in six months is
currently 0.75%.

Hedging Strategy for the Equity Index

Solomon’s portfolio currently holds 10,000 shares of an exchange-traded fund
(ETF) that tracks the GPX. He is worried the index will decline. He remarks to
Lee, “You have told me how the BSM model can provide useful information for
reducing the risk of my GPX position” Lee suggests a delta hedge as a strategy to
protect against small moves in the GPX Index.

Lee also indicates that a long position in puts could be used to hedge larger
moves in the GPX. She notes that although hedging with either puts or calls
can result in a delta-neutral position, they would need to consider the resulting
gamma.

10. Based on Exhibit 1 and the BSM valuation approach, the initial portfolio required
to replicate the long call option payoff is:

A. long 0.3100 shares of TCB stock and short 0.5596 shares of a zero-coupon
bond.

B. long 0.6217 shares of TCB stock and short 0.1500 shares of a zero-coupon
bond.

(. long 0.6217 shares of TCB stock and short 0.5596 shares of a zero-coupon
bond.

11. To determine the long put option value on TCB stock in Exhibit 1, the correct
BSM valuation approach is to compute:

A. 0.4404 times the present value of the exercise price minus 0.6217 times the
price of TCB stock.

B. 0.4404 times the present value of the exercise price minus 0.3783 times the
price of TCB stock.

(. 0.5596 times the present value of the exercise price minus 0.6217 times the
price of TCB stock.

12. What are the correct spot value (S) and the risk-free rate (r) that Lee should use
as inputs for the Black model?

A. 186.73 and 0.39%, respectively
B. 186.73 and 2.20%, respectively

(. 187.95 and 2.20%, respectively

13. Which of the following is the correct answer to Solomon’s question regarding the
option Greek letter?

A. Vega
B. Theta

(. Gamma

14. Based on Solomon’s observation about the model price and market price for the
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put option in Exhibit 2, the implied volatility for the GPX is most likely:
A. less than the historical volatility.

B. equal to the historical volatility.

(. greater than the historical volatility.

15. The valuation inputs used by Lee to price a call reflecting Solomon’s interest rate
views should include an underlying FRA rate of:

A. 0.60% with six months to expiration.
B. 0.75% with nine months to expiration.

C. 0.75% with six months to expiration.

16. The strategy suggested by Lee for hedging small moves in Solomon’s ETF posi-
tion would most likely involve:

A. selling put options.
B. selling call options.

(. buying call options.

17. Lee’s put-based hedge strategy for Solomon’s ETF position would most likely
result in a portfolio gamma that is:

A. negative.
B. neutral.

(. positive.
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SOLUTIONS

1. Ais correct. The hedge ratio requires the underlying stock and call option values
for the up move and down move. St = 56, and S~ = 46. ¢* = Max(0,S* - X) =
Max(0,56 — 50) = 6, and ¢~ = Max(0,S~ — X) = Max(0,46 — 50) = 0. The hedge

ratio is
_c¢t=¢ _ 6-0 _ 6 _
h= =5 =36-46 — 10 ~ 060

2. Cis correct. For this approach, the risk-free rate is » = 0.05, the up factor is
u=S8%/S =56/50 = 1.12, and the down factor is d = S7/S = 46/50 = 0.92. The
risk-neutral probability of an up move is
n=[FV()-dl/(u—-d)y=1+r—-d)/(u—-d)
n=(1+0.05-0.92)/(1.12 -0.92) = 0.13/0.20 = 0.65

3. Ais correct. The call option can be estimated using the no-arbitrage approach or
the expectations approach. With the no-arbitrage approach, the value of the call
option is

c=hS+PV(hS +c).

h=(c"— (ST =5 = (6-0)/(56 — 46) = 0.60.
¢ =(0.60 x 50) + (1/1.05) x [(~0.60 x 46) + 0].
¢ =30 - [(1/1.05) x 27.6] = 30 — 26.286 = 3.714.

Using the expectations approach, the risk-free rate is r = 0.05, the up factor is u =
S§*/S =56/50 = 1.12, and the down factor is d = S7/S = 46/50 = 0.92. The value of
the call option is

c=PV x [nc" + (1 —m)c].
= [FV(1) = d)(u — d) = (1.05 — 0.92)/(1.12 — 0.92) = 0.65.
¢ = (1/1.05) % [0.65(6) + (1 — 0.65)(0)] = (1/1.05)(3.9) = 3.714.

Both approaches are logically consistent and yield identical values.

4. Bis correct. You should sell (write) the overpriced call option and then go long
(buy) the replicating portfolio for a call option. The replicating portfolio for a call
option is to buy / shares of the stock and borrow the present value of (hS™ — ¢7).

c=hS+PV(-hS + ).
h=(c" =St —5)=(6-0)/(56 —46) = 0.60.

For the example in this case, the value of the call option is 3.714. If the option

is overpriced at, say, 4.50, you short the option and have a cash flow at Time 0
of +4.50. You buy the replicating portfolio of 0.60 shares at 50 per share (giving
you a cash flow of —30) and borrow (1/1.05) x [(0.60 x 46) — 0] = (1/1.05) x 27.6
= 26.287. Your cash flow for buying the replicating portfolio is —30 + 26.287 =
—3.713. Your net cash flow at Time 0 is + 4.50 — 3.713 = 0.787. Your net cash
flow at Time 1 for either the up move or down move is zero. You have made an
arbitrage profit of 0.787.

In tabular form, the cash flows are as follows:
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Time Step 1 Time Step 1

Transaction Time Step O Down Occurs Up Occurs

Sell the call option 4.50 0 —-6.00

Buy / shares —-0.6 x 50 = =30 0.6 x 46 = 27.6 0.6 x 56 = 33.6

Borrow —PV(—hS~ + ¢7) ~(1/1.05) x [(~0.6 x 46) + 0] = 26.287 0.6 x 46 = ~27.6 0.6 x 46 = -27.6

Net cash flow 0.787 0 0

5. Ais correct. Using the expectations approach, the risk-neutral probability of an
up move is

n=[FV(1) - d]/(u — d) = (1.03 — 0.800)/(1.300 — 0.800) = 0.46.

The terminal value calculations for the exercise values at Time Step 2 are
¢ = Max(0,u%S — X) = Max[0,1.30%(38) — 40] = Max(0,24.22) = 24.22.

¢ = Max(0,udS — X) = Max[0,1.30(0.80)(38) — 40] = Max(0,-0.48) = 0.
¢~ = Max(0,d2S — X) = Max[0,0.802(38) — 40] = Max(0,—-15.68) = 0.
Discounting back for two years, the value of the call option at Time Step 0 is
¢ =PV[rn2ct + 2n(1 —m)c ™ + (1 — )2 ).

¢ = [1/(1.03)]2[0.462(24.22) + 2(0.46)(0.54)(0) + 0.542(0)].

¢ =[1/(1.03)]%[5.1250] = 4.8308.

6. Bis correct. Using the expectations approach, the risk-neutral probability of an
up move is

= [FV(1) - d)/(u — d) = (1.03 — 0.800)/(1.300 — 0.800) = 0.46.

An American-style put can be exercised early. At Time Step 1, for the up move,
p*is 0.2517 and the put is out of the money and should not be exercised early (X
< S, 40 < 49.4). However, at Time Step 1, p~ is 8.4350 and the put is in the money
by 9.60 (X — S = 40 — 30.40). So, the put is exercised early, and the value of early
exercise (9.60) replaces the value of not exercising early (8.4350) in the binomial
tree. The value of the put at Time Step 0 is now

p=PV[mp" + (1 — m)p~] = [1/(1.03)][0.46(0.2517) + 0.54(8.4530)] = 4.54.

Following is a supplementary note regarding Exhibit 1 (these computations refer
to European-style put options).
The values in Exhibit 1 are calculated as follows.
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At Time Step 2:
p = Max(0,X — u2S) = Max[0,40 — 1.300%(38)] = Max(0,40 — 64.22) = 0.

p" = Max(0,X — udS) = Max[0,40 — 1.300(0.800)(38)] = Max(0,40 — 39.52) =
0.48.

p~ = Max(0,X — d>S) = Max[0,40 — 0.800%(38)] = Max(0,40 — 24.32) = 15.68.
At Time Step 1:

pr=PV[mp™ + (1 —m)p~] =[1/(1.03)][0.46(0) + 0.54(0.48)] = 0.2517.

p =PV[ap~ + (1 —m)p~ 7] =[1/(1.03)][0.46(0.48) + 0.54(15.68)] = 8.4350.
At Time Step 0:

p=PV[mp" + (1 — mp~] = [1/(1.03)][0.46(0.2517) + 0.54(9.60)] = 5.145.

C is correct. Both statements are correct. The expected future payoff is calculat-
ed using risk-neutral probabilities, and the expected payoft is discounted at the
risk-free rate.

C is correct. Using the expectations approach, per 1 of notional value, the values
of the call option at Time Step 2 are

¢t =Max(0,S - X) = Max(0,0.050 — 0.0275) = 0.0225.

¢ =Max(0,5" — X) = Max(0,0.030 — 0.0275) = 0.0025.

¢~ =Max(0,S" ~ - X) = Max(0,0.010 — 0.0275) = 0.

At Time Step 1, the call values are

¢t =PV[rct + (1 -n)c].

¢ =10.961538[0.50(0.0225) + (1 — 0.50)(0.0025)] = 0.012019.
¢ =PV[rnc™+ (1 —m)c ).

¢~ =0.980392[0.50(0.0025) + (1 — 0.50)(0)] = 0.001225.

At Time Step 0, the call option value is

¢ =PV[rnct + (1 —n)c).

¢ =0.970874[0.50(0.012019) + (1 — 0.50)(0.001225)] = 0.006429.

The value of the call option is this amount multiplied by the notional value, or
0.006429 x 1,000,000 = 6,429.

A is correct. Reason 1 is correct: A higher exercise price does lower the exercise
value (payoff) at Time 2. Reason 2 is not correct because the risk-neutral prob-
abilities are based on the paths that interest rates take, which are determined by
the market and not the details of a particular option contract.

C is correct. The no-arbitrage approach to creating a call option involves buying
Delta = N(d;) = 0.6217 shares of the underlying stock and financing with —N(d)
= —0.5596 shares of a risk-free bond priced at exp(-rt)(X) = exp(-0.0022 x 0.25)
(55) = $54.97 per bond. Note that the value of this replicating portfolio is ngS +
ngB = 0.6217(57.03) — 0.5596(54.97) = $4.6943 (the value of the call option with
slight rounding error).
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11. B is correct. The formula for the BSM price of a put option is p = e "*XN(~d,) —
SN(-d;). N(-d;) =1 - N(d;) =1 -0.6217 = 0.3783, and N(-d,) =1 - N(d,) = 1
—0.5596 = 0.4404.

Note that the BSM model can be represented as a portfolio of the stock (#S) and
zero-coupon bonds (ngB). For a put, the number of shares is ng = -N(-d;) <0
and the number of bonds is np = —N(d,) > 0. The value of the replicating portfo-
lio is ngS + ngB = —0.3783(57.03) + 0.4404(54.97) = $2.6343 (the value of the put
option with slight rounding error). B is a risk-free bond priced at exp(—r£)(X) =
exp(-0.0022 x 0.25)(55) = $54.97.

12. A is correct. Black’s model to value a call option on a futures contract is ¢ = e~
r T[FO(T)N(dl) — XN(d,)]. The underlying F,, is the futures price (186.73). The
correct discount rate is the risk-free rate, r = 0.39%.

13. B is correct. Lee is pointing out the option price’s sensitivity to small changes in
time. In the BSM approach, option price sensitivity to changes in time is given by
the option Greek theta.

14. A is correct. The put is priced at $7.4890 by the BSM model when using the his-
torical volatility input of 24%. The market price is $7.20. The BSM model over-
pricing suggests the implied volatility of the put must be lower than 24%.

15. C s correct. Solomon’s forecast is for the three-month MRR to exceed 0.85% in
six months. The correct option valuation inputs use the six-month FRA rate as
the underlying, which currently has a rate of 0.75%.

16. B is correct because selling call options creates a short position in the ETF that
would hedge his current long position in the ETF.
Exhibit 2 could also be used to answer the question. Solomon owns 10,000 shares
of the GPX, each with a delta of +1; by definition, his portfolio delta is +10,000. A
delta hedge could be implemented by selling enough calls to make the portfolio
delta neutral:
Portfolio delta +10,000

Ny = = Deiey, = ~Toemz — ~ 16,046 calls.

17. Cis correct. Because the gamma of the stock position is 0 and the put gamma
is always non-negative, adding a long position in put options would most likely
result in a positive portfolio gamma.

Gamma is the change in delta from a small change in the stock’s value. A stock
position always has a delta of +1. Because the delta does not change, gamma
equals 0.

The gamma of a call equals the gamma of a similar put, which can be proven
using put—call parity.
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LEARNING MODULE

Introduction to Commodities
and Commodity Derivatives

by David Burkart, CFA, and James Alan Finnegan, CAIA, RMA, CFA.

David Burkart, CFA, is at Coloma Capital Futures, LLC (USA). James Alan Finnegan,
CAIA, RMA, CFA at American Century Investments (USA).

LEARNING OUTCOMES

Mastery

The candidate should be able to:

O 0O 0 00 oo o0 oo

compare characteristics of commodity sectors
compare the life cycle of commodity sectors from production
through trading or consumption

contrast the valuation of commodities with the valuation of equities
and bonds

describe types of participants in commodity futures markets
analyze the relationship between spot prices and futures prices in
markets in contango and markets in backwardation

compare theories of commodity futures returns

describe, calculate, and interpret the components of total return for
a fully collateralized commodity futures contract

contrast roll return in markets in contango and markets in
backwardation

describe how commodity swaps are used to obtain or modify
exposure to commodities

describe how the construction of commodity indexes affects index
returns

INTRODUCTION

In the upcoming sections, we present the characteristics and valuation of commodi-
ties and commodity derivatives. Given that investment in commodities is conducted
primarily through futures markets, the concepts and theories behind commodity
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futures is a primary focus of the reading. In particular, the relationship between spot
and futures prices, as well as the underlying components of futures returns, are key
analytical considerations.

What do we mean when we talk about investing in commodities? A basic economic
definition is that a commodity is a physical good attributable to a natural resource
that is tradable and supplied without substantial differentiation by the general public.

Commodities trade in physical (spot) markets and in futures and forward markets.
Spot markets involve the physical transfer of goods between buyers and sellers; prices
in these markets reflect current (or very near term) supply and demand conditions.
Global commodity futures markets constitute financial exchanges of standardized
futures contracts in which a price is established in the market today for the sale of some
defined quantity and quality of a commodity at a future date of delivery; completion
of the contract may permit cash settlement or require physical delivery.

Commodity futures exchanges allow for risk transfer and provide a valuable price
discovery mechanism that reflects the collective views of all market participants with
regard to the future supply and demand prospects of a commodity. Given the finan-
cial (versus physical) nature of their contract execution, commodity exchanges allow
important parties beyond traditional suppliers and buyers—speculators, arbitrageurs,
private equity, endowments, and other institutional investors—to participate in these
price discovery and risk transfer processes. Standardized contracts and organized
exchanges also offer liquidity (i.e., trading volumes) to facilitate closing, reducing,
expanding, or opening new hedges or exposures as circumstances change on a daily
basis.

Forward markets exist alongside futures markets in certain commodities for use by
entities that require customization in contract terms. Forwards are largely outside the
scope of this reading and are discussed only briefly. Exposure to commodities is also
traded in the swap markets for both speculative and hedging purposes. Investment
managers may want to establish swap positions to match certain portfolio needs,
whereas producers may want to more precisely adjust their commodity risk (e.g., the
origin of their cattle or the chemical specifications of their crude oil).

Commodities offer the potential for diversification benefits in a multi-asset class
portfolio because of historically low average return correlation with stocks and bonds.
In addition, certain academic studies (e.g., Gorton and Rouwenhorst 2006; Erb and
Harvey 2006) demonstrate that some commodities have historically had inflation
hedging qualities.

Our coverage of the commodities topic is organized as follows: We provide an
overview of physical commodity markets, including the major sectors, their life cycles,
and their valuation. We then describe futures market participants, commodity futures
pricing, and the analysis of commodity returns, including the concepts of contango and
backwardation. The subsequent section reviews the use of swap instruments rather
than futures to gain exposure to commodities. We then review the various commod-
ity indexes given their importance as benchmarks for the asset class and investment
vehicles. Finally, we conclude with a summary of the major points.

COMMODITY SECTORS

] compare characteristics of commodity sectors
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Commodity Sectors

Commodities are an asset class inherently different from traditional financial assets,
such as equities and bonds. These latter assets are securities that are claims on produc-
tive capital assets and/or financial assets and thus are expected to generate cash flows
for their owners. The intrinsic value of these securities is the present discounted value
of their expected future cash flows. Commodities are valued differently. Commodities’
value derives from either their use as consumables or as inputs to the production of
goods and services. Because a number of commodities need to be processed or have
a limited life before spoiling or decaying, an astute analyst will take into account the
growth and extraction patterns of the various commodities as well as the logistics
associated with transporting these physical goods. Therefore, commodities, while
seemingly familiar from everyday life, offer distinct sets of risk exposures for investors.

Fundamental analysis of commodities relies on analyzing supply and demand for
each of the products as well as estimating the reaction to the inevitable shocks to
their equilibrium or underlying direction. For example, a growing world population
demands more crude oil or related products as transportation of goods and people
increases. However, technological improvements (e.g., shale drilling or electric vehi-
cles) can disrupt that trend and in the case of armed conflict or adverse weather, for
example, may alter it on very short notice! This means that the quantitative analysis
of commodities is often imperfect because of high degrees of non-normalcy and
shifting correlations. Furthermore, the coefficients to underlying variables are often
non-stationary; for example, much corn today is genetically modified to resist heat,
rendering drought impact estimates derived from history less predictive. Much of the
raw data are held off market by private firms engaged in the commodity industry (such
as oil or agricultural companies), which also hinders a purely quantitative approach.
Therefore, the framework offered here will be at a high level. We will later provide a
breakdown of individual areas for the investor to apply discretionary or quantitative
techniques, as circumstances allow. Because the framework can be applied to both
supply and demand, we shall set that distinction aside until we focus on individual
sectors and commodities. The tools and considerations in fundamental analysis are
as follows:

a. Direct announcements: Various government agencies and private companies
broadcast production and inventory data that can be used to infer demand,
which is often unobservable. Possible public sources include the USDA
(US Department of Agriculture), OPEC (Organization of the Petroleum
Exporting Countries), the NBS (National Bureau of Statistics of China), and
the IEA (International Energy Agency). Setting aside questions of reliability,
sometimes estimating current conditions is as straightforward as monitor-
ing official announcements, even with a lag.

b. Component analysis: The more diligent analyst will attempt to break down
high-level supply and demand into various components. Applying a stock
and flow approach is a logical method. The stock or potential production
or demand attempts to set boundaries around what is actually produced or
wanted. This can be as general as the amount of arable land in all of Europe
or as specific as the current capacity of the Ghawar oil field in Saudi Arabia.
The flow considers the utilization of that stock of raw material. Examples
include understanding the oil tanker traffic heading to China, estimating the
historical yields of US cotton (the amount of fiber per unit of land) in var-
ious weather conditions, and estimating the number of piglets per mother
hog in Canada.

These examples lend themselves to historical quantitative or conditional
analysis. However, care needs to be taken regarding the qualitative aspects
of supply and demand; a new policy such as stricter emissions standards
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can affect both supply (higher standards often strand lower-quality materi-
als) and demand (not all consumers may be properly equipped to utilize a
changing standard). Political unrest may not touch an isolated farm but may
disrupt consumption.

¢. Timing considerations: Stocks and flows from (b) can be further affected
by timing issues—such as seasonality and logistics—and, therefore, price
reaction. A shock, by definition, is a sudden timing switch; an earthquake
that destroys a pipeline does not affect the stock, but it does halt the flow.
A more common consideration is seasonality, such as the growing period
for crops and people’s demand for winter heat generated from natural gas.
This last aspect in particular feeds into the shape of the commodity futures
curve, as discussed later.

d. Money flow: Short-term and long-term prices can be affected by sentiment
and macro monetary conditions, such as inflation. If investor risk tolerance
is particularly high or low, then expecting exaggerated price movements
would be rational as fundamental conditions are hyped up or beaten down.
Alternatively, capital availability from low interest rates can help trigger the
building of new mines and affect future supply. Government subsidies of
substitute technologies can limit commodity price appreciation (e.g., avail-
able funds for electric cars indirectly affect the price of gasoline).

In summary, although the casual investor can perhaps focus solely on public sum-
mary statements, the engaged researcher will apply a framework of examining the
stock and flow components and their related timing to better understand and weigh
the pressures leading to higher or lower prices.

Commodity Sectors

The world of commodities is relatively broad but can be defined and separated in a
reasonable manner. Although there are several ways to segment the asset class by sec-
tor, here we use the approach that is the basis for the Bloomberg Commodity Index:
energy, grains, industrial (base) metals, livestock, precious metals, and softs (cash
crops). This segmentation is more granular than some other indexes but is reasonably
consistent with the breakdown in the specialties of most market participants. As noted
previously, each sector has a number of individual characteristics that are important
in determining the supply and demand for each commodity. A key concept is how
easily and cost-effectively the commodity can be produced and stored, as well as such
related issues as frequency/timing of consumption, spoilage, insurance, and ease of
transportation to consumers. Note that many commodities, such as uranium or water,
are traded only in thin, private markets. They are really just individual transactions,
as opposed to the markets we are discussing. For the purposes of our coverage, we
have to constrain ourselves to primary commodities, recognizing that there are many
others that may offer investment opportunities or require hedging. Exhibit 1 reviews
each sector and its main characteristics and influences.
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Exhibit 1: A Description of Commodity Sectors and Factors

Energy: Fuel transportation, industrial production, and electrical genera-
tion. Primary commodities include crude oil, natural gas, coal, and refined
products, such as gasoline and heating oil.

Primary Stocks: Discovery and depletion of ~ Flows: Pipeline and tanker reliability,

Influences new fields, economic and political ~ seasonality (summer/winter), adverse
costs/certainty of access to those weather (cold, hurricanes), automo-
fields, refinery technology and bile/truck sales, geopolitical insta-

maintenance, power plant type and  bility, environmental requirements,
construction, economic (GDP) size economic (GDP) growth

Grains: Provide human and animal sustenance but also can be distilled
into fuel (e.g., ethanol). Primary commodities include corn, soy, wheat, and

rice.
Primary Stocks: Arable farmland, storage/ Flows: Weather (moisture, tempera-
Influences port facilities (infrastructure), ture), disease, consumer preferences,

human and animal population size  genetic modification, biofuel substi-
tution, population growth

Industrial/Base Metals: Materials for durable consumer goods, industry,
and construction. Primary commodities include copper, aluminum, nickel,
zing, lead, tin, and iron.

Primary Stocks: Mined acreage, smelter Flows: Government industrial and
Influences capacity, economic (GDP) stage of  environmental policies, economic
industrial/consumer development (GDP) growth, automobile/truck
sales, infrastructure investment

Livestock: Animals raised for human consumption. Primary commodities
include hogs, cattle, sheep, and poultry.

Primary Stocks: Herd size, processing plant ~ Flows: Speed of maturation to
Influences capacity, consumer preferences, slaughter weight, economic (GDP)
feed availability/cost growth/consumer income, disease,

adverse weather

Precious Metals: Certain metals that act as monetary stores of value (as
well as industrial uses). Primary commodities include gold, silver, and

platinum.
Primary Stocks: Mined acreage, smelter Flows: Central bank monetary policy,
Influences capacity, fiat money supply/banking geopolitics, economic (GDP) growth
development

Softs (Cash Crops): Crops sold for income—as opposed to consumed for
subsistence—and often originally seen as luxuries. Primary commodities
include cotton, cocoa, sugar, and coffee.

Primary Stocks: Arable farmland, storage/ Flows: Weather (moisture, tempera-
Influences port facilities (infrastructure), eco-  ture), disease, consumer preferences,
nomic (GDP) size biofuel substitution, economic

(GDP) growth/consumer income

As noted in this section, each commodity sector is unique in its fundamental drivers
but with the overlapping context of economic and monetary data. With this con-
text in mind, we will now examine the life cycle of the sectors from production to
consumption—and their interaction—in more detail.
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EXAMPLE 1

Commodity Sector Demand

1. Industrial activity most likely affects the demand for which of the following
commodities?

A. Copper
B. Natural gas

C. Softs (e.g., cotton, coffee, sugar and cocoa)

Solution:

A is correct. Copper is used for construction, infrastructure development,
and the manufacture of durable goods, all of which are economically sen-
sitive. B is incorrect because demand for natural gas is driven primarily by
weather conditions (heating or cooling) and only secondarily by industrial
activity. C is incorrect because demand for softs is driven primarily by global
income.

EXAMPLE 2

Commodity Sector Risks

1. Which of the following commodity sectors are least affected in the short
term by weather-related risks?

A. Energy
B. Livestock

C. Precious metals

Solution:

C is correct. Weather has very little impact on the availability of precious
metals given their ease of storage. Inflation expectations, fund flows, and
industrial production are more important factors. A is incorrect because en-
ergy demand is strongly influenced by weather (e.g., heating demand in the
winter or transportation demand in the summer). B is incorrect because the
health of livestock is vulnerable to unfavorable weather conditions increas-
ing the risks of death and disease by extreme cold, wet, and heat.

LIFE CYCLE OF COMMODITIES

] compare the life cycle of commodity sectors from production
through trading or consumption

The life cycle of commodities varies considerably depending on the economic, tech-
nical, and structural (i.e., industry, value chain) profile of each commodity, as well as
the sector. Conceptually, the commodity production life cycle reflects and amplifies
the changes in storage, weather, and political/economic events that shift supply and
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demand. Recall from the earlier discussion that timing/seasonality is, in effect, an
overlay on top of the underlying supply/demand factors. A short life cycle allows for
relatively rapid adjustment to outside events, whereas a long life cycle generally limits
the ability of supply or demand to react to new conditions. These shifts, in turn, feed
into the economics for the valuation and shape of the commodity supply and demand
curves, plus their respective price elasticities of demand and supply. Understanding the
life cycle builds understanding of, and ideally ability to forecast, what drives market
actions and commodity returns.

Among the food commodities, agriculture and livestock have well-defined seasons
and growth cycles that are specific to geographic regions. For example, by March of each
year, corn planting may be finished in the southern United States but not yet started in
Canada. Meanwhile, the corn harvest may be underway in Brazil and Argentina given
their reverse seasonal cycle in the Southern Hemisphere. Each geographic location
also represents local markets that have different domestic and export demand. These
differences affect the nature (level and reliability) of demand and the power of buyers
to extend or contract the life cycle.

In comparison, commodities in the energy and metals sectors are extracted all year
round. Their life cycle changes are generally at the margin of a continuous process, as
opposed to being centered at a discrete time or season. But the products from crude oil
and metal ore have seasonal demands depending on weather (e.g., gasoline demand in
the summer and heating oil demand in the winter) that affect the life cycle and usage
of the underlying commodity. And with all the differences between the varieties even
within the same sector, the life cycles depicted have to be representative and selective.
The life cycles of several key commodity sectors are as follows.

Energy

For an example of the differences within a sector, one need look no further than energy.
Natural gas can be consumed almost immediately after extraction from the ground.
Crude oil, in contrast, has to be transformed into something else; crude is useless in
its innate form. The refined products (e.g., gasoline and heating oil), in turn, have a
number of potential processing steps depending on the quality of crude oil input and
the relative demand for the various products. The steps for the energy complex can
be summarized as shown in Exhibit 2.

Exhibit 2: Steps for the Energy Complex

Description

Step Title

1. Extraction

2. Storage

3. Consumption Stage

A drilling location is selected after surveys, and the well is dug. Enough underground pressure
for the hydrocarbons to come out naturally may exist, or water or other tools may be required
to create such pressure. Water is also used for the fracturing process known as “fracking,’
which breaks up shale formations to allow for oil or gas to be extracted.

After extraction, crude oil is commercially stored for a few months on average in the United
States, Singapore, and northern Europe and is strategically stored by many countries. In addi-
tion, oil may temporarily be stored on tanker ships. Natural gas may be delivered directly to
the end consumer. Summer-extracted natural gas is often injected into storage for the winter
months.

Only natural gas is consumed at this stage because it does not need to be refined. Crude oil
requires further processing.
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Step Title Description

4. Refining Crude oil is distilled into its component parts via a process called “cracking” Heat is used to
successively boil off the components that are, in turn, cooled down and collected (e.g., gaso-
line, kerosene), until only the remnants (e.g., asphalt) are left.

5. Consumption Stage  The distilled products are separated and shipped to their various locations—by ship, pipe,

train, or truck—for use by the end consumer.

Sources: Based on information from www.eia.gov/energyexplained/index.php?page=oil_refining#tabl,
https://en.wikipedia.org/wiki/Petroleum_refining_processes (accessed 23 April 2019), and authors’
research.

Refineries are extraordinarily expensive to build—typically costing several billion US
dollars—depending on the processes required to purify and distill the oil. Part of the
cost depends on the expected specifications of the crude oil input. Generally speaking, a
low-grade, high sulfur source would require more investment than one with an assured
lighter, “sweeter” source. Pipelines are also very costly: For example, the Keystone XL
pipeline expansion between Canada and the United States was originally estimated
to cost $5 billion in 2010, but the estimate was doubled to $10 billion in 2014. Even
in countries dealing with violent insurrections (e.g., Libya, Iraq, Nigeria), damage to
refineries has been generally modest because of their value to all parties. Pipelines,
however, are often destroyed or cut off. Although these costs may appear staggering,
they actually pale in comparison with the costs (and risks) of oil exploration, especially
in deep offshore locations or geographically remote (or geopolitically risky) regions.

The crude oil market has a number of futures contracts and indexes that follow
local grades and origins, but the two most commonly traded set of contracts follow the
US-based crude oil (West Texas Intermediate, or WTI, crude oil) and the UK-located
Brent crude oil from the North Sea. Likewise, there are futures for natural gas, gasoil,
gasoline, and heating oil. Each has different delivery locations and standards, but the
WTTI and Brent contracts represent a high-quality refinery input that exploration and
production companies can use as a hedging device.

EXAMPLE 3

Energy Life Cycle

1. Which of the following is a primary difference in the production life cycle
between crude oil and natural gas?

A. Only crude oil needs to be stored.
B. European companies are the only ones that store crude oil.
C. Natural gas requires very little additional processing after extraction
compared with crude oil.
Solution:

Cis correct. Natural gas can be used after it is extracted from the ground
upon delivery, but crude oil must first be processed for later use. A is incor-
rect because both oil and natural gas are stored before usage. B is incorrect
because many countries around the world store crude oil, both commercial-
ly and strategically.



www.eia.gov/energyexplained/index.php?page=oil_refining#tab1
https://en.wikipedia.org/wiki/Petroleum_refining_processes
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Industrial/Precious Metals

The life cycle of both precious and industrial metals is probably the most flexible
because the ore, as well as the finished products, can be stored for months (if not
years) given the relative resistance to spoilage of metals (assuming proper storage).
Otherwise, the life cycle parallels the energy one outlined previously, as shown in
Exhibit 3.
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Exhibit 3: Copper Purification Process

Step Name Description
1. Extracting and Ore (raw earth with ~2% metal content) is removed via a mine or open pit. Ore is then
Preparing ground into powder and concentrated to roughly 25% purity.
2. Smelting The purified ore is heated, and more impurities are removed as slag, increasing the metal

content to 60%. Further processes increase the concentration to 99.99%.

3. Storage/Logistics The purified metal is held typically in a bonded warehouse until it is shipped to an end user.

Sources: Based on information from http://resources.schoolscience.co.uk/CDA/14-16/cumining/
copch2pgl.html (accessed 23 April 2019), www.madehow.com/Volume-4/Copper.html (accessed 23
April 2019), and authors’ research.

Similar to refining crude oil, creating the economies of scale involved in the smelter
and ore processing plants is critical. These are huge facilities for which marginal costs
(i-e., the cost to convert the last pound or kilogram of processed ore into a useful metal)
decline substantially with both the scale of the facility and its utilization (output as a
percentage of capacity). As a result, when supply exceeds demand for a given indus-
trial metal, it is difficult for suppliers to either cut back production or halt it entirely.
Overproduction often continues until smaller or financially weaker competitors are
forced to shut down. Because demand for industrial metals fluctuates with overall
economic growth, as was discussed previously, there are substantial incentives for
metals producers to invest in new capacity when their utilization (and profit) is high
but huge economic and financial penalties for operating these facilities when demand
falls off during an economic downturn. Ironically, given the typical economic cycle
and the time lag involved after deciding to expand capacity, new supply often arrives
just as demand is declining—which exacerbates pricing and profit declines.

With the lack of annual seasonality in the production of metals and ease of storage
without spoilage, much of time variability comes from the demand side of the equation
(e.g., construction and economic growth).

EXAMPLE 4

Industrial Metals Life Cycle

1. Because of large economies of scale for processing industrial metals,
producers:
A. immediately shut down new capacity when supply exceeds demand.

B. have an incentive to maintain maximum operating production levels
when demand declines.

(. find it difficult to cut back production or capacity even when supply
exceeds demand or demand slows.


http://resources.schoolscience.co.uk/CDA/14-16/cumining/copch2pg1.html
http://resources.schoolscience.co.uk/CDA/14-16/cumining/copch2pg1.html
www.madehow.com/Volume-4/Copper.html
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Solution:

C is correct. Given the sizable facilities in which metals are produced and
their capital requirements, reducing capacity is difficult when demand
slows. A is incorrect because of the time lag involved in responding to
reduced demand conditions. B is incorrect because producers would face
financial losses if they maintained maximum production levels when there is
a decline in demand.

Livestock

Livestock grows year round, but good weather and access to high-quality pasture and
feed accelerate weight gain. As a result, there is fluctuation in the availability of animals
ready for slaughter. The timing to maturity typically increases with size, with poultry
maturing in a matter of weeks, hogs in months, and cattle in a few years. Taking the
example of a hog, the life cycle begins with a sow (female hog) giving birth. Normally
it takes about six months to raise a piglet to slaughter weight, and during that time
it can be fed almost anything to get it up to proper bulk. In mass-scale production,
soymeal and cornmeal are the most common foods. In contrast, cattle take longer to
raise. For mass-scale breeding, the first one to two years are spent as “feeder cattle,
first eating a grass diet in pasture. The next phase covers an additional 6—12 months
whereby cattle are in a feed lot being fattened to slaughter weight, generally on a
corn-based diet. Note that the various types of feed for these animals are other traded
commodities.

The livestock industry in the United States has historically been among the least
export-oriented of all the commodities because of the high risk of spoilage once an
animal is slaughtered. However, advances in cryogenics (freezing) technologies with
regard to chicken, beef, and pork mean that increasingly these products are moving
from one part of the world to another in response to differences in production costs
and demand. And as emerging and frontier market countries develop middle class
consumers capable of purchasing meat protein as a regular part of their diet, there
has been increased investment in the livestock and meatpacking industries in such
countries as the United States and Brazil. These industries combine low-cost sources
of animal feed, large grazing acreage, and strong domestic demand (leading to facilities
with substantial economies of scale) as key export points to supply global demand.

Ranchers and slaughterhouses trade hog and cattle futures to hedge against their
commitments. Ranchers can hedge both young cattle that are still in pasture (called
feeder cattle) and animals being fattened for butchering (called live cattle).

EXAMPLE 5

Livestock Life Cycle

1. The US livestock sector has been among the least export-oriented commod-
ity sectors because of:
A. low technological innovation in the sector.
B. high risk of spoilage once animals are slaughtered.

C. little or no demand for US livestock from outside the United States.
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Solution:

B is correct. Livestock incur a high risk of spoilage once they are slaughtered
unless the meat is frozen. A is incorrect because advances in cryogenics
have improved the ability to export from the United States. C is incorrect
because demand for US livestock has expanded internationally, particularly
in emerging market countries that are experiencing economic growth.

Grains

Grains in the Northern Hemisphere follow a similar growth cycle, with an analogous
but opposite growth cycle in the Southern Hemisphere. Plants mature according to
the following steps: (1) planting (placing the seeds in the ground after preparation/
fertilization work); (2) growth (the emerging of the seedling to full height); (3) pod/
ear/head formation (the food grain is created by the plant); and (4) harvest (the col-
lection of the grain by the farmer). The timing in North America is shown in Exhibit
4 to illustrate the time it takes to grow each crop.

Exhibit 4: Timing for Grain Production in North America

Corn Soybeans Wheat*
Planting April-May May—June Sep.—Oct.
Growth June—Aug. July—Aug. Nov.—March
Pod/Ear/Head Formation Aug.—Sep. Sep. April-May
Harvest Sep.—Nov. Sep.—Oct. June—July

* The hard winter wheat variety, which has a higher protein content, is used here.
Source: Authors’ research.

Because demand for grains is year round, they are regularly stored in silos and ware-
houses globally. Some countries have a central purchasing bureau, and others depend
on local or international trading companies to maintain stockpiles. Poor hygienic
standards and logistics can result in a substantial loss of value to grains due to mold
or insect/animal infestation. Monitoring the purchasing patterns of these government
tenders can assist a research analyst in determining grain demand.

Farmers and consumers can trade futures to hedge their exposure to the crop in
question, and the contract delivery months reflect the different times of the growing
cycle outlined earlier. Ranchers also can use grain futures to hedge against the cost
of feeding an animal.

Softs

Coffee, cocoa, cotton, and sugar are very different soft commodities in this sector, so
we will focus on one that is grown and enjoyed broadly—coffee. Coffee is harvested
somewhere all year round in the various countries that circle the Equator. After the
coffee cherries are picked (still often by hand, to ensure that only ripe ones are taken),
the husk and fruit are removed and the remaining bean dried. More than half of cof-
fee uses the dry method in which the harvested cherries are laid out in the sun for
two to three weeks. The wet method uses fresh water to soak the cherries, the soft
pulp is removed, the bean is fermented for 12—48 hours, and then the bean is dried.
The “green” beans are then hulled, sorted, and bagged for their final markets. With
most of the consumption in faraway foreign markets, ships are commonly used to
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transport the beans to their buyer, which may store them in a bonded warehouse. The
local buyer roasts the beans and ships them to the retail location (e.g., coffee house
or supermarket) for purchase or brewing.

Coffee comes in two main varieties, robusta and arabica, although there are many
others. Generally speaking, robusta beans are lower quality with less flavor than the
arabica. There are two futures contracts associated with coffee: The robusta variety
is traded in London, and the arabica variety is traded in New York. Note that the
contracts are for the unroasted or “green” beans. The physical delivery aspect of these
contracts allows for sellers to deliver the beans to an authorized bonded warehouse
as fulfillment of the contract at expiration. Therefore, farmers and distributors can
sell futures contracts to hedge the sales price of production, and coffee roasters can
buy futures contracts to hedge coffee bean purchase costs; contract maturities can
be selected by each to match their product delivery schedules.

VALUATION OF COMMODITIES

] contrast the valuation of commodities with the valuation of equities
and bonds

The valuation of commodities compared with that of equities and bonds can be sum-
marized by the fact that stocks and bonds represent financial assets and are claims
on the economic output of a business, a government, or an individual. Commodities,
however, are almost always physical assets. We say “almost always” because some
newer classes of commodities, such as electricity or weather, are not physical assets
in the sense that you can touch or store them.

Commodities are typically tangible items with an intrinsic (but variable) economic
value (e.g., a nugget of gold, a pile of coal, a bushel of corn). They do not generate
future cash flows beyond what can be realized through their purchase and sale. In
addition, the standard financial instruments that are based on commodities are not
financial assets (like a stock or bond) but are derivative contracts with finite lifetimes,
such as futures contracts. As with other types of derivatives, commodity derivative
contracts can and do have value, but they are contingent on some other factors, such
as the price of the underlying commodity. Hence, the valuation of commodities is
based not on the estimation of future profitability and cash flows but on a discounted
forecast of future possible prices based on such factors as the supply and demand of
the physical item or the expected volatility of future prices. On the one hand, this
forecast may be quite formal and elaborately estimated by a producer or consumer.
One can imagine the detailed inputs available to an oil company based on the labor
and capital expenses needed to extract oil, refine it, and transport it to final sale as
gasoline in your automobile. On the other hand, this forecast may be instinctively
made by a floor trader with little fundamental analysis but instead with professional
judgment based on years of experience and perhaps some technical analysis.

As opposed to a stock or bond that receives periodic income, owning a commodity
incurs transportation and storage costs. These ongoing expenditures affect the shape of
the forward price curve of the commodity derivative contracts with different expiration
dates. If storage and transportation costs are substantial, the prices for a commodity
futures contract will likely be incrementally higher as one looks farther into the future.
However, sometimes the current demand for the commodity can move the spot price
higher than the futures price. The spot price reflects the fact that, instead of going
long a futures contract, one could buy the commodity today and store it until a future
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date for use. The expenditure would be the outlay/investment at today’s spot price for
the commodity along with (or net of) the future costs one would incur to store and
hold it. This time element of commodity storage and supply and demand can generate
“roll return” and affect investment returns. These and other factors figure into the
assessment of futures pricing, which we will cover later.

Some commodity contracts require actual delivery of the physical commodity at
the end of the contract versus settlement in a cash payment (based on the difference
between the contract futures price and the spot price prevailing at the time of contract
expiration). The force of arbitrage—which reflects the law of one price—may not be
entirely enforced by arbitrageurs because some participants do not have the ability to
make or take delivery of the physical commodity. In these situations, the relationships
that link spot and futures prices are not an equality but are a range that only indicates
the limit or boundary of value differences that can occur.

There is an important additional consideration concerning the link between spot
and futures prices in commodities. Some of the largest users of commodity futures
are businesses seeking to hedge price risk when that price is a critical source of either
revenue or cost in their business operations. For example, the airline industry is very
dependent on the cost of jet fuel for operating planes. The highly competitive nature of
the industry results in tremendous price pressure on airfares, with a need for airlines
to fill each flight with as many passengers as possible. The futures and swap markets
for jet fuel allow airlines to lower the risk of higher fuel costs by hedging the price of
future fuel purchases (particularly against surprise shocks in oil prices).

In addition, the price discovery process of the commodity futures markets pro-
vides airlines with insights about future fuel prices that help determine what prices
to offer their customers for future flights while still making a profit. In fact, airline
ticket sales are—in effect—selling a contract at a price set today for future delivery
of a service—namely, a plane flight. In this case, the airlines will typically hedge their
price risk and uncertainty about future fuel costs by purchasing (“going long”) energy
futures contracts.

EXAMPLE 6

Commodities versus Stocks and Bonds

1. In contrast to financial assets, such as stocks and bonds:

A. commodities are always physical goods.
B. commodities generate periodic cash flows.

(. commodity investment is primarily via derivatives.

Solution:

C is correct. The most common way to invest in commodities is via deriva-
tives. A is incorrect because although most commodities are physical goods,
certain newer classes, such as electricity or weather, are not tangible. B is
incorrect because commodities may incur, rather than generate, periodic
cash flow through transportation and storage costs (when the commodities
are physically owned).

7



172

Learning Module 1

© CFA Institute. For candidate use only. Not for distribution.
Introduction to Commodities and Commodity Derivatives

EXAMPLE 7

Spot Commodity Valuation

1. What is a key distinction between the valuation of commodities compared
with the valuation of stocks and bonds?

A. Valuation of commodities cannot be conducted using technical
analysis.

B. Valuation of commodities focuses on supply and demand, whereas
valuation of stocks and bonds focuses on discounted cash flows.

C. Valuation of stocks and bonds focuses on future supply and demand,
whereas commodity valuation focuses on future profit margins and
cash flow.

Solution:

B is correct. The valuation of commodities is based on a forecast of future
prices based on supply and demand factors, as well as expected price volatil-
ity. In contrast, the valuation of stocks and bonds is based on estimating fu-
ture profitability and/or cash flow. A is incorrect because technical analysis
is sometimes applied to valuing commodities. C is incorrect for the reasons
stated for choice B.

COMMODITIES FUTURES MARKETS: PARTICIPANTS

] describe types of participants in commodity futures markets

Public commodity markets are structured as futures markets—that is, as a central
exchange where participants trade standardized contracts to make and take delivery
at a specified place at a specified future time. As mentioned, futures contracts are
derivatives because the value of the contract is derived from another asset. Both futures
and forward contracts are binding agreements that establish a price today for delivery
of a commodity in the future (or settlement of the contract in cash at expiration). As
mentioned at the beginning of the reading, the focus of this reading is on futures,
with forwards discussed only briefly.

Futures Market Participants

The key differences between futures and forward contracts is that futures contracts are
standardized agreements traded on public exchanges, such as the Chicago Mercantile
Exchange (CME), Intercontinental Exchange (ICE), and the Shanghai Futures Exchange
(SHFE), and gains/losses are marked to market every day. Standardization allows a
participant to enter into a contract without ever knowing who the counterparty is.
In addition, the exchange oversees trading and margin requirements and provides
some degree of self-imposed regulatory oversight. In contrast, forward contracts are
commonly bilateral agreements between a known party that wants to go long and one
that wants to go short. Because of their bilateral nature, forwards are considered to
be OTC (over the counter) contracts with less regulatory oversight and much more
customization to the specific needs of the hedging (or speculating) party. Often, the
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counterparty for a forward contract is a financial institution that is providing liquidity
or customization in exchange for a fee. Although futures markets require that daily
cash movements in the futures price be paid from the losing positions to the winning
positions, forward contracts are usually only settled upon expiration or with some
custom frequency dictated by the contract.

Early commodity exchanges operated as forward markets, but too often participants
would go bankrupt when unrealized losses became realized at the end of the contract.
The futures process was introduced to minimize this risk, with the exchange acting
as payment guarantor. The first modern organized futures exchange was the Dojima
Rice Exchange in Osaka, Japan, which was founded in 1710, although futures contracts
were traded in England during the 16th century. The structure of futures markets is
important to understand as a way of understanding the goals and roles of the various
participants. When we consider any commodity, for every producer of that commodity
there is a consumer. Thus, for participants who are long the physical commodity and
want to sell it, there are also participants who are short the physical commodity and
want to buy it. Therefore, for fairness between the two sets of participants, longs and
shorts need to operate on an equal basis. As a coincident observation, the commodity
markets are net zero in terms of aggregate futures positions (futures contract longs
equal futures contract shorts). In contrast, in markets for stocks and bonds, there is
a net long position because the issued stocks’ and bonds’ market values are equal to
the net aggregate positions at the end of each day. Shorting an equity is constrained
by the short seller’s need to locate shares to short, the requirement to reimburse
dividends on borrowed shares, and requirements to post and pay interest on margin
that generally exceeds the margin required for long equity positions (as in the United
States under Regulation T). In contrast, shorting commodity futures is much simpler,
with short investors selling to long investors directly, and thus short investors post
the same margin required of long investors.

There are a number of participants in commodity futures markets. First are
hedgers, who trade in the markets to hedge their exposures related to the commod-
ity. The second are long-term and short-term traders and investors (including index
investors), who speculate on market direction or volatility and provide liquidity and
price discovery for the markets in exchange for the expectation of making a profit.
Third are the exchanges (or clearing houses), which set trading rules and provide the
infrastructure of transmitting prices and payments. Fourth are analysts, who use the
exchange information for non-trading purposes, such as evaluating commodity busi-
nesses, creating products that are based on commodity futures (e.g., exchange-traded
funds, swaps, and notes), and making public policy decisions. Analysts also include
brokers and other financial intermediaries who participate in the markets but do not
take a position. Finally, regulators of both the exchange and traders exist to monitor
and police the markets, investigate malfeasance, and provide a venue for complaints.

Commodity Hedgers

Hedgers tend to be knowledgeable market participants: One would expect that a
company that drills for oil knows something about the supply and demand for oil
and related forms of energy (at least in the long run). However, hedgers may not be
accurate predictors of the future supply and demand for their product. Consider a
baker who buys wheat for future delivery and benefits from a surprise drought (has
locked in a low price in a supply-constrained market). However, the baker is hurt if
the weather is beneficial (has effectively overpaid during a bumper crop). Given that
a hedger can make delivery (if short the futures contract) or take delivery (if long the
futures contract), he or she is generally motivated by risk mitigation with regard to
cash flow, so the risk is more of an opportunity cost than an actual one.
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It is important to keep in mind that hedging and speculating are not synonymous
with being (respectively) long or short. As Exhibit 5 illustrates with some examples,
both long and short positions can be associated with either hedging or speculating.

Exhibit 5: Examples of Hedging and Speculating Positions

Long Position Short Position
Hedging Food manufacturer seeking to Gold mining company seeking
hedge the price of corn needed to hedge the future price of gold
for snack chips against potential declines
Speculating Integrated oil company seeking Commodity trading adviser (CTA)
to capitalize on its knowledge of  seeking to earn a profit for clients
physical oil markets by making via a macro-commodity invest-

bets on future price movements  ment fund

Note also that hedgers tend to speculate based on their perceived unique insight into
market conditions and determine the amount of hedging that is appropriate. From
a regulatory standpoint in the United States, the difficulty in clearly distinguishing
between hedging and speculating, therefore, has resulted in the separation of commod-
ity producers and consumers from other trading participants regardless of whether
commercial participants are actually speculating.

Commodity Traders and Investors

The commodity trading community, like other groups of traders, consists of three
primary types: (1) informed investors, (2) liquidity providers, and (3) arbitrageurs.
Informed investors largely represent the aforementioned hedgers and speculators,
including index and institutional investors. With regard to the hedger, as mentioned
previously, a company that drills for oil clearly is familiar with the supply and demand
for oil and related forms of energy (at least in the long run). But hedgers may not be
accurate predictors of the future supply and demand for their product.

Speculators, who believe that they have an information advantage, seek to out-
perform the hedger by buying or selling futures contracts in conjunction with—or
opposite from—the hedger. This trading may be on a micro-second time scale or a
multi-month perspective. For example, if a speculator has a superior weather pre-
diction process, he or she has an information advantage and will trade accordingly.
Alternatively, a speculator may be willing to act as a liquidity provider, knowing that
producers and consumers may not be in the market at the same time. By buying when
the producer wants to sell and selling when the consumer is ready to buy, speculators
may be able to make a profit. In this sense, speculators are willing to step in, under the
right pricing circumstances, to provide insurance to hedgers in return for an expected
(albeit not guaranteed) profit.

Finally, arbitrageurs who have the ability to inventory physical commodities can
attempt to capitalize on mispricing between the commodity (along with related storage
and financing cost) and the futures price. They may own the storage facilities (bonded
warehouses, grain silos, feedlots) and work to manage that inventory in conjunction
with the futures prices to attempt to make arbitrage-style profits.

Commodity Exchanges

Commodity futures markets are found throughout the world. The CME and ICE are the
primary US markets, having consolidated the bulk of the various specialist exchanges.
Elsewhere in the Americas, the primary commodity exchange is in Brazil, where B3
trades softs, grains, and livestock. In Europe, the London Metal Exchange (owned by
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Hong Kong Exchanges and Clearing Limited (HKEX) is the main industrial metals
location globally. Energy and shipping are also traded out of London. In Asia, major
commodity exchanges include China’s Dalian Commodity Exchange and Shanghai
Futures Exchange and Japan’s Tokyo Commodity Exchange, among others. Finally,
Indonesia (palm oil), Singapore (rubber), and Australia (energy, grains, wool) have
supplementary commodity futures markets. Given that people all over the world need
food, energy, and materials, exchanges have formed globally to meet those needs.

Commodity Market Analysts

Non-market participants use the exchange information to perform research and
conduct policy as well as to facilitate market participation. Their activities affect
market behavior, albeit in an indirect manner. Research may be commercially based.
For example, a manufacturer may want to project and forecast the energy cost of a
new process or product as part of an academic study comparing one market structure
with another. Commodity prices are a key component in understanding sources of
inflation and are used in other indexes that indicate quality of life for consumers and
households. Governments that control natural resource extraction (e.g., nationalized
oil companies) or tax commodity extraction by private entities are also interested in
understanding futures markets to promote or discourage investment and/or raise
revenue.

Commodity Regulators

Finally, various regulatory bodies monitor the global commodity markets. In the United
States, commodity and futures regulation falls under the Commodity Futures Trading
Commission (CFTC), which is a regulatory body separate from the better-known
Securities and Exchange Commission. The CFTC delegates much of the direct mon-
itoring to the National Futures Association (NFA)—a self-regulatory body—whose
members are the authorized direct participants in the markets with customer respon-
sibilities (e.g., clearing firms, brokers, advisers).

Outside the United States, most other countries have a unified regulatory structure.
For example, the China Securities Regulatory Commission regulates both futures and
securities (i.e., stocks and bonds). In Europe, most legislation in the area of financial
services is initiated at the European Union (EU) level primarily through the European
Securities and Markets Authority (ESMA). The Markets in Financial Instruments
Directive (MiFID, and subsequently MiFID II), which first came into force in 2007, was
a key element of EU financial market integration that focused largely on deregulation
(MIFID II took effect in January 2018). Since 2009, existing legislative instruments,
particularly for commodity derivative markets, have been revised and new regulations
have been introduced with the aim to strengthen oversight and regulation, and they
are subject to G-20 commitments. Harmonizing these different regulatory bodies
is the International Organization of Securities Commissions (IOSCO), which is the
international association of the world’s securities and futures markets.

In all regions, the interests of the financial sector strongly influence debates and
legislation on financial market regulation, including that of commodities.

EXAMPLE 8

Commodity Market Participants

1. Commodity traders that often provide insurance to hedgers are best de-
scribed as:

A. arbitrageurs.
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B. liquidity providers.

C. informed investors.

Solution:

B is correct. Liquidity providers often play the role of providing an insurance
service to hedgers who need to unload and transfer price risk by entering
into futures contracts. A is incorrect because arbitrageurs typically seek

to capitalize and profit on mispricing due to a lack of information in the
marketplace. C is incorrect because informed investors predominantly keep
commodity futures markets efficient by capitalizing on mispricing attribut-
able to a lack of information in the marketplace.

COMMODITY SPOT AND FUTURES PRICING

] analyze the relationship between spot prices and futures prices in
markets in contango and markets in backwardation

Commodity prices are typically represented by (1) spot prices in the physical markets
and (2) futures prices for later delivery. The spot price is simply the current price
to deliver a physical commodity to a specific location or purchase it and transport it
away from a designated location. Examples of a spot price may be the price quoted at
a grain silo, a natural gas pipeline, an oil storage tank, or a sugar refinery.

A futures price is a price agreed on to deliver or receive a defined quantity (and
often quality) of a commodity at a future date. Although a producer and a consumer
can enter into a bilateral contract to exchange a commodity for money in the future,
there are (conveniently) many standardized contracts that trade on exchanges for buyers
and sellers to use. Recall that a bilateral agreement is a forward contract, compared
with a futures contract that is standardized and trades on a futures exchange. One
benefit of futures markets is that information regarding contracts (number, price,
etc.) is publicly available. In this way, the price discovery process that brings buyers
and sellers into agreement is shared broadly and efficiently (in real time) with a global
marketplace among the aforementioned market participants. The longest-maturity
futures contract outstanding can have maturity extending from about a year (e.g.,
livestock) to several years (e.g., crude oil).

The difference between spot and futures prices is generally called the basis.
Depending on the specified commodity and its current circumstances (e.g., supply
and demand outlook), the spot price may be higher or lower than the futures price.
When the spot price exceeds the futures price, the situation is called backwardation,
and the opposite case is called contango. The origin of the word “contango” is a bit
murky, but one theory is that it came from the word “continuation” used in the context
of the London Stock Exchange in the mid-1800s. During this period, contango was a
fee paid by the buyer to the seller to defer settlement of a trade (hence the near-term
price would be less expensive than the longer-term price). The term “backwardation”
describes the same arrangement if it were “backward,” or reversed (i.e., payment to
defer settlement was made by the seller to the buyer).

Backwardation and contango are also used to describe the relationship between
two futures contracts of the same commodity. When the near-term (i.e., closer to
expiration) futures contract price is higher than the longer-term futures contract
price, the futures market for the commodity is in backwardation. In contrast, when the



© CFA Institute. For candidate use only. Not for distribution.

Commodity Spot and Futures Pricing

near-term futures contract price is lower than the longer-term futures contract price,
the futures market for the commodity is in contango. The price difference (whether
in backwardation or contango) is called the calendar spread. Generally speaking and
assuming stable spot prices, the producer is willing to take a price in the future that
is lower than the current spot price because it provides a level of certainty for the
producer’s business. The seller of that insurance on the other side of the trade profits
because the lower futures price converges to the higher spot price over time. This
relationship occurs when future commodity prices are expected to be higher because
of a variety of reasons related to economic growth, weather, geopolitical risks, supply
disruptions, and so on. As a long owner of a futures contract in contango, value will
erode over time as the contract pricing moves closer to the spot price, assuming all
else is unchanged. This relationship can be very costly for long holders of contracts if
they roll futures positions over time. Although backwardation is “normal” for some
contracts, there are other commodities that often trade in contango.

Exhibit 6 is a stylized representation of backwardation in West Texas Intermediate
crude oil on CME Group’s New York Mercantile Exchange (NYMEX).

Exhibit 6: Backwardation

July Delivery:
US$65.50 per barrel

December Delivery:
US$64.00 per barrel

For contracts in a single (common) commodity, such as lean hogs or crude oil, the
price differences may be traded as a spread rather than individually.
Exhibit 7 is a stylized representation of contango in lean hogs on the CME.

Exhibit 7: Contango

August Delivery:
96 US cents per pound

July Delivery:
95 US cents per pound

From these examples, the lean hogs July—August calendar spread is —1.0 cent per
pound (95 - 96) and the crude oil July-December calendar spread is $1.50 per barrel
(65.50 — 64.00).

A positive calendar spread is associated with futures markets that are in back-
wardation, whereas a negative calendar spread in commodities is associated with
futures markets that are in contango. These calendar spreads are traded with their
own bid—ask prices, trading range, and order book, similar to the single-month (i.e.,
nearest to expiration) futures contracts. Note that from this one trade, two contracts
(one for each side, or “leg’; of the spread) appear on an exchange’s trading account
and use their respective closing prices to determine profit or loss. Therefore, in the
end, all trades and positions are valued at the close-of-day prices.
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Commodity futures are settled by either cash or physical delivery. Cash-settled
contracts, such as feeder cattle traded on the CME, have no value after the maturity
date. Cash settlement is an important innovation in the evolution and development
of commodity futures markets. To a certain extent, cash settlement enabled more
involvement of two key participants in today’s futures markets: speculators and arbi-
trageurs. It also introduced an entirely new way that hedgers (long or short) could
participate in the market to transfer the future price risk of having to sell or buy a
commodity without the complications associated with requiring physical delivery.
Physical-settled commodity futures contracts require that the title of the actual com-
modity be transferred by the seller of the futures contract to the buyer at a particular
place, on or by a particular date, and of a particular quality specification. For example,
under a futures contract with West Texas Intermediate crude oil as the underlying
physical commodity, crude oil meeting minimum specifications must be delivered to
a particular set of tanks at Cushing, Oklahoma, in the United States. Meanwhile, a
similar futures contract with Brent crude oil as the underlying physical commodity
has delivery points in the North Sea off the coast of the United Kingdom and Norway.
Supply and demand differences at these two faraway geographic locations can cause
price divergences despite otherwise similar specifications.

Physical delivery also ensures a convergence of the futures and spot markets,
which may not necessarily occur in a cash-settled market. Note that this statement
does not imply market manipulation in cash-settled markets, because trading costs or
other factors may limit complete convergence. The emergence of central exchanges for
trading commodity futures facilitated this convergence with standardized contracts.
In addition, these exchanges provided centrally established, publicly available pricing,
which quickly replaced private pricing that was dependent on both contract terms
and the location where transactions occurred.

Physical delivery can become complicated by such factors as quality or variety
differences in the commodity. For example, robusta coffee (traded in the United
Kingdom) cannot be delivered for arabica coffee (traded in the United States) because
it is a different variety of coffee with a different venue for delivery. Likewise, raw (or
unprocessed) sugar that is traded in the United States cannot be delivered for white
processed sugar that is traded in the United Kingdom. Futures markets can address
some of these peculiarities involving quality or differences in supply. When physical
delivery is required, some futures contracts require a premium or discount associated
with specifications. For example, arabica coffee prices are automatically adjusted based
on the country of origin and the location of the warehouse where delivery is made.

In summary, spot prices are highly localized and associated with physical delivery,
limiting the degree to which interested participants can seek to hedge or speculate
on their future direction. In contrast, futures prices can be global (and if not, at least
regional or national) in scope. They also are standardized for trading on exchanges
to promote liquidity; act as a reference price point for customized (i.e., forward) con-
tracts; and generate widely available, minimally biased data for market participants
and governments to judge supply and demand and to make planning decisions.

In this manner, futures can be used to allocate risk and generate returns for mar-
ket participants. On the surface, futures trading may seem muddled and chaotic on
a micro level but serves as an overall social benefit by sending signals to producers
and consumers for hedging and inventory-sizing purposes and to governments for
the potential impact of policy decisions.
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EXAMPLE 9

Spot and Futures Pricing (1)

1. The current price of the futures contract nearest to expiration for West
Texas Intermediate (WTI) crude oil is $65.00 per barrel, whereas the six-
month futures contract for WTI is priced at $60.75 per barrel. Based on this
information:

A. the futures market for WTI crude oil is currently in a state of
contango.

B. the futures market for WTI crude oil is currently in a state of
backwardation.

C. the shipping and delivery cost of WTTI crude oil for a futures contract
expiring in six months with physical delivery to Cushing, Texas, is
$4.25 per barrel.

Solution:

B is correct. Commodity futures markets are in a state of backwardation
when the spot price is greater than the price of near-term (i.e., nearest to
expiration) futures contracts, and correspondingly, the price of near-term
futures contracts is greater than longer-term contracts. A is incorrect
because the market would be in contango only if the deferred futures price
exceeded that of the nearby futures price. C is incorrect because the ship-
ping and delivery costs associated with physical delivery of a commodity are
only one component in determining a commodity futures contract price.
Geopolitical, seasonal, and other factors also influence the difference in
delivery months.

EXAMPLE 10

Spot and Futures Pricing (2)

1. An important distinction between spot and futures prices for commodities
is that:

A. spot prices are universal across regions, but futures prices vary by
location.

B. futures prices do not reflect differences in quality or composition for a
commodity.

C. spot prices vary across region based on quality/composition and local
supply and demand factors.

Solution:

C is correct. Spot prices of commodities vary across regions, reflecting
logistical constraints and supply and demand imbalances that hinder the
movement of materials. A is incorrect because spot prices tend to vary by
region while futures are purposely standardized to facilitate trading. B is
incorrect because while futures contracts are based on standardized specifi-
cations, composition and quality can be assigned premiums or discounts for
delivery.
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EXAMPLE 11

Spot and Futures Pricing (3)

1. An arbitrageur has two active positions in the commodity futures mar-
kets—one for lean hogs and the other for natural gas. The calendar spread
on the lean hogs contract is quoted at —-50 cents per pound, and the calendar
spread on the natural gas contract is +$1.10 per million BTU (British ther-
mal units). Based on this information, we can say that:

A. only the spreads of these commodities, and not the individual prices,
can be traded in commodity markets.

B. the lean hogs futures market is in a state of backwardation and the
natural gas futures market is in a state of contango.

C. the lean hogs futures market is in a state of contango and the natural
gas futures market is in a state of backwardation.

Solution:

Cis correct. The spread is the difference between the current spot price for
a commodity and the futures contract price. Because futures markets in

a state of contango will have futures prices that exceed the spot price, the
spread for these markets is negative. Conversely, in a state of backwardation,
the spread is positive. A is incorrect because either the individual contract
prices or the combined spreads can be traded. B is incorrect because, as
mentioned earlier, the negative sign of the spread of lean hogs futures indi-
cates a state of contango, whereas the positive sign of the spread of natural
gas futures indicates a state of backwardation.

EXAMPLE 12

Spot and Futures Pricing (4)

1. A futures price curve for commodities in backwardation:

A. always remains in backwardation in the long term.
B. can fluctuate between contango and backwardation in the long term.

C. reflects structural long-term industry factors, as opposed to dynamic
market supply and demand pressures.

Solution:

B is correct. During periods of market stress or fundamental structural
change in market conditions, some commodity futures price curves can
rapidly shift from contango to backwardation or vice versa. A is incorrect
because futures price curves can vacillate between contango and backward-
ation. C is incorrect because the shape of a commodity futures price curve
reflects both long-term industry factors as well as market expectations of
future supply and demand of the underlying commodity(ies).
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THEORIES OF FUTURES RETURNS 7

] compare theories of commodity futures returns

Commodity futures markets have a reputation for volatility, but similar to other asset
classes, there are theoretical bases for their long-run behavior. The original purpose
of futures markets is for producers and consumers to hedge physical raw materials. In
this section, we will discuss the underpinning theories of commodity futures returns,
deconstruct the components of futures returns (i.e., at an index level), and close with
thoughts on term structure (i.e., contango versus backwardation and implications of
rolling futures contracts).

Theories of Futures Returns

Several theories have been proposed to explain the shape of the futures price curve,
which has a dramatic impact on commodity futures returns. This reading covers three
of the most important theories: (1) insurance theory, (2) hedging pressure hypothesis,
and (3) theory of storage.

Insurance Theory

Keynes (1930), the noted economist and market speculator, proposed one of the ear-
liest known theories on the shape of a commodity futures price curve. Also known as
his theory of “normal backwardation,” Keynes, in his 1930 tome A Treatise on Money,
proposed that producers use commodity futures markets for insurance by locking in
prices and thus make their revenues more predictable. A commodity producer is long
the physical good and thus would be motivated to sell the commodity for future delivery
to hedge its sales price. Imagine a farmer who thinks that next year she will grow a
certain amount of soybeans on her land. She can sell a portion of her crop today that
will be harvested months later to lock in those prices. She can then spend money on
fertilizer and seed with more confidence about her budget. She may not be locking
in a profit, but she would better understand her financial condition. Keynes’s theory
assumes that the futures curve is in backwardation “normally” because our farmer
would persistently sell forward, pushing down prices in the future. Alternatively, this
theory posits that the futures price has to be lower than the current spot price as a
form of payment or remuneration to the speculator who takes on the price risk and
provides price insurance to the commodity seller. The concept of normal backward-
ation is illustrated in Exhibit 8, using cotton prices pre- and post-harvest.
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Exhibit 8: Normal Backwardation

‘ Pre-Harvest | | Post-Harvest |
76.75 cents 76.50 cents
per pound per pound 76.00 cents
March May per pound
July

74.50 cents 73.75 cents

p(e)r pol;md per pound

ctober December

In terms of returns, if the front price is stable (in our example, 76.75 cents), then an
investor can buy a further-dated contract (e.g., October) at 74.50 cents and wait for
that contract to become the current contract. As the month of October approaches
(and assuming no change in front prices), the October contract will reach 76.75 cents
at maturity, and the speculator will make a profit of 2.25 cents per pound (note that
a contract is 50,000 pounds, so that is a total profit of $1,125 per contract). Even if
the contract does not fully converge, this theory holds that there should be positive
excess returns (sometimes referred to as the risk premium) via this process to induce
buying. As noted earlier, this process acts as a type of insurance for the farmer as well
as a return for the investor providing such insurance.

Looking at the evidence, however, markets failed to match Keynes’s hypothesis.
Kolb (1992) looked at 29 futures contracts and concluded (with some humor) that
“normal backwardation is not normal” That is, the presence of backwardation does
not necessarily generate positive returns in a statistically significant fashion for the
investor (or that contango leads to negative returns, for that matter). This result con-
firmed other studies, including one by Fama and French (1987). Therefore, a more
sophisticated view developed to explain futures markets in contango (i.e., when the
shape of the futures price curve is upward sloping with more distant contract dates),
recognizing that certain commodity futures markets often show persistently higher
prices in the future as opposed to the backwardation outlined by Keynes. This view
is called the hedging pressure hypothesis.

Hedging Pressure Hypothesis

This perspective stemmed from multiple works, most notably outlined by De Roon,
Nijman, and Veld (2000), who drew from Cootner (1960). Their research analyzed
20 futures markets from 1986 to 1994 and concluded that hedging pressure plays an
important role in explaining futures returns. Hedging pressure occurs when both
producers and consumers seek to protect themselves from commodity market price
volatility by entering into price hedges to stabilize their projected profits and cash
flow. Producers of commodities will tend or want to sell commodities forward and
thus sell commodity futures. On the other side, consumers of commodities want to
lock in prices of their commodity purchases and buy commodity futures. This theory
applies to the aforementioned farmer selling a portion of next year’s crop today. It can
also apply to a central bank that wants to buy gold during each of the next 12 months
as part of its monetary operations or a refinery that may want to lock in the price of
its oil purchases and, conversely, the prices of its gasoline and heating oil production.

If the two forces of producers and consumers both seeking price protection are
equal in weight, then one can envision a flat commodity curve, such as Exhibit 9 illus-
trates. In this idealized situation, the natural needs for price insurance by commodity
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buyers and sellers offset each other. There is no discount on the commodity futures
price required to induce speculators to accept the commodity price risk because the
hedging needs of both the buyer and seller complement and offset each other.

Exhibit 9: Balanced Hedging between Producers and Consumers

Pre-Harvest Post-Harvest

75 cents 75 cents 75 cents 75 cents 75 cents
per pound per pound per pound per pound per pound
March May July October December

To use a different example, consider the problem of snowfall in the New England
region of the United States. On one hand, small municipalities in Vermont, New
Hampshire, or Maine may experience high levels of annual snowfall that are a risk
to their snow removal budgets. On the other hand, ski resorts in New England have
an opposite risk challenge: Low snowfall creates skiing revenue shortfalls (or adds to
costs because of the need for man-made snow), whereas high snowfall winters are a
potential bonanza for both higher revenue and lower operating costs. This situation
is another example of when the hedging needs of two parties can offset each other
and create a mutually beneficial outcome.

If commodity producers as a group are more interested in selling forward (seeking
price insurance) than commodity consumers (as per the concept of normal backward-
ation), then the relative imbalance in demand for price protection will lead to the
need for speculators to complete the market. But speculators will only do so when
futures prices trade at a sufficient discount to compensate for the price risk they will
take on. In this case, the shape and structure of the futures price curve can be illus-
trated as backwardation, as shown in Exhibit 10, which is consistent with Keynes’s
insurance theory.

Exhibit 10: Commodity Producers Exceed Consumers (Backwardation)
[ retee ]

76.75 cents 76.50 cents

per pound per pound 76.00 cents
March May per pound
July 74.50 cents | 173 75 cents
per pound per pound
October

December
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Finally, if the buyers of soybeans (as a group) are especially worried about the avail-
ability of the crop in the next harvest but producers of soybeans are less concerned
about crop prices, there would be an imbalance in the demand for price insurance
away from producers and toward buyers. This situation would lead to a futures price
curve that represents a market in contango, as illustrated in Exhibit 11. In this case,
the additional demand for price insurance among buyers (versus sellers) of the com-
modity will lead them to bid up the futures price to induce speculators to take on
this price uncertainty risk.

Exhibit 11: Commodity Consumers Exceed Producers (Contango)

| Pre-Harvest | Post-Harvest

.—’/0’—// 78.00 cents
77.00 cents per pound
per pound December
7500 cents 75.25 cents 756'3555335 October
e'r ound per pound p Jp |
P MI;rch May Y

Although this theory is more robust than the Keynes’s insurance theory, it is still
incomplete. One issue is that producers generally have greater exposure to commodity
price risk than consumers do (Hicks 1939). There are companies (as well as countries)
that are almost entirely dependent on commodity production and thus are very con-
centrated in one sector, such as energy (e.g., British Petroleum, ExxonMobil), grains
(e.g., Cargill, Louis Dreyfus), and metals (e.g., BHP Billiton, Vale, Rio Tinto, Shenhua).

Commodity consumers, in contrast, are very diffuse and often have other priorities
(i.e., few if any individual people hedge their meat consumption or gasoline spend-
ing). Companies that purchase and use commodities in their products have a mixed
record of price hedging, depending on the importance of the commodities in their
cost structure. Clothing companies (e.g., Gap) generally do not hedge cotton because
the spending is only a few percentage points of their expense base. Marketing and
store experience (seen in rent, occupancy, and depreciation expenses) are much more
important. But fast food companies hedge a wide variety of commodity inputs (e.g.,
livestock, grains, energy) because of the high degree of competition for prepared food
at a low price point (e.g., McDonald’s, Burger King, Wendy’s).

In addition, both producers and consumers speculate on commodity prices, whether
it is intended or unintended. Corporate treasury departments that serve as profit
centers may adjust their hedges based on their views of the commodity markets. Their
primary function may be to hedge, but a profit incentive can lead them to speculate.
Individual farmers may not be overly aware of the commodity markets and thus have
an inconsistent hedging approach. Trading companies actively trade the futures and
physical markets in energy, metals, and grains. The very nature of trading companies
is to know what is happening at all times along the value chain of any commodity
market and profit from that informational advantage while bringing together buyers
and sellers. In their case, profit maximization does not come from the production of
commodities but trading around that production. In all of these examples, attempts to
hedge may result instead in unintended speculative positions in which a company is
not transferring price risk away but instead taking on more risk. The collapse in 1993
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of Metallgesellschaft AG, one of Germany’s largest industrial conglomerates at the
time, from a poorly constructed gasoline, fuel oil, and heating oil hedge is a defining
example of flawed commercial hedging.

In summary, despite its intuitive logic, applying the hedging pressure hypothesis
remains a challenge because measuring the asymmetry in hedging pressure between
buyers and sellers of a commodity is very difficult.

Theory of Storage

This theory, originally postulated by Kaldor (1939), focuses on how the level of com-
modity inventories helps shape commodity futures price curves. The key issue this
theory attempts to address is whether supply or demand of the commodity dominates
in terms of its price economics. Recall that commodities are physical assets, not virtual
assets like stocks and bonds. Physical assets have to be stored, and storage incurs costs
(rent, insurance, inspections, spoilage, etc.). Therefore, a commodity that is regularly
stored should have a higher price in the future (contango) to account for those storage
costs. In other words, supply dominates demand. In contrast, a commodity that is
consumed along a value chain that allows for just-in-time delivery and use (i.e., minimal
inventories and storage) can avoid these costs. In this situation, demand dominates
supply and current prices are higher than futures prices (i.e., backwardation).

In theoretical terms, available inventory generates a benefit called a convenience
yield. Having a physical supply of the commodity available is convenient for consum-
ers of the commodity (e.g., individuals, bread companies, meat processors, refiners)
because it acts as a buffer to a potential supply disruption that could otherwise force
a shutdown of their operations. Because this type of risk/concern is inversely related
to the inventory size and the general availability of the commodity (and confidence
in its continued availability), the convenience yield is low when stock is abundant.
However, the yield rises as inventories diminish and concerns regarding future avail-
ability of the commodity increase.

As aresult, the theory of storage states that futures prices can be written this way:

Futures price

= Spot price of the physical commodity + Direct storage costs (such as rent and
insurance) — Convenience yield.

This equation indicates that price returns and the shape of the curve can move in
conjunction with the changes in the available inventory as well as actual and expected
supply and demand. For example, when civil war broke out in Libya in 2011, the pro-
duction of that country’s high-quality crude oil was placed in jeopardy, constricting
supply. In reaction, the spot price for high-quality crude oil increased. At the same
time, the convenience yield increased in the futures contracts closer to expiration
because there was a scramble to tap into alternative oil supplies for European refiners.
The high quality of Libyan crude oil also restricted which substitute crude oil sup-
plies could be used to replace production from the blocked oil fields and how soon
these replacements could be available. The real-world constraints and complications
imposed by geography and the logistics of the oil industry resulted in a multi-month
delay for replacement supplies. As a result, in the further-out (i.e., longer time to
expiration) futures contracts, the reaction was muted as traders assumed that such
replacement supplies would be available. Thus the convenience yield remained lower
in the deferred months. For this and other reasons, crude oil was pressured to trade
in backwardation during 2011.

Unfortunately, while all these theories are reasonable and attractive, they have
components that are unobservable or highly volatile and, therefore, not reliably cal-
culable. Commodity producers and consumers regard storage costs as proprietary
information. Events (weather, war, technology) can radically adjust convenience yield
in a short time with unknown magnitude. Corn suitable for feed may not be suitable
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for human consumption, so defining inventories is tricky. In the end, we have frame-
works and theories, but they are not easily applied and require judgment and analysis
by a trader or a valuation system.

EXAMPLE 13

Theories of Commodity Futures Returns (1)

1. Which of the following best describes the insurance theory of futures
returns?

A. Speculators will not provide insurance unless the futures price exceeds
the spot price.

B. Producers of a commodity will accept a lower future price (versus the
spot price) in exchange for the certainty of locking in that price.

(. Commodity futures markets result in a state of contango because of
speculators insisting on a risk premium in exchange for accepting
price risk.

Solution:

B is correct. Under the insurance theory of futures returns, Keynes stated
that producers of a commodity would prefer to accept a discount on the
potential future spot price in return for the certainty of knowing the future
selling price in advance. A is incorrect because the futures price must be
below the spot price (normal backwardation) under the insurance theory
of futures returns. C is incorrect because the insurance theory of futures
returns implies markets are in backwardation, not contango.

EXAMPLE 14

Theories of Commodity Futures Returns (2)

1. Under the hedging pressure hypothesis, when hedging activity of commod-
ity futures buyers exceeds that of commodity futures sellers, that futures
market is most likely:

A. flat.
B. in contango.

C. in backwardation.

Solution:

B is correct. Under the hedging pressure hypothesis, a market in contango
typically results when excess demand for price insurance among commod-
ity futures buyers drives up the futures price to induce speculators to take
on price uncertainty risk. A is incorrect because a flat market would likely
exist if futures demand activity largely equaled that of supply. C is incorrect
because under this scenario, the futures market would be in contango, not
backwardation.
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EXAMPLE 15

Theories of Commodity Futures Returns (3)

1. Under the theory of storage, the convenience yield is:

A. not affected by the supply of a commodity.
B. typically low when the supply of a commodity is scarce.

C. typically high when the supply of a commodity is scarce.
Solution:

C is correct. Under the theory of storage, the convenience yield of a com-
modity increases as supply (inventories) diminish and concerns about

the future availability increase. A is incorrect because supply levels have

a discernible effect on the convenience yield, as mentioned. B is incorrect
because the convenience yield would likely be high, as opposed to low, when
supply is limited.

EXAMPLE 16

Theories of Commodity Futures Returns (4)

1. Which of the following represents the formula for a futures price according
to the theory of storage?

A. Futures price = Spot price of the physical commodity + Direct storage
costs — Convenience yield.

B. Futures price = Spot price of the physical commodity + Direct storage
costs + Convenience yield.

C. Futures price = Spot price of the physical commodity — Direct storage
costs + Convenience yield.

Solution:

A is correct. According to the theory of storage, the futures price reflects the
current spot price as well as costs incurred in actually holding the commod-
ity until its delivery. Such costs include direct storage, such as inventory and
insurance costs. Finally, because there is a convenience yield (or benefit) to
owning a commodity as a form of insurance against potential supply disrup-
tions, this term is subtracted from the current price of the commodity.

COMPONENTS OF FUTURES RETURNS

] describe, calculate, and interpret the components of total return for
a fully collateralized commodity futures contract

] contrast roll return in markets in contango and markets in
backwardation
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The total return on a commodity investment in futures is different from a total return
on the physical assets. So, why do investors tend to use futures to gain their exposure
to commodities? Building on the previous section, one can see that physical commod-
ities need to be stored, fed, or perhaps treated against spoilage. Each commodity can
be very different in its maintenance requirements; sustaining a hog in Mexico would
be very different from storing crude oil in Nigeria.

The total return on commodity futures is traditionally broken into three components:

= the price return (or spot yield),
= the roll return (or roll yield), and

= the collateral return (or collateral yield).

The price return is the change in commodity futures prices, generally the front
month contract. Note that this change is different from the change in the price of the
physical commodity because lack of standardization of the physical markets makes
that a difficult task. Calculating the price return is straightforward, as shown in the
following equation:

Price return = (Current price — Previous price)/Previous price.

In addition, as investors move from futures contract to futures contract, they must
“roll” that exposure by selling the current contract as it approaches expiration and
buying the next contract (assuming a long position). Depending on the shape of the
futures curve, there is likely a difference between the two prices. Thus, a portfolio
may require buying more far contracts than the near contracts being sold. Investors
can observe this scenario if backwardation is driving the shape of the commodity
futures price curve.

Example (stylized): Assume an investor has £110 of exposure in wheat futures
and the near contract is worth £10 of exposure (so, the investor has £110 exposure
divided by £10 per contract, or 11 contracts), but the far (i.e., longer expiration date)
contract is worth only £9 of exposure. Therefore, for the investor to roll forward his
contracts and maintain a constant level of exposure, he needs to roll the 11 contracts
forward and also buy an additional 1 contract to keep the post-roll exposure close to
the pre-roll exposure (£110 exposure divided by £9 per contract equals 12.2, or 12
contracts rounded).

In the opposite case, if the futures price curve shape is being driven by contango—
with a higher futures price in the far contract—this scenario will require the purchase
of fewer commodity contracts than in the near position.

Example: Assume an investor has £108 of exposure in regular unleaded gasoline
(or petrol) futures and the near contract is worth £9 of exposure (so, the investor has
£108 exposure divided by £9 per contract, or 12 contracts), but the far contract is
worth £10 of exposure. Therefore, for the investor to roll forward her contracts and
maintain a constant level of exposure, she needs to roll only 11 contracts and sell the
extra 1 near contract to keep the post-roll exposure close to the pre-roll exposure
(£108 exposure divided by £10 per contract equals 10.8, or 11 contracts rounded).

Note that this roll return is not a return in the sense that it can be independently
captured; investors cannot construct a portfolio consisting of only roll returns. Instead,
roll return is an accounting calculation used to replicate a portion of the total return
for a fully collateralized (i.e., with no leverage) commodity index. As defined, the
roll return is effectively the accounting difference (in percentage terms) between the
near-term commodity futures contract price and the farther-term commodity futures
contract price (note that roll return is sometimes defined in monetary terms rather
than as a percentage):

Roll return
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= [(Near-term futures contract closing price — Farther-term futures contract closing
price)/Near-term futures contract closing price] x Percentage of the position in the
futures contract being rolled.

As an example, consider the roll from the March contract to the April contract for
WTI crude oil on 7 February 2019 using the S&P GSCI methodology, which rolls its
positions over a five-day period (so 1/5 = 20% per day):

March contract closing price: $52.64/barrel
April contract closing price: $53.00/barrel

($52.64 — $53.00)/$52.64 = —0.68% gross roll return x 20% rollover portion

=—0.13% net roll return (note the negative return in contango).

Note that different indexes use different periods and/or weights in their “rolling
methodology” In Section 5, we will further discuss the rolling methodology of various
indexes.

In his book Expected Returns, llmanen (2011) made the argument (challenged
by others) that roll return is approximately equal to a risk premium. This concept
relates back to Keynes and his theory of “normal backwardation” Keynes proposed
that speculators take the other side of the transaction from commodity producers—
who sell forward to lock in their cash flows—in an attempt to earn an excess return
as compensation for providing price insurance to producers. Ilmanen attempted
to demonstrate that positive long-run average returns are associated with positive
roll return (i.e., in commodities for which futures prices are in backwardation) and
negative long-run average returns are associated with negative roll return. However,
because 40% of the commodities examined by Ilmanen (p. 255) had negative roll
returns but positive total returns, one cannot directly conclude that backwardation
earns a positive total return.

The collateral return is the yield (e.g., interest rate) for the bonds or cash used
to maintain the investor’s futures position(s). The minimum amount of funds is
called the initial margin. If an investor has less cash than required by the exchange
to maintain the position, the broker who acts as custodian will require more funds
(a margin call) or close the position (buying to cover a short position or selling to
eliminate a long position). Collateral thus acts as insurance for the exchange that the
investor can pay for losses.

For return calculations on indexed investments, the amount of cash would be
considered equal to the notional value of the futures. This approach means no lever-
age. For expected returns, commonly, investors should use a risk-free government
bond that most closely matches the term projected. Most commodity indexes use
short-term US Treasury bills, but if one is forecasting 10-year returns, then for col-
lateral return purposes, a 10-year constant maturity government bond would have a
more appropriate term.

Although indexes will be discussed more fully later in the reading, to illustrate
the commodity return elements just discussed, one can use an index—in this case,
the aforementioned S&P GSCI, which has one of the longest backtested and live
history of the investable commodity indexes. Exhibit 12 shows the disaggregation of
its return components.
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Exhibit 12: Average Annual Return Components of the S&P GSCI, January

1970-March 2019

Total
S&P GSCI Return Return Spot Return Roll Return’ Collateral Return
Return? 6.8% 3.0% -1.3% 5.0%
Risk3 19.8% 19.8% 4.2% 1.1%
Correlation® 0.97 -0.11 -0.14

L Roll return is defined as the excess return on the S&P GSCI minus the spot of the S&P GSCI. Collateral
return is defined as the total return on the S&P GSCI minus the excess return of the S&P GSCI The excess
return measures the returns accrued from investing in uncollateralized nearby commodity futures.

2 Monthly returns are used.

3 Risk is defined as annualized standard deviation.

4 Correlation with the S&P GSCI Total Return.

Source: Author’s research based on data from S&P Dow Jones Indices.

As can be seen in the table, over the past 40+ years, the S&P GSCI generated 6.8%
in geometrically compounded annualized returns, with about three-quarters derived
from interest rates (collateral return). The commodity price spot return component
of the index (which has varied over time) contributed to approximately 45% of the
total return (3.0% out of 6.8%), whereas the roll return subtracted from the overall
return by —1.3% (or 130 bps) on an annualized basis. Investors can see the effect of
commodities on inflation via the price return.

The volatility and correlations of the components of index returns are driven by the
changes in the spot price return (effectively the same annualized standard deviation of
19.8% as the S&P GSCI with a 97% correlation). The roll return and collateral return
do not drive, in general, the monthly returns historically. This link between commodity
futures prices and commodity total return indexes helps to define commodities as a
separate and investable asset class.

In summary, the total return on a fully collateralized commodity futures contract
can be described as the spot price return plus the roll return plus collateral return
(risk-free rate return). With an index, a return from rebalancing the index’s compo-
nent weights—a rebalance return—would also be added. Using historical data (at the
risk of it becoming outdated over time), one can demonstratively use the total return
deconstruction to analyze commodities.

EXAMPLE 17

Total Returns for Futures Contracts (1)

1. A commodity futures market with pricing in backwardation will exhibit
which of the following characteristics?

A. The roll return is usually negative.

B. Rolling an expiring futures contract forward will require buying more
contracts in order to maintain the same dollar position in the futures
markets.

(. Rolling an expiring futures contract forward will require buying fewer
contracts in order to maintain the same dollar position in the futures
markets.
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Solution:

B is correct. Commodity futures markets in backwardation exhibit price
curves in which longer-dated futures prices are priced lower than near-dat-
ed contracts and the nearest-dated contract is priced lower than the current
spot price. With a lower futures price on the futures curve, rolling contracts
forward in backwardation would require purchasing more contracts to
maintain the same dollar position. A is incorrect because the roll return is
usually positive, not negative, in markets in backwardation. C is incorrect
because an investor would need to purchase more, not fewer, contracts in
markets in backwardation to maintain his or her total dollar position.

EXAMPLE 18

Total Returns for Futures Contracts (2)

1. An investor has realized a 5% price return on a commodity futures contract
position and a 2.5% roll return after all her contracts were rolled forward.
She had held this position for one year with collateral equal to 100% of the
position at a risk-free rate of 2% per year. Her total return on this position
(annualized excluding leverage) was:

A. 5.5%.
B. 7.3%.
C 9.5%.
Solution:

C is correct. Total return on a commodity futures position is expressed as
Total return = Price return + Roll return + Collateral return.

In this case, she held the contracts for one year, so the price return of 5% is
an annualized figure. In addition, the roll return is also an annual 2.5%. Her
collateral return equals 2% per year x 100% initial collateral investment =
2%.

So, her total return (annualized) is

Total return = 5% + 2.5% + 2% = 9.5%.

EXAMPLE 19

Total Returns for Futures Contracts (3)

1. An investor has a $10,000 position in long futures contracts (for a hypothet-
ical commodity) that he wants to roll forward. The current contracts, which
are close to expiration, are valued at $4.00 per contract, whereas the lon-
ger-term contract he wants to roll into is valued at $2.50 per contract. What
are the transactions—in terms of buying and selling new contracts—he
needs to execute in order to maintain his current exposure?

A. Close out (sell) 2,500 near-term contracts and initiate (buy) 4,000 of
the longer-term contracts.
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B. Close out (buy) 2,500 near-term contracts and initiate (sell) 4,000 of
the longer-term contracts.

C. Let the 2,500 near-term contracts expire and use any proceeds to pur-
chase an additional 2,500 of the longer-term contracts.

Solution:

A is correct. To roll over the same level of total exposure ($10,000), he will
need to do the following:

Sell
$10,000/$4.00 per contract = 2,500 existing contracts.
And replace this position by purchasing

$10,000/$2.50 per contract = 4,000 existing contracts.

CONTANGO, BACKWARDATION, AND THE ROLL
RETURN

] contrast roll return in markets in contango and markets in
backwardation

To reiterate, contango and backwardation—and the resulting roll return—fundamentally
reflect underlying supply and demand expectations and are accounting mechanisms
for the commodity term structure. We can gain a sense of these patterns by again
examining the history of an index. Recall that from January 1970 to March 2019, the
historical roll return of the S&P GSCI subtracted 1.3% from the average annual total
return, with a standard deviation of 4.7%. That historical roll return varied over this
time period, as depicted in Exhibit 13.
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Exhibit 13: Historical One-Year S&P GSCI Price and Roll Return (Monthly

Returns, January 1970-December 2019)
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Note: The roll return is rolling monthly.

As the graph shows, periods of either backwardation or contango do not persist indef-
initely. A simple review of the Exhibit 13 history demonstrates as much. Furthermore,
with a correlation of 3%, roll return is not very indicative of price return, also contrary
to popular belief. Positive price returns are associated with negative roll returns as
well as positive roll returns. In some cases, certain sectors are indeed associated with
contango, as can be seen in Exhibit 14.

Exhibit 14: Average Annual Sector Roll Return and Standard Deviation?

S&P GSCI Industrial Precious

Total Energy Metals Agriculture Livestock Metals Softs
Mean roll return
(annual)® -1.3% -1.5% -1.3% -4.5% -1.1% -5.1% -5.5%
Standard deviation
of the mean (annual)
b 0.4% 0.8% 0.5% 0.4% 0.5% 0.2% 0.6%
Maximum roll 18.9% 31.5% 45.9% 29.2% 35.5% -0.4% 25.6%
return (annual)b
Minimum roll return -29.6% -39.5% -16.6% -18.6% -31.2% -15.4% -24.9%
(annual)P

2 The periods covered vary by sector:

= S&P GSCI total: December 1969—March 2019
=  Energy: December 1982—March 2019

= Industrial metals: December 1976—March 2019
= Agriculture: December 1969—March 2019

= Livestock: December 1969—March 2019

= Precious metals: December 1972—March 2019
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= Softs: December 1994—March 2019

b Calculated using rolling 12-month periods of monthly data.
Sources: Based on data from Bloomberg and Coloma Capital Futures.

Exhibit 14 highlights a few important factors. First, industrial metals, agriculture,
livestock, precious metals, and softs have statistically strong negative mean roll
returns. Only energy has a statistical possibility of a positive mean roll return, but
that opportunity has diminished after 2010. Note from our comparison of the com-
modity sectors that industrial metals, agriculture, livestock, precious metals, and softs
are stored for extended periods in warehouses, silos, and feedlots. In fact, precious
metals historically have had negative roll returns because of gold’s perpetual storage
as an alternative currency. Historically, energy is consumed on a real-time basis
apart from various strategic reserves, with the minimal storage buffer thus creating
a lower or negative convenience yield. However, since 2010, the emergence of shale
oil production in the United States has increased oil’s convenience yield to the point
that historical scarcity risk is much lower than before. Also, oil supply risk has shifted
to China during this period as that country took over the United States’ position as
the lead oil importer. Finally, OPEC (with the inclusion of Russia and a few other
non-OPEC members) regained some pricing power as the cartel achieved some success
with supply restriction. Bringing it all together, one can conclude that indexes and
long-only strategies that overweight agriculture, livestock, precious metals, and softs
should expect to see negative roll returns (or roll yields). Energy commodities (apart
from natural gas) have an opportunity for positive roll return, assuming producers
successfully withhold supply from the market.

In conclusion, roll return can have an important impact on any single period return
but overall has been relatively modest compared with price return. Furthermore, roll
return is very sector dependent, which leads to a conclusion that sector diversification
or concentration will have a profound impact on an investor’s overall roll return based
on a diversified portfolio of commodity futures.

EXAMPLE 20

Roll Return

1. When measuring its contribution to the total return of a commodity futures
position, the roll return:

A. typically has a significant contribution to total return over both single
and multiple periods.

B. typically can have an important contribution to total return in any
single period but is relatively modest over multiple periods.

C. is always close to zero.

Solution:

B is correct. Historically, the roll return has been relatively modest com-
pared with price return but can be meaningful in any single period. A is
incorrect because the roll return is typically modest over shorter periods
of time, as noted earlier. C is incorrect because futures contracts generate
positive or negative roll returns, depending on the commodity and prevail-
ing market conditions.
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COMMODITY SWAPS

] describe how commodity swaps are used to obtain or modify
exposure to commodities

Instead of futures, some investors can gain market exposure to or hedge risk of com-
modities via swaps. A commodity swap is a legal contract involving the exchange of
payments over multiple dates as determined by specified reference prices or indexes
relating to commodities. In the world of commodities, a series of futures contracts
often forms the basis of the reference prices. For example, an independent oil refiner
may want to hedge its oil purchases over an extended period. The refiner may not want
to manage a large number of futures contracts but maintain flexibility with regard to
its oil supply source. By entering into a swap contract—particularly one that is cash
settled instead of physically settled—the refiner can be protected from a price spike
and yet maintain flexibility of delivery.

Based on this example, one can see why commercial participants use swaps: The
instrument provides both risk management and risk transfer while eliminating the
need to set up and manage multiple futures contracts. Swaps also provide a degree
of customization not possible with standardized futures contracts. The refiner in the
example may negotiate a swap for a specific quality of crude oil (e.g., Heavy Louisiana
Sweet instead of West Texas Intermediate, or WTI) as its reference price or a blend
of crudes that shifts throughout the year depending on the season. Customization
through the use of a swap may also have value by changing the quantity of crude oil
hedged over time, such as lowering the exposure during the planned shutdown and
maintenance periods at the refinery.

On the other side of the transaction from the refiner (or other hedging or specu-
lating entity) would be a swap dealer, typically a financial intermediary, such as a bank
or trading company. The dealer, in turn, may hedge its price risk exposure assumed
in the swap through the futures market or, alternatively, negotiate its own swap with
another party or arrange an oil purchase contract with a crude oil producer. The dealer
may also choose to keep the price risk exposure, seeking to profit from its market
information. A diagram demonstrating this swap transaction is shown in Exhibit 15.

Exhibit 15: Swap Market Participant Structure

Futures
Market
Fixed Rate
f Ret
Refiner — Swap M oo
Dealer Exposure
Excess Rate —
of Return | T
. Physical
Offsetting Purchase
¢Swap | Contract \
Swap Oil
Dealer #2 Producer




196

Learning Module 1

© CFA Institute. For candidate use only. Not for distribution.
Introduction to Commodities and Commodity Derivatives

To further understand the diagram in Exhibit 15, assume we had the following scenario:

1. An oil refiner goes long a swap at the end of December that pays the
amount exceeding $70 per barrel every month-end through September.

2. The oil refiner would pay a swap counterparty a premium (in this example,
$25) for this privilege because it is effectively long a series of call options.

The flow of funds in the swap transaction would be as shown in Exhibit 16.

Exhibit 16: Flow of Funds for Swap Transaction Example

Reference $70 575 $71 §72 e
Prices $64 $66 $65 $63 $66
1 1 1 1 1 1 1 1 1 1 »
Month Jan Feb Mar Apr May Jun Jul Aug Sep
Cash Flow to the Refiner vs. $70:
—$25 (premium) $0 +$5 $1 $0 $0 $0 $0 $2 $8

Total Gain/Loss on This Swap: —$9

Total gain/loss on this swap to the refiner is -$9 (found by summing the cash flows
and ignoring present value calculations or other considerations).

Although this example of a swap lost money and effectively increased the refiner’s
cost of a barrel of oil by $1 for this time period (given that the net loss on the swap
was $9 over nine months), the swap protected the company against the risk of a cash
squeeze during those months when an oil price spike could have impaired the liquidity
of the company. The swap also defined the cost up front, giving a measure of cash
flow predictability. Note that accounting standards and practices for swaps may also
have an impact on the attractiveness of swaps. Given that oil prices are subject to
many events beyond a company’s control, a company looking to protect itself from
financing risk may find that a swap can be a valuable tool.

There are many types of swaps available in the marketplace because they are not
standardized, exchange-traded contracts like futures. The previous example of the
refiner is an example of an “excess return swap.” In an excess return swap, the payments
to either party are driven primarily by the changes in price of each of the futures con-
tracts that make up the index. The net change in the prices of the underlying futures
contracts is defined as the “excess” return, and the excess return is multiplied by the
contract’s notional amount to determine the payments between buyer and seller.

Total Return Swap

Another common swap in commodities is a “total return swap.” In a total return
swap, the change in the level of the index will be equal to the returns generated by the
change in price of each of the futures contracts that make up the index plus a return
based on interest earned on any cash collateral posted on the purchase of the futures
contracts that make up the index. If the level of the index increases, the swap buyer
receives payment net of the fee paid to the seller; if the level of the index decreases
between two valuation dates, the swap seller receives payment (plus the fee charged
to the buyer). This type of swap is generally used by large institutional investors (e.g.,
pension plans) as opposed to commodity producers or buyers. With a total return
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swap, the investor seeks exposure to commodity returns, often because of the low
return correlation of commodities with other asset classes (e.g., stocks or bonds) or as
a reflection of the view that commodities provide a valuable inflation hedge for asset/
liability matching (ALM). Therefore, such investors would engage in a total return
swap that provides them with long exposure to the future returns from a commodity
index that is used as the reference price. Again, accounting treatment with respect to
futures often drives these decisions.

As an example of a total return swap, assume an investor who manages a defined
benefit retirement plan desires commodity exposure for the reasons noted earlier.
Given the size of the portfolio manager’s plan assets (assume £2 billion), the manager
is seeking approximately 5% exposure of plan assets to commodities. More specifically,
the manager has decided that this £100 million exposure (5% of £2 billion) should be
to the (hypothetical) China Futures Commodity Index (CFCI) and should remain for
five years. Based on this decision, the manager issues a request for proposals (RFP)
and, after evaluating the various bidders, contracts with a Swiss bank for a total return
swap that will provide the desired exposure.

If on the first day of the swap agreement the CFCI increased by 1%, then the swap
dealer would owe the manager £1 million (£100 million x 1%). If on the second day the
CFECI declined by 5%, then the manager would owe £5 million to the dealer. Commonly,
the dealer will hedge its short index exposure with futures or the physical commodity
investments. Because the manager would be seeking the risk—return exposure offered
by commodities, the manager would not generally hedge its exposure.

Basis Swap

Another common commodity swap is a basis swap, in which periodic payments are
exchanged based on the values of two related commodity reference prices that are not
perfectly correlated. These swaps are often used to adjust for the difference (called
the basis) between a highly liquid futures contract in a commodity and an illiquid
but related material. For example, a swap may pay the difference between the average
daily prices of Brent crude oil (very liquid) and heavy crude oil available for delivery
in the Gulf of Mexico (less liquid). This can be a very valuable arrangement for, in
this example, refineries on the US Gulf Coast that have heavily invested in processing
cheaper heavy crudes that come from such countries as Mexico or Venezuela. Because
prices of these crudes do not always move in tandem with more common crudes, such
as Brent, they derive a price basis between the two. It should be noted that “basis”
has other meanings as well, depending on the commodity in question. For example,
in grains, the basis may refer to the difference between the soybean contract and
physical soybeans available for delivery at the Mississippi River.

Variance Swaps and Volatility Swaps

Two final types of relatively common commodity swaps are variance swaps and vola-
tility swaps. Variance swaps of commodities are similar in concept to variance swaps
of equities in that there is a variance buyer and a variance seller. Two parties agree
to periodically exchange payments based on the proportional difference between an
observed/actual variance in the price levels of a commodity (over consecutive time
periods), and some fixed amount of variance established at the outset of the contract. If
this difference is positive, the variance swap buyer receives a payment; if it is negative,
the variance swap seller receives payment. Often the variance differences (observed
versus fixed) are capped to limit upside and losses.

Volatility commodity swaps are very similar to variance swaps, with the exception
that the direction and amount of payments are determined relative to the observed
versus expected volatility for a reference price commodity. In this arrangement, the
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two sides are not speculating on the level or direction of prices but instead on how
volatile prices will be versus expectations. A volatility seller will profit if realized vola-
tility is lower than expectations, whereas the counterparty volatility buyer anticipates
higher than expected volatility.

EXAMPLE 21

Commodity Swaps (1)

1. A portfolio manager enters into a $100 million (notional) total return com-
modity swap to obtain a long position in commodity exposure. The posi-
tion is reset monthly against a broad-based commodity index. At the end
of the first month, the index is up 3%, and at the end of the second month,
the index declines 2%. What are two payments that would occur between
the portfolio manager and the swap dealer on the other side of the swap
transaction?

A. No payments are exchanged because a net cash flow only occurs when
the swap agreement expires.

B. $3 million would be paid by the swap dealer to the portfolio manager
(after Month 1), and $2 million would be paid by the portfolio man-
ager to the swap dealer (after Month 2).

C. $3 million would be paid by the portfolio manager to the swap dealer
(after Month 1), and $2 million would be paid by the swap dealer to
the portfolio manager (after Month 2).

Solution:

B is correct. Because the portfolio manager has a long position in the total
return commodity swap, he or she will receive payments when the commod-
ity index rises and make payments when the commodity index declines. The
payment calculations after the first two months are as follows:

Month 1: $100 million x 3% = $3 million.

Month 2: $100 million x —2% = —$2 million.

A is incorrect because swap payments are made periodically (in this case
monthly) and not withheld to the end of the contract. C is incorrect because
the payments would be in the opposite direction for each month.

EXAMPLE 22

Commodity Swaps (2)

1. In a commodity volatility swap, the direction and amount of payments are
determined relative to the observed versus reference:
A. direction in the price of a commodity.
B. variance for the price of a commodity.

C. volatility for the price of a commodity.
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Solution:

C is correct. In a commodity volatility swap, the two sides of the transaction
are speculating on expected volatility. A volatility seller will profit if realized
volatility is lower than expectations, whereas the volatility buyer benefits
from higher than expected volatility. A is incorrect because a volatility swap
is based on price volatility, not direction. B is incorrect because a volatility
swap is based on price volatility as opposed to price variance (price volatility
squared).

COMMODITY INDEXES

] describe how the construction of commodity indexes affects index
returns

As in other parts of the investment universe, indexes have been created to portray
the aggregate movement of commodity prices, investment vehicles, and investing
approaches. In fact, one could say that an asset class does not exist without the pres-
ence of at least one representative index.

Commodity indexes play three primary roles in commodity sector investments.
First, an index can be used as a benchmark to evaluate broader moves in commod-
ity pricing. Second, as a broad indicator, an index can be used for macroeconomic
or forecasting purposes by examining statistically significant relationships between
movements in the commodity index and other macroeconomic variables. Finally, an
index can act as the basis for an investment vehicle or contract providing the informa-
tion needed to record, monitor, and evaluate price changes that affect contract value.

Although there are a number of commodity indexes, the following are used most
frequently for the purposes just mentioned: (1) the S&P GSCI; (2) the Bloomberg
Commodity Index (BCOM), formerly known as the Dow Jones—UBS Commodity
Index (DJ-UBS); (3) the Deutsche Bank Liquid Commodity Index (DBLCI); (4) the
Thomson Reuters/CoreCommodity CRB Index (TR/CC CRB); and (5) the Rogers
International Commodities Index (RICI). The following are key characteristics that
differentiate each of these indexes:

= The breadth of coverage (number of commodities and sectors) included in
each index, noting that some commodities have multiple reference contracts
(e.g., for crude oil, the common contracts are for West Texas Intermediate
in the United States and Brent crude for Europe).

= The relative weightings assigned to each component/commodity and the
related methodology for how these weights are determined.

» The rolling methodology for determining how those contracts that are about
to expire are rolled over into future months. This decision has a direct
impact on the roll return (or yield) of the overall commodity. Recall that roll
return is one of the three key components of overall commodity returns.

= The methodology and frequency for rebalancing the weights of the individ-
ual commodities, sectors, and contracts in the index to maintain the relative
weightings assigned to each investment. As with stocks and bonds within a
portfolio, the opportunity to earn positive rebalance returns for commodi-
ties depends on the correlation of the underlying components of the index
and the propensity of underperforming components to revert back to the
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mean. For example, a drought may cause cotton prices to increase, but a
strong crop the following year will cause prices to collapse. A rebalance sale
of the overvalued cotton exposure into an undervalued exposure should
“lock in” some of that gain. The rebalance return will likely vary depending
on the methodology used by the index.

= The governance of indexes is important because it is the process by which
all the aforementioned rules are implemented. For example, some indexes
are rules-based, whereas others are selection-based. The rules-based indexes
follow a quantitative methodology, whereas selection-based indexes are
more qualitative in that an index committee picks the commodities. Also,
governance oversees the independence of index providers so that, according
to best practices of the Index Industry Association, the asset price should
be independent from the index provider, which, in turn, should be inde-
pendent from the product provider (e.g., the exchange-traded fund or swap
provider).

For the index to be a viable and useful construct, it should be investable; that
is, investors or their agents should be able to replicate the methodology outlined to
translate the index concept into a representation of the asset class. For this reason,
index providers and investors must be mindful of the venues (physical or electronic)
for trading each commodity index, the liquidity and turnover of contracts based on
each commodity index, and the term structure of each index (i.e., how far into the
future the index extends and which months it covers). The weighting method for
components in an index is key to diversification and—combined with rebalancing
frequency—influences the opportunity to earn positive rebalance returns.

An index that requires investments in exchanges all over the world is more difficult
and expensive for an investor to replicate. An emphasis on illiquid contracts has a
negative impact on transaction costs. Contracts without a full yield curve may be a
challenge to analyze and trade. In other words, seemingly small execution concerns
are magnified when constructing a benchmark that represents an entire asset class,
such as commodities. And indexes that choose (perhaps inadvertently) contracts that
more commonly trade in backwardation may appear to improve forward-looking
performance (because this generates a positive roll return), whereas those that more
commonly trade in contango may hurt performance. Exhibit 17 summarizes the var-
ious elements of the main indexes discussed.

Exhibit 17: Overview of Major Commodity Indexes

Index
Element S&P GSCI BCOM DBLCI TR/CC CRB RICI
Adoption date 1991 1998 2003 2005 (current 1998
version)
Number of commodities 24 23 14 19 38
Weighting method Production Production Fixed weight Fixed weight Fixed weight
weighted and liquidity
weighted

Rolling methodology Nearby most Front month to  Optimized on roll Front month to next  Front month to

liquid contract, next or second return month next month

monthly month
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Index

Rebalancing frequency Annually Annually Annually Monthly Monthly

Individual investor funds Yes Yes Yes Yes in some juris- Yes

available? dictions as well as

an exchange-traded
fund on a related

index

Note: Information is as of 30 April 2019.
Sources: Information from respective sponsor websites, Bloomberg, and authors’ research.

Exhibit 17 helps distinguish the key characteristics that differentiate these five commer-
cially important commodity indexes. In terms of coverage (the number of commodities
and sectors included in the index), all five of these indexes have broad sector coverage,
including energy, grains, livestock, precious metals, industrial metals, and softs. The
only exception is the DBLCI, which does not have any livestock exposure. At the other
extreme, the RICI includes relatively exotic (and thus illiquid) commodities, such as
lumber, oats, and rubber. As a further example of its unique nature, the RICI once
included adzuki beans (the red beans found in many Asian cuisines) and palm oil.

S&P GSCI

The S&P GSCI is the second oldest of the selected commodity indexes. The index is
based on 24 commodities and applies liquidity screens to include only those contracts
with an established minimum level of trading volume and available historical pricing.
It uses a world production value-weighting scheme that gives the largest weight to
the most valuable commodity on the basis of physical trade value. It should be no
surprise that crude oil has the highest single weight and energy has the highest sec-
tor weight (historically as high as 80%) in this index. This approach is most similar
to a market-capitalization weighted index of nearly all major bond and stock market
indexes. Like some market-capitalization indexes (particularly in emerging or fron-
tier markets), the resulting weights of the S&P GSCI can be highly concentrated.
The rolling methodology focuses on owning the front (i.e., near-term) contracts to
address the highest liquidity and where supply and demand shocks are most likely
to have an impact.

Bloomberg Commodity Index

The BCOM (formerly the DJ-UBS) is based on 23 commodities. It includes liquidity as
both a weighting factor and a screening factor, although the index is selection-based,
meaning a committee uses judgment to pick the included commodities. The rules
of index construction also place caps on the size of the sectors (33% maximum) and
floors on individual commodities (2% minimum). These differences mean that very
different index composition and weights can occur. For example, the energy sector
currently dominates the S&P GSCI (as high as 80% weight), whereas the BCOM’s
exposure is much lower (approximately 30%). However, exposure to natural gas as a
single component of energy is higher in the BCOM (approximately 9%) than in the
S&P GSCI (approximately 3%). Given that natural gas had an annualized roll cost of
about 19% (often the highest roll cost of all the commodities), the higher weighting
of natural gas in the BCOM implies that the index has to find other sources of return
(e.g., price return and rebalance return) to overcome the drag that natural gas inven-
tory storage creates through negative roll return. The rolling methodology focuses on
owning the front (i.e., near-term) contracts.
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Deutsche Bank Liquid Commodity Index

The DBLCI uses a fixed-weighting scheme to allocate exposure. The most notable/
unique feature of this index is its rolling methodology. Instead of focusing on near-term
contracts, it is optimized based on the time value of maximized backwardation/
minimized contango for the contracts that fall within the next 12 calendar months.
As an example, a June 2014 copper futures contract may be at 1% backwardation
versus a May 2014 copper contract. But if the July 2014 copper contract is at a 3%
backwardation (1.5% per month, or 3% divided by two months) versus the 1% back-
wardation per month on the June 2014 contract, then the DBLCI will roll to the July
2014 contract in preference to the June 2014 contract. Therefore, one could argue the
DBLCI takes an active decision with regard to roll return positioning as compared
with the other indexes.

Thomson Reuters/CoreCommodity CRB Index

The TR/CC CRB consists of 19 commodities and is a continuation of the first investable
commodity index published by the Commodities Research Bureau in 1978 (although an
earlier iteration started in 1957). It uses a fixed-weighting scheme to allocate exposure.
An index management committee decides the weights based on a number of factors,
including diversification, sector representation, liquidity, and economic importance.
It also clusters the fixed weights into a number of tiers. As a result, constituents are
moved from tier to tier. The rolling methodology focuses on owning the front (i.e.,
near-term) contracts that mechanically focus on the front month or second front
month and do not require a particular calculation.

Rogers International Commodity Index

The RICI uses a fixed-weighting scheme to allocate exposure among 38 different
commodities and was designed by investor Jim Rogers in the late 1990s. An index
management committee decides the weights based on a number of factors, including
diversification, sector representation, liquidity, and economic importance. Like the
TR/CC CRB Index, it also clusters the fixed weights into a number of tiers. As a result,
constituents are moved from tier to tier as they gain or lose relative importance as seen
by the committee. Energy is the largest weight but is still a highly diversified basket.
Some energy constituents are denominated in non-US dollar terms—such as rubber
(traded in Japan in Japanese yen) and cocoa (traded in London in British pounds)—
which potentially adds a foreign exchange exposure element to the index returns.

Rebalancing Frequency

Rebalancing frequency plays a role in index returns, especially for those indexes that
rebalance more frequently, such as the TR/CC CRB and RICI. Theoretically, from
portfolio management theory, rebalancing is more important if a market is frequently
mean reverting because there are more peaks to sell and valleys to buy. However,
frequent rebalancing can lead to underperformance in a trending market because the
outperforming assets are sold but continue up in price, whereas the underperforming
assets are purchased but still drift lower.

The relative performance of the monthly rebalanced indexes (TR/CC CRB and RICI)
versus the annual rebalance of the other indexes will depend on the length of time of
price trends: More frequent mean reversions should favor the former two indexes,
but a longer-term trend will more likely favor the annually rebalancing indexes. If an
index uses a floating weighting scheme, such as production value (fully or partially),
then the higher (lower) futures prices usually coincide with higher (lower) physical
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prices. Therefore, with this kind of approach, the magnitude of rebalancing weights
is generally lower than for a fixed-weight scheme because the post-rebalance weights
will generally drift in line with the current portfolio weights. As a result, the S&P
GSCI and BCOM indexes typically have lower rebalancing costs and—in a trending
market—have an opportunity to outperform their fixed-weight index counterparts,
particularly those that have a relatively frequent rebalance period.

Commodity Index Summary

There is no dominant index based on a particular methodology. Relative performance
will occur based on the circumstances of the markets and the time period examined.
Evaluating which index is superior for a long-term investment generates modest if
any value. Per the authors’ research, these indexes all have been highly correlated
(well above 70%) with each other and have had low (roughly 0%) correlations with
traditional asset classes (e.g., US large-cap stocks, US bonds, international stocks).
As with equities, for which there are many different index providers, commodity
indexes act in parallel even when their returns (and Sharpe ratios) frequently differ
dramatically over time.

EXAMPLE 23

Commodity Indexes (1)

1. All else being equal, compared with an equally weighted commodity index, a
production value-weighted index (such as the S&P GSCI) will be:

A. less sensitive to energy sector returns.

B. more sensitive to energy sector returns.

(. equally sensitive to energy sector returns.

Solution:

B is correct. The energy sector will make up a sizable portion of a produc-
tion value-weighted index and thus will be a meaningful driver of returns
for such an index. A is incorrect because a production value-weighted index
will be more, not less, sensitive to the energy sector. C is incorrect because a
production value-weighted index will be more, not equally, sensitive to the
energy sector.

EXAMPLE 24

Commodity Indexes (2)

1. Which of the following statements is #ot correct regarding commodity
futures indexes?
A. Commodity sectors in backwardation typically improve index returns.

B. An index that invests in several futures exchanges provides a high
degree of diversification.

C. Total returns of the major commodity indexes have low correlation
with traditional asset classes, such as equities and bonds.
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Solution:

B is correct. Commodity futures exchanges throughout the world are highly
correlated and thus provide little diversification benefits. A is incorrect be-
cause markets in backwardation typically have positive roll yields and thus
will likely improve index returns (although the price return may still not be
positive and thus the total return may still be negative). C is incorrect be-
cause commodity index returns do indeed have historically low correlation
with equities and bonds.

SUMMARY

= Commodities are a diverse asset class comprising various sectors: energy,
grains, industrial (base) metals, livestock, precious metals, and softs (cash
crops). Each of these sectors has a number of characteristics that are
important in determining the supply and demand for each commodity,
including ease of storage, geopolitics, and weather.

» Fundamental analysis of commodities relies on analyzing supply and
demand for each of the products as well as estimating the reaction to the
inevitable shocks to their equilibrium or underlying direction.

= The life cycle of commodities varies considerably depending on the eco-
nomic, technical, and structural (i.e., industry, value chain) profile of each
commodity as well as the sector. A short life cycle allows for relatively rapid
adjustment to outside events, whereas a long life cycle generally limits the
ability of the market to react.

= The valuation of commodities relative to that of equities and bonds can be
summarized by noting that equities and bonds represent financial assets
whereas commodities are physical assets. The valuation of commodities is
not based on the estimation of future profitability and cash flows but rather
on a discounted forecast of future possible prices based on such factors as
the supply and demand of the physical item.

= The commodity trading environment is similar to other asset classes, with
three types of trading participants: (1) informed investors/hedgers, (2) spec-
ulators, and (3) arbitrageurs.

=  Commodities have two general pricing forms: spot prices in the physical
markets and futures prices for later delivery. The spot price is the current
price to deliver or purchase a physical commodity at a specific location. A
futures price is an exchange-based price agreed on to deliver or receive a
defined quantity and often quality of a commodity at a future date.

= The difference between spot and futures prices is generally called the basis.
When the spot price is higher than the futures price, it is called back-
wardation, and when it is lower, it is called contango. Backwardation and
contango are also used to describe the relationship between two futures
contracts of the same commodity.

=  Commodity contracts can be settled by either cash or physical delivery.

= There are three primary theories of futures returns.
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e In insurance theory, commodity producers who are long the physical
good are motived to sell the commodity for future delivery to hedge
their production price risk exposure.

¢ The hedging pressure hypothesis describes when producers along with
consumers seek to protect themselves from commodity market price
volatility by entering into price hedges to stabilize their projected profits
and cash flow.

¢ The theory of storage focuses on supply and demand dynamics of com-
modity inventories, including the concept of “convenience yield”

= The total return of a fully collateralized commodity futures contract can be
quantified as the spot price return plus the roll return plus the collateral
return (risk-free rate return).

= The roll return is effectively the weighted accounting difference (in percent-
age terms) between the near-term commodity futures contract price and the
farther-term commodity futures contract price.

= A commodity swap is a legal contract between two parties calling for the
exchange of payments over multiple dates as determined by several refer-
ence prices or indexes.

= The most relevant commodity swaps include excess return swaps, total
return swaps, basis swaps, and variance/volatility swaps.

= The five primary commodity indexes based on assets are (1) the S&P
GSCI (2) the Bloomberg Commodity Index, formerly the Dow Jones—UBS
Commodity Index; (3) the Deutsche Bank Liquid Commodity Index; (4)
the Thomson Reuters/CoreCommodity CRB Index; and (5) the Rogers
International Commodities Index.

= The key differentiating characteristics of commodity indexes are

¢ the breadth and selection methodology of coverage (number of com-
modities and sectors) included in each index, noting that some com-
modities have multiple reference contracts,

¢ the relative weightings assigned to each component/commodity and the
related methodology for how these weights are determined,

¢ the methodology and frequency for rolling the individual futures
contracts,

¢ the methodology and frequency for rebalancing the weights of the indi-
vidual commodities and sectors, and

¢ the governance that determines which commodities are selected.
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PRACTICE PROBLEMS

The following information relates to questions
1-8

Raffi Musicale is the portfolio manager for a defined benefit pension plan. He
meets with Jenny Brown, market strategist with Menlo Bank, to discuss possible
investment opportunities. The investment committee for the pension plan has
recently approved expanding the plan’s permitted asset mix to include alternative
asset classes.

Brown proposes the Apex Commodity Fund (Apex Fund) offered by Menlo Bank
as a potentially suitable investment for the pension plan. The Apex Fund attempts
to produce trading profits by capitalizing on the mispricing between the spot and
futures prices of commodities. The fund has access to storage facilities, allowing
it to take delivery of commodities when necessary. The Apex Fund’s current asset
allocation is presented in Exhibit 1.

Exhibit 1: Apex Fund’s Asset Allocation

Commodity Sector Allocation (%)
Energy 31.9
Livestock 12.6
Softs 21.7
Precious metals 33.8

Brown explains that the Apex Fund has had historically low correlations with
stocks and bonds, resulting in diversification benefits. Musicale asks Brown, “Can
you identify a factor that affects the valuation of financial assets like stocks and
bonds but does not affect the valuation of commodities?”

Brown shares selected futures contract data for three markets in which the Apex
Fund invests. The futures data are presented in Exhibit 2.

Exhibit 2: Selected Commodity Futures Data*

Month Gold Price Coffee Price Gasoline Price
July 1,301.2 0.9600 2.2701
September 1,301.2 0.9795 2.2076
December 1,301.2 1.0055 2.0307

* Gold: US$/troy ounce; coffee: US$/pound; gasoline: US$/gallon.

Menlo Bank recently released a report on the coffee market. Brown shares the
key conclusion from the report with Musicale: “The coffee market had a global
harvest that was greater than expected. Despite the large harvest, coffee futures
trading activity is balanced between producers and consumers. This balanced
condition is not expected to change over the next year”
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Brown shows Musicale the total return of a recent trade executed by the Apex
Fund. Brown explains that the Apex Fund took a fully collateralized long futures
position in nearby soybean futures contracts at the quoted futures price of 865.0
(US cents/bushel). Three months later, the entire futures position was rolled
when the near-term futures price was 877.0 and the farther-term futures price
was 883.0. During the three-month period between the time that the initial long
position was taken and the rolling of the contract, the collateral earned an annu-
alized rate of 0.60%.

Brown tells Musicale that the pension fund could alternatively gain long expo-
sure to commodities using the swap market. Brown and Musicale analyze the
performance of a long position in an S&P GSCI total return swap having monthly
resets and a notional amount of $25 million. Selected data on the S&P GSCI are

presented in Exhibit 3.
Exhibit 3: Selected S&P GSCI Data
Reference Date Index Level
April (swap initiation) 2,542.35
May 2,582.23
June 2,525.21

1. The Apex Fund is most likely to be characterized as:
A. ahedger.

B. a speculator.

(. an arbitrageur.

2. Which factor would most likely affect the supply or demand of all four sectors of

the Apex Fund?
A. Weather
B. Spoilage

C. Government actions

3. The most appropriate response to Musicale’s question regarding the valuation
factor is:

A. storage costs.
B. transportation costs.
(. expected future cash flows.
4. Which futures market in Exhibit 2 is in backwardation?
A. Gold
B. Coffee

C. Gasoline
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5. Based on the key conclusion from the Menlo Bank coffee market report, the
shape of the coffee futures curve in Exhibit 2 is most consistent with the:

A. insurance theory.
B. theory of storage.
(. hedging pressure hypothesis.
6. Based on Exhibit 2, which commodity’s roll returns will most likely be positive?
A. Gold
B. Coffee

C. Gasoline

7. 'The Apex Fund’s three-month total return on the soybean futures trade is closest
to:

A. 0.85%.
B. 1.30%.

G 2.22%.

8. Based on Exhibit 3, on the June settlement date, the party that is long the S&P
GSCI total return swap will:

A. owe a payment of $552,042.23.
B. receive a payment of $1,502,621.33.

C. receive a payment of $1,971,173.60.

The following information relates to questions
9-15

Mary McNeil is the corporate treasurer at Farmhouse, which owns and oper-
ates several farms and ethanol production plants in the United States. McNeil’s
primary responsibility is risk management. Katrina Falk, a recently hired junior
analyst at Farmhouse, works for McNeil in managing the risk of the firm’s com-
modity price exposures. Farmhouse’s risk management policy requires the use of
futures to protect revenue from price volatility, regardless of forecasts of future
prices, and prohibits risk managers from taking speculative positions.

McNeil meets with Falk to discuss recent developments in two of Farmhouse’s
commodity markets, grains and livestock. McNeil asks Falk about key charac-
teristics of the two markets that affect revenues and costs. Falk tells McNeil the
following:

Statement 1  The life cycle for livestock depends on the product and varies
widely by product.

Statement 2 Grains have uniform, well-defined seasons and growth cycles
specific to geographic regions.
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A material portion of Farmhouse’s revenue comes from livestock exports, and a
major input cost is the cost of grains imported from outside the United States.
Falk and McNeil next discuss three conclusions that Falk reached in an analysis
of the grains and livestock markets:

Conclusion 1  Assuming demand for grains remains constant, extreme heat
in the regions from which we import our grains will result in a
benefit to us in the form of lower grain prices.

Conclusion 2 New tariffs on cattle introduced in our primary export markets
will likely result in higher prices for our livestock products in
our local market.

Conclusion 3 Major improvements in freezing technology allowing for lon-
ger storage will let us better manage the volatility in the prices
of our livestock products.

McNeil asks Falk to gather spot and futures price data on live cattle, wheat, and
soybeans, which are presented in Exhibit 1. Additionally, she observes that (1) the
convenience yield of soybeans exceeds the costs of its direct storage and (2) com-
modity producers as a group are less interested in hedging in the forward market
than commodity consumers are.

Exhibit 1: Selected Commodity Price Data*

Market Live Cattle Price Wheat Price Soybeans Price
Spot 109 407 846
Futures 108 407 850

* Live cattle: US cents per pound; wheat and soybeans: US cents per bushel.

A key input cost for Farmhouse in producing ethanol is natural gas. McNeil uses
positions in natural gas (NG) futures contracts to manage the risk of natural gas
price volatility. Three months ago, she entered into a long position in natural gas
futures at a futures price of $2.93 per million British thermal units (MMBtu). The
current price of the same contract is $2.99. Exhibit 2 presents additional data
about the three-month futures position.

Exhibit 2: Selected Information—Natural Gas Futures Three-Month

Position*
Prices
Near-Term
Total Current $ Futures Farther-Term
Commodity Exposure Position (Current Price) Futures
Natural Gas (NG) 5,860,000 Long 2.99 3.03

*NG: $ per MMBtu; 1 contract = 10,000 MMBtu.

The futures position is fully collateralized earning a 3% rate. McNeil decides to
roll forward her current exposure in the natural gas position.

Each month, McNeil reports the performance of the energy futures positions,
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including details on price returns, roll returns, and collateral returns, to the firm’s
executive committee. A new committee member is concerned about the nega-
tive roll returns on some of the positions. In a memo to McNeil, the committee
member asks her to explain why she is not avoiding positions with negative roll
returns.

With respect to its risk management policy, Farmhouse can be best described as:

A. atrader.
B. ahedger.

(. an arbitrageur.

Which of Falk’s statements regarding the characteristics of the grains and live-
stock markets is correct?

A. Only Statement 1

B. Only Statement 2

(. Both Statement 1 and Statement 2

Which of Falk’s conclusions regarding commodity markets is correct?

A. Conclusion 1

B. Conclusion 2

C. Conclusion 3

Which commodity market in Exhibit 1 is currently in a state of contango?
A. Wheat

B. Soybeans

C. Live cattle

Based on Exhibit 1 and McNeil’s two observations, the futures price of soybeans
is most consistent with the:

A. insurance theory.
B. theory of storage.

(. hedging pressure hypothesis.

Based on Exhibit 2, the total return from the long position in natural gas futures
is closest to:

A. 1.46%.
B. 3.71%.
¢ 4.14%.

The most appropriate response to the new committee member’s question is that:

A. roll returns are negatively correlated with price returns.
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B. such roll returns are the result of futures markets in backwardation.

C. such positions may outperform other positions that have positive roll
returns.

The following information relates to questions
16-22

Jamal Nabli is a portfolio manager at NextWave Commodities (NWC), a
commodity-based hedge fund located in the United States. NWC'’s strategy uses
a fixed-weighting scheme to allocate exposure among 12 commodities, and it is
benchmarked against the Thomson Reuters/CoreCommodity CRB Index (TR/
CC CRB). Nabli manages the energy and livestock sectors with the help of Sota
Yamata, a junior analyst.

Nabli and Yamata meet to discuss a variety of factors that affect commodity val-
ues in the two sectors they manage. Yamata tells Nabli the following:

Statement 1  Storage costs are negatively related to futures prices.

Statement 2 In contrast to stocks and bonds, most commodity investments
are made by using derivatives.

Statement 3 Commodities generate future cash flows beyond what can be
realized through their purchase and sale.

Nabli and Yamata then discuss potential new investments in the energy sector.
They review Brent crude oil futures data, which are presented in Exhibit 1.

Exhibit 1: Selected Data on Brent Crude Oil Futures

Near-Term Longer-Term
Spot Price Futures Price Futures Price
77.56 73.64 73.59

Yamata presents his research related to the energy sector, which has the following
conclusions:

= Consumers have been more concerned about prices than producers have.

= Energy is consumed on a real-time basis and requires minimal storage.

After concluding the discussion of the energy sector, Nabli reviews the perfor-
mance of NWC’s long position in lean hog futures contracts. Nabli notes that the
portfolio earned a —12% price return on the lean hog futures position last year
and a —24% roll return after the contracts were rolled forward. The position was
held with collateral equal to 100% of the position at a risk-free rate of 1.2% per
year.

Yamata asks Nabli to clarify how the state of the futures market affects roll re-
turns. Nabli responds as follows:

Statement 1 Roll returns are generally negative when a futures market is in
contango.
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Statement 2  Roll returns are generally positive when a futures market is in
backwardation.

As part of their expansion into new markets, NWC is considering changing

its benchmark index. Nabli investigates two indexes as a possible replacement.
These indexes both use similar weighting and rebalancing schemes. Index A in-
cludes contracts of commodities typically in contango, whereas Index B includes
contracts of commodities typically in backwardation. Nabli asks Yamata how the
two indexes perform relative to each other in a market that is trending upward.
Because of a substantial decline in drilling activity in the North Sea, Nabli be-
lieves the price of Brent crude oil will increase more than that of heavy crude oil.
The actual price volatility of Brent crude oil has been lower than its expected vol-
atility, and Nabli expects this trend to continue. Nabli also expects the level of the
ICE Brent Index to increase from its current level. Nabli and Yamata discuss how
to use swaps to take advantage of Nabli’s expectations. The possible positions are
(1) a basis swap long on Brent crude oil and short on heavy crude oil, (2) a long
volatility swap on Brent crude oil, and (3) a short position in an excess return
swap that is based on a fixed level (i.e., the current level) of the ICE Brent Index.

Which of Nabli’s statements regarding the valuation and storage of commodities
is correct?

A. Statement 1

B. Statement 2

(. Statement 3

Based on Exhibit 1, Yamata should conclude that the:

A. calendar spread for Brent crude oil is $3.97.

B. Brent crude oil futures market is in backwardation.

C. Dbasis for the near-term Brent crude oil futures contract is $0.05 per barrel.

Based on Exhibit 1 and Yamata’s research on the energy sector, the shape of the
futures price curve for Brent crude oil is most consistent with the:

A. insurance theory.
B. theory of storage.

(. hedging pressure hypothesis.

The total return (annualized excluding leverage) on the lean hog futures contract
is:

A. -37.2%.
B. -36.0%.
¢ -34.8%.

Which of Nabli’s statements about roll returns is correct?

A. Only Statement 4

B. Only Statement 5
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C. Both Statement 4 and Statement 5

21. The best response to Nabli’s question about the relative performance of the two
indexes is that Index B is most likely to exhibit returns that are:

A. lower than those of Index A.
B. the same as those of Index A.

(. higher than those of index A.

22. Given Nabli’s expectations for crude oil, the most appropriate swap position is
the:

A. Dbasis swap.
B. volatility swap.

(. excess return swap.
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SOLUTIONS

1. Cis correct. Commodity arbitrage involves an ability to inventory physical com-
modities and the attempt to capitalize on mispricing between the commodity
(along with related storage and financing costs) and the futures price. The Apex
Fund has access to storage facilities and uses these facilities in the attempt to
capitalize on mispricing opportunities.

2. Cis correct. Government actions can affect the supply or demand of all four sec-
tors of the Apex Fund. With respect to energy, environmental mandates imposed
by governments have tightened pollution standards, which have led to increasing
processing costs that negatively affect demand. The supply of livestock, such as
hogs and cattle, is affected by government-permitted use of drugs and growth
hormones. Softs, or cash crops, can be affected by government actions, such as
the attempt to maintain strategic stockpiles to control domestic prices. The level
of demand and relative value of a precious metal, such as gold, is directly linked
to government actions associated with managing to inflation targets.

3. Cis correct. Expected future cash flows affect the valuation of financial assets,
such as stocks and bonds, but do not affect the valuation of commodities. Finan-
cial assets (stocks and bonds) are valued based on expected future cash flows.

In contrast, the valuation of a commodity is based on a discounted forecast of a
future commodity price, which incorporates storage and transportation costs.

4. Cis correct. When the near-term (i.e., closer to expiration) futures contract
price is higher than the longer-term futures contract price, the futures market
for the commodity is in backwardation. Because gasoline is the only one of the
three futures markets in Exhibit 2 in which the near-term futures contract price
($2.2701) is higher than the longer-term contract price ($2.0307), the gasoline
futures market is the only one in backwardation.

5. Bis correct. The theory of storage focuses on the level of commodity inventories
and the state of supply and demand. A commodity that is regularly stored should
have a higher price in the future (contango) to account for those storage costs.
Because coffee is a commodity that requires storage, its higher future price is
consistent with the theory of storage.

6. Cis correct. Roll returns are generally positive (negative) when the futures
market is in backwardation (contango) and zero when the futures market is flat.
Because the gasoline market is in backwardation, its roll returns will most likely
be positive.

7. Ais correct. The total return on the trade represents the sum of three compo-
nents: price return, roll return, and collateral return.

Price return = (Current price — Previous price)/Previous price = (877.0
— 865.0)/865.0

= 1.387%.

Roll return

= [(Near-term futures contract closing price — Farther-term futures contract closing
price)/Near-term futures contract closing price] x Percentage of the position in the
futures contract being rolled.

Because the entire position is being rolled, the percentage of the position in the
futures contract being rolled is equal to 100%. So:
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Roll return = [(877.0 — 883.0)/877.0] x 100% = —0.684%.
Collateral return = [3 months/12 months] x 0.60% = 0.15%.

Total return = 1.387% — 0.684% + 0.15% = 0.853%.

A is correct. The total return swap involves a monthly cash settlement (reset)
based on the performance of the underlying reference asset (S&P GSCI) given

a notional amount of $25 million. If the level of the index increases between the
two valuation dates (in this case, May and June), the long position (the swap buy-
er) receives payment. If the level of the index decreases between the two valua-
tion dates, the swap seller receives payment.

The return on the reference index for the month of June is [(2,525.21 -
2,582.23)/2,582.23], which is equivalent to —-2.2082%. Therefore, the swap
buyer (long position) must pay the swap seller a cash settlement for the month
of June. The June payment calculation is equal to $25,000,000 x —2.2082%, or
-$552,042.23.

B is correct. Hedgers trade in the futures markets to hedge their exposures relat-
ed to the commodity, as stated in Farmhouse’s risk management policy.

C is correct. The life cycle of livestock does vary widely by product. Grains have
uniform, well-defined seasons and growth cycles specific to geographic regions.
Therefore, both statements are correct.

C is correct. Commodity prices are affected by supply and demand, and improve-
ments in freezing technology can improve the firm’s ability to store its products
for longer periods and manage the volatility of supply and demand. For exam-
ple, during times of excess supply, a livestock producer, such as Farmhouse, can
freeze its products and offer them during better market supply conditions.

B is correct. The futures market for soybeans is in a state of contango because the
spot price is lower than the futures price.

C is correct. In Exhibit 1, the spot price of soybeans is less than the futures price.
This observation can be explained only by the hedging pressure hypothesis.
According to this hypothesis, hedging pressure occurs when both producers and
consumers seek to protect themselves from commodity market price volatility
by entering into price hedges to stabilize their projected profits and cash flows. If
consumers are more interested in hedging than producers are, the futures price
will exceed the spot price.

In contrast, the insurance theory predicts that the futures price has to be lower
than the current spot price as a form of payment or remuneration to the specu-
lator who takes on the price risk and provides price insurance to the commodity
seller. Similarly, the theory of storage also predicts that when a commodity’s
convenience yield is greater than its direct storage costs, the futures price will be
lower than the spot price.

A is correct. The total return for a fully collateralized position is the sum of the
price return, the roll return, and the collateral return:

Price return = (Current price — Previous price)/Previous price
=(2.99 —2.93)/2.93
=2.05%.

Roll return
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= (Near-term futures closing price — Farther-term futures closing price)/Near-term
futures closing price x Percentage of position in futures contract being rolled

=[(2.99 — 3.03)/2.99] x 100%
=-1.34%.

Collateral return = Annual rate x Period length as a fraction of the year
=3% % 0.25

=0.75%.
Therefore, the total return for three months = 2.05% — 1.34% + 0.75% = 1.46%.

C is correct. Investment positions are evaluated on the basis of total return,

and the roll return is part of the total return. Even though negative roll return
negatively affects the total return, this effect could be more than offset by positive
price and collateral returns. Therefore, it is possible that positions with negative
roll returns outperform positions with positive roll returns, depending on the
price and collateral returns.

B is correct. The most common way to invest in commodities is via derivatives,
and commodities do not generate future cash flows beyond what can be real-
ized through their purchase and sale. Also, storage costs are positively related to
futures prices. Physical assets have to be stored, and storage incurs costs (rent,
insurance, spoilage, etc.). Therefore, a commodity that is regularly stored should
have a higher price in the future to account for those storage costs.

B is correct. The Brent crude oil futures market is in a state of backwardation.
Commodity futures markets are in a state of backwardation when the spot price
is greater than the price of near-term (i.e., nearest-to-expiration) futures con-
tracts and, correspondingly, the price of near-term futures contracts is greater
than that of longer-term contracts. The calendar spread is the difference between
the near-term futures contract price and the longer-term futures contract price,
which is $73.64 — $73.59 = $0.05. The basis for the near-term Brent crude oil fu-
tures contract is the difference between the spot price and the near-term futures
price: $77.56 — $73.64 = $3.92.

B is correct. The Brent crude oil futures market is in a state of backwardation:
The spot price is greater than the price of near-term (i.e., nearest-to-expiration)
futures contracts. Commodities (in this case, Brent crude oil) are physical assets,
not virtual assets, such as stocks and bonds. Physical assets have to be stored, and
storage incurs costs (rent, insurance, inspections, spoilage, etc.). According to the
theory of storage, a commodity that is consumed along a value chain that allows
for just-in-time delivery and use (i.e., minimal inventories and storage) can avoid
these costs. Yamata’s research concluded that energy is consumed on a real-time
basis and requires minimal storage. In this situation, demand dominates supply,
and current prices are higher than futures prices (state of backwardation).

Cis correct. The contract was held for one year, so the price return of —-12% is an
annualized figure. Additionally, the —24% roll return is also annualized. Nabli’s
collateral return equals 1.2% per year x 100% initial collateral investment = 1.2%.
Therefore, the total return (annualized) is calculated as follows:

Total return = Price return + Roll return + Collateral return.

Total return = —12% + (—24%) + 1.2% = —34.8%.
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20. C is correct. Roll returns are generally negative (positive) when the futures mar-
ket is in contango (backwardation) and zero when the futures market is flat.

21. Cis correct. Index B is likely to have higher performance than Index A in a
market that is trending upward. Indexes that (perhaps inadvertently) con-
tain contracts that more commonly trade in backwardation may improve
forward-looking performance because this generates a positive roll return. Simi-
larly, indexes that contain contracts that more commonly trade in contango may
hurt performance for the same reason (i.e., negative roll return).

22. A is correct. Nabli expects the price of Brent crude oil to increase more than that
of heavy crude oil, and Nabli can take advantage of this prediction by entering
into a basis swap that is long Brent crude oil and short heavy crude oil. Nabli
should take a short (not long) position in a volatility swap to take advantage of
his prediction that Brent crude oil’s price volatility will be lower than its expected
volatility. Nabli should take a long (not short) position in an excess return swap
to take advantage of his expectation that the level of the ICE Brent Index will
increase faster than leading oil benchmarks.
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LEARNING OUTCOMES

Mastery | The candidate should be able to:

] compare the characteristics, classifications, principal risks, and basic
forms of public and private real estate investments

explain portfolio roles and economic value determinants of real
estate investments

discuss commercial property types, including their distinctive

]
]
investment characteristics
]
]

explain the due diligence process for both private and public equity
real estate investment

discuss real estate investment indexes, including their construction
and potential biases

INTRODUCTION

Real estate property is an asset class that plays a significant role in many investment
portfolios and can be an attractive source of current income. Investor allocations to
public and private real estate have increased significantly over the last 20—25 years.
Because of the unique characteristics of real estate property, real estate investments
tend to behave differently from other asset classes—such as stocks, bonds, and
commodities—and thus have different risks and diversification benefits. Private real
estate investments are further differentiated because the investments are not pub-
licly traded and require analytical techniques different from those of publicly traded
assets. Because of the lack of directly comparable transactions, an appraisal process
is required to value real estate property. Many of the indexes and benchmarks used
for private real estate also rely on appraisals and therefore behave differently from
indexes for publicly traded equities.
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LEARNING MODULE OVERVIEW @

= Real estate investments can occur in four basic forms: private
equity (direct ownership), publicly traded equity (indirect
ownership claim), private debt (direct mortgage lending), and publicly
traded debt (securitized mortgages).

= Many motivations exist for investing in real estate income property.
The key ones are current income, price appreciation, inflation hedge,
diversification, and tax benefits.

= Adding equity real estate investments to a traditional portfolio will
potentially have diversification benefits because of the less-than-per-
fect correlation of equity real estate returns with returns to stocks and
bonds.

= If the income stream can be adjusted for inflation and real estate
prices increase with inflation, then equity real estate investments will
provide an inflation hedge.

= Debt investors in real estate expect to receive their return from prom-
ised cash flows and typically do not participate in any appreciation in
the value of the underlying real estate. Thus, debt investments in real
estate are similar to other fixed-income investments, such as bonds.

= Regardless of the form of real estate investment, the value of the
underlying real estate property can affect the performance of the
investment, with location being a critical factor in determining the
value of a real estate property.

= Real estate property has some unique characteristics compared with
other investment asset classes. These characteristics include heteroge-
neity and fixed location, high unit value, management intensiveness,
high transaction costs, depreciability, sensitivity to the credit market,
illiquidity, and difficulty of value and price determination.

= There are many different types of real estate properties in which to
invest. The main commercial (income-producing) real estate property
types are office, industrial and warehouse, retail, and residential (or
multi-family). Other types of commercial properties are typically clas-
sified by their specific use.

= Certain risk factors are common to commercial property, but each
property type is likely to have a different susceptibility to these factors.
The key risk factors that can affect commercial real estate include
business conditions, lead time for new development, excess supply,
cost and availability of capital, unexpected inflation, demographics,
lack of liquidity, environmental issues, availability of information,
management expertise, and leverage.

= Location, lease structures, and economic factors—such as economic

growth, population growth, employment growth, and consumer
spending—affect the value of each property type.
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BASIC FORMS OF REAL ESTATE INVESTMENT 2

] compare the characteristics, classifications, principal risks, and basic
forms of public and private real estate investments

Real estate offers investors long-term stable income, some protection from inflation,
and generally low correlations with stocks and bonds. High-quality, well-managed
properties with low leverage are generally expected to provide higher returns than
high-grade corporate debt (albeit with higher risk) and lower returns and risk than
equity. Real estate investment can be an effective means of diversification in many
balanced investment portfolios. Investors can choose to have the equity, or ownership,
position in properties, or they may prefer to have exposure to real estate debt as a
lender or owner of mortgage-backed securities.

Private real estate investments often hold the greatest appeal for investors with
long-term investment horizons and the ability to accept relatively lower liquidity.
Pension funds, sovereign wealth funds, insurance companies, and high-net-worth
individuals have been among the largest investors in private real estate. Securitized
real estate ownership—shares of publicly traded, pooled real estate investments, such
as real estate operating companies (REOCs), real estate investment trusts (REITs),
and mortgage-backed securities (MBS)—has historically provided smaller investors
with ready access to the asset class because of low unit values and the benefits of
higher liquidity and professional management. Institutional investors also pursue
securitized real estate when the market capitalization of the vehicles can accommo-
date large investor demand.

Regardless of vehicle type, the risk profile of the underlying investment can vary
significantly. High-quality properties in leading markets with long-term leases and
low leverage have a relatively conservative risk profile, as do those mortgages that
represent only slightly more than half of the asset’s value. Older properties with
short-term leases in suburban markets with ample room for new development and
higher leverage constitute higher-risk properties. Below-investment-grade, non-rated,
and mezzanine debt similarly carries higher risk. Development property is often con-
sidered the riskiest because of long lead times and the dependence on contractors,
suppliers, regulators, and future tenants for success.

Real Estate Investment: Basic Forms

There are many different types of real estate property, capital position, and investment
vehicle classifications.

Property Type

One simple way to classify property type distinguishes between residential and
non-residential (typically, commercial) properties. Real estate can be categorized as
either owner occupied or for rent.Exhibit 1 presents the various property types along
these two lines of classification.
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Exhibit 1: Residential vs. Non-Residential Real Estate

Owner Occupied For Rent (Commercial)
Residential Single-family homes, apartments/ Single-family homes and
condominiums, manufactured multi-family buildings
housing
Non-Residential Office, shopping centers, manufac- Office, shopping centers,
turing facilities, warehouses, agricul- industrial warehouse/distribu-
tural, other specialty real estate tion, hotels, agricultural, other

specialty real estate

Multi-family properties contain individual for-rent apartments or flats. Condominiums
refer to owner-occupied units in multi-unit buildings.

Senior housing/assisted living properties represent a specialized real estate use.
Other specialized and niche property types include medical offices and facilities,
self-storage, data centers, manufactured housing communities (mobile home parks),
casinos, cell towers, movie theaters, billboards, and other for-rent real property. These
other property types would fit a non-core investment strategy.

Capital Position

Capital position describes whether a real estate investor is an equity or debt provider.

An equity investor has an ownership interest in the property or properties. An
equity investor may be the sole or a joint owner of the real estate property or may
invest in securities of a company that owns the real estate property. The owner of the
real estate property controls such decisions as whether to obtain a mortgage loan on
the real estate, who should handle property management, and when to sell the real
estate. In the case of a real estate investment trust, that control is delegated to the
managers of the REIT by the shareholders/investors/unitholders. The basic structure
of a REIT is shown in Exhibit 2.
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Exhibit 2: Real Estate Investment Trust Structure

Investor Investor
(Unitholder) (Unitholder)
Investor Investor
(Unitholder) (Unitholder)
V Income
Distribution
Trustee Management
Services Services
Trust _— «— Investment
rustee D REIT __________________ > Manager
Trustee Management
Fees Fees
Gross Property
Property Acquisition/
Income Sale
Property
Management
Property Property Fees
---------------------- > Property
«— Manager
Property Property Property
Management
Services

A debt investor directly or indirectly lends to the owner of the property or proper-
ties. A debt investor may directly loan funds to the entity acquiring the real estate
property or may invest in securities whose cash flows are derived from real estate
loans. Typically, the real estate property is used as collateral for a mortgage loan. In
such cases, the mortgage lender has a priority claim on the real estate. The value of
the equity investor’s interest in the real estate is equal to the current value of the real
estate less the amount owed to the mortgage lender.

Investment Vehicles

Real estate investment can be made through a private or public vehicle and take the
form of either equity or debt. Combining the two dimensions, we have four quadrants

as illustrated in Exhibit 3.
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Exhibit 3: Examples of the Basic Forms of Real Estate Investment

Public

« Indirect Investment
« Shares of REOCs

+ Morgage REITs

+ MBS (residential * Shares .Of REITs
I . + Other listed trusts
S and commercial)
2 . Unsecured REIT » Exchange-traded >
[ debt funds (ETFs) 5
g + Index Funds =
& Debt , Equity |
= « Direct Investment <
S « Individual §
a - Morgages + Joint ventures S
-% « Private debt + Indirect Investment £
a . Bank debt « Limited partnerships

» Forms of commingled
fund

« Private REITs and REOCs

Private

Increasing Risk

Private vs. Public

Private investment can be as simple as buying a property outright. Commercial
property owners, whether as the sole owner or a joint owner, are more likely to use
a special vehicle to limit their liability. Property owners who accept capital from pas-
sive investors will form partnerships with the real estate professionals acting as the
general partners (GPs) and the passive investors being admitted to the partnership as
limited partners (LPs). The model commonly has the entrepreneur/real estate profes-
sional taking the GP role and managing the partnership for the LPs. The LPs typically
consist of insurance companies, pension funds, sovereign wealth funds, foundations,
endowments, and high-net-worth individuals.

Public investors can purchase securities that are traded on public exchanges, such
as exchange-traded funds (ETFs), common stock, partnership units, or trust units. By
definition, investments in corporations, REITs, and other vehicles that, in turn, own
properties are indirect investments. The key benefits to investing in publicly traded
securities include liquidity, access to professional management, and a portfolio of
properties combined with low minimum-purchase requirements.

Real estate operating companies (REOCs) are taxable corporations that operate
and manage commercial real estate with few corporate-structure restrictions. They
commonly own and often develop real estate.

In contrast, REITs are restricted to primarily owning and operating rental properties
or purchasing mortgages and in most jurisdictions are required to distribute nearly
all of their earnings to investors to avoid paying corporate income taxes.

In the United States, REITs were originally conceived of as a type of pooled fund
to provide small investors with access to the asset class. Similar to mutual funds,
this vehicle does not pay corporate income taxes and instead distributes dividends
to investors. REITs typically allow exposure to a diversified portfolio of real estate.
In regions without REIT structures or if property companies want greater flexibility,
REOC:s could also raise public capital. REIT and REOC shares are typically liquid, and
active trading results in prices that are more likely to reflect market value.

Mortgage-backed securities are another real estate vehicle and are classified as
public investments when there are active secondary trading markets. There are some
restrictions as to who is eligible to purchase the MBS and minimum trade sizes. MBS



© CFA Institute. For candidate use only. Not for distribution.

Basic Forms of Real Estate Investment

are indirect investments in which trust certificate owners (bondholders) typically own
the right to receive cash flow from an underlying pool of mortgages, which, in turn,
are secured by real property, rather than owning the mortgages outright.

Equity vs. Debt

Equity investors generally expect a higher rate of return than debt investors (lenders)
because they take on more risk. The debt investors’ claims on the cash flows and
proceeds from sale must be satisfied before the equity investors can receive anything.
As the amount of debt on a property, or financial leverage, increases, risk increases
for both debt and equity; thus, an investor’s debt or equity return expectations will
increase. Of course, the risk is that the higher return will not materialize. The risk is
even higher for an equity investor.

Debt investors in real estate, whether through private or public markets, expect
to receive their return from promised cash flows and typically do not participate in
any appreciation in the value of the underlying real estate. Thus, debt investments in
real estate are similar to other fixed-income investments, such as bonds.

The returns to equity real estate investors have two components: an income
stream resulting from such activities as renting the property and a capital apprecia-
tion component resulting from changes in the value of the underlying real estate. If
the returns to equity real estate investors are less than perfectly positively correlated
with the returns to stocks and bonds, then adding equity real estate investments to a
traditional portfolio will have diversification benefits.

Categorization
The categorization of real estate investment into the four quadrants helps investors
identify the forms that best fit their objectives. For example, some investors may
prefer to own and manage real estate. Other investors may prefer the greater liquid-
ity and professional management associated with purchasing publicly traded REITs.
Other investors may prefer mortgage lending because it involves less risk than equity
investment or unsecured lending; the mortgage lender has a priority claim on the real
estate used as collateral for the mortgage. And other investors may want to create a
portfolio of investors.

Each quadrant offers differences in risk and expected return, including the impact
of taxes on the return. So, investors should explore the risk and return characteristics
of each quadrant as part of their investment decisions.

KNOWLEDGE CHECK y

Form of Investment

1. An investor is interested in adding real estate to her portfolio of equity and
fixed-income securities for the first time. She has no previous real estate
experience but believes adding real estate will provide some diversification
benefits. She is concerned about liquidity because she may need the money
in a year or so.

Which form of real estate investment is most appropriate for her?

A. Shares of REITs
B. Mortgage-backed securities

(. Direct ownership of commercial real estate property
Solution

A is correct. She is probably better off investing in shares of publicly traded
REITs, which provide liquidity, have professional management, and require
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a smaller investment than direct ownership of real estate. Using REITs, she
may be able to put together a diversified real estate investment portfolio.
Although REITs are more correlated with stocks than direct ownership of
real estate is, direct ownership is much less liquid and a lot of properties

are needed to have a diversified real estate portfolio. Also, adding shares of
REITs to her current portfolio should provide more diversification benefits
than adding debt in the form of mortgage-backed securities and will allow
her to benefit from any appreciation of the real estate.

Debt investments in real estate, such as MBS, are similar to other fixed-in-
come investments, such as bonds, and can be highly sensitive to changes

in interest rates. The difference is that their income streams are secured by
real estate assets, which means that the risks are default risks linked to the
performance of the real estate assets and the ability of mortgagors to pay
principal and interest. In contrast, adding equity real estate investments to a
traditional portfolio (of equity and fixed-income investments) will potential-
ly have diversification benefits.

Characteristics

Some of the main characteristics of real estate investment that distinguish it from
listed equity or fixed-income investments include the following:

Unique Asset and Fixed No two real estate properties are the same (i.e.,
Location heterogeneity).
High Unit Value The price of a unit of real estate property is high compared

with the price of a single stock or bond.

Management Intensive Owning real estate requires maintenance, contracting, and

collecting rent. Owning a stock or bond doesn’t require
such efforts.

High Transaction Costs Buying and selling real estate is costly in time and money,

with multiple parties involved. Trading in stocks and
bonds is much more straightforward.

Depreciation Real estate depreciation refers to the deduction in the

value of the building over time due to obsolescence and
deterioration. This deduction has favorable tax conse-
quences in most markets.

Iliquidity Real estate investments require time to sell, and the bid/
ask spread is much wider than that for stocks and bonds.

Need for debt capital Real estate investments typically require debt capital.

Price Determination Real estate prices are typically determined by appraisals

and estimates rather than by market transactions readily
visible in the market because each property is unique.

Unique asset and fixed location: Whereas all bonds of a particular issue are
identical, as are stocks of a particular type in a specific company, no two
properties are the same. Buildings differ in use, size, location, age, type of
construction, quality, and tenant and leasing arrangements. Even identically
constructed buildings with the same tenants and leases will be at different
locations.

High unit value: The unit value to purchase one private real estate property

is large compared to a single share of stock or a bond. The amount required
to make an investment in private real estate limits the number of potential
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investors and the ability to construct a diversified real estate portfolio. This
contributed to the development of publicly traded securities, such as REITs,
which allow partial ownership of an indivisible asset.

= Management intensive: A private real estate equity investor or direct owner
of real estate has responsibility for management of the real estate, including
maintaining the properties, negotiating leases, and collecting rents. This
active management, whether carried out by the owner or by hired property
managers, creates additional costs when projecting returns.

=  High transaction costs: Buying and selling real estate is also costly and time
consuming because others—such as brokers, appraisers, lawyers, lenders,
and construction professionals—are likely to be involved in the process until
a transaction is completed.

= Depreciation: Buildings depreciate as a result of use and the passage of time.
A building’s value may also change as the desirability of its location and its
design changes from the perspective of end users.

»  Need for debt capital: Real estate values are sensitive to the cost and avail-
ability of debt capital because of the large amounts required to purchase and
develop real estate properties. The ability to access funds and the cost of
funds in the credit markets are important.

» [lliquidity: Real estate properties are relatively illiquid. They may take a
significant amount of time to market and to sell at a price that is close to the
owner’s perceived fair market value. The initial spread between bid and ask
prices is generally wide.

= Price determination: As a result of the wide differences in the characteris-
tics of real estate properties and the low volume of transactions, estimates
of value or appraisals rather than transaction prices are usually necessary
to assess changes in value or expected selling price over time. The limited
number of participants in the market for a property, combined with the
importance of local knowledge, makes it harder to know the market value of
a property.

These characteristics slowed widespread investor allocations to real estate.
Securitization helped overcome some of these problems, especially investment size
and illiquidity. It is much easier to sell the shares of a listed company that owns real
estate than to sell the underlying real estate.

KNOWLEDGE CHECK y

Investment Characteristics

1. An investor states that he likes investing in private real estate because he
believes the market is less efficient than other liquid asset classes and, there-
fore, expects to earn a return premium. What are some of the sources of real
estate market inefficiency?

Solution

It can be difficult to readily establish fair market value in real estate. Infre-
quent transactions, high transaction costs, and low transparency reduce
market efficiency. Market players who recognize the impact of new infor-
mation on underlying property value cannot readily buy real estate when it
is priced below intrinsic value and sell real estate when prices move above
intrinsic value. In a less efficient market, an investor with superior knowl-
edge and information or a better understanding of the appropriate price to
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pay for properties (superior valuation skills) may earn a higher return by
making more informed investment decisions, provided that they can wait
until market prices adjust to intrinsic values. However, there is also mount-
ing evidence that real estate is becoming more efficient.

Online data services provide real-time pricing transparency based on prop-
erty location, type, size, and age. There is also information about commer-
cial tenants, rents, lease terms, and lease expiration schedules. The large
number and large size of real estate private equity funds with ample capital
to deploy suggest numerous professional investors are scouring markets for
the best opportunities. An investor buying relatively few properties may be
able to take advantage of market inefficiencies.

However, larger investors with broad real estate exposure are more likely

to see diversification reduce idiosyncratic opportunities for above-market
returns. Private real estate investors should expect to earn a return premium
for illiquidity. Earning excess returns from market inefficiency becomes in-
creasingly difficult as the number of knowledgeable, well-capitalized partici-
pants competing for acquisitions and spurring transaction activity increases.

2. A portfolio manager believes the entire real estate sector is trading at cycli-
cally depressed levels because of prior overbuilding, a jump in interest rates,
and a recession. The manager wants tactical exposure to real estate for what
the manager expects to be a three-year recovery cycle. What would be a
good real estate investment strategy for the manager?

Solution

The portfolio manager could purchase the shares of a large, diversified
REIT or REOC. REIT shares would provide exposure to underlying real
estate, and REOCs could offer exposure to a combination of rental income,
property management and brokerage income, and development profits. By
investing in the shares of a larger, presumably liquid company, the port-
folio manager should be able to exit the position if the sector recovers as
expected or if the portfolio manager decides to raise cash. Geography- and
sector-focused real estate companies (e.g., companies that own shopping
centers in Australia) should be considered if the portfolio manager’s views
extend to specific markets.

Investing in private funds or companies may not offer as much liquidity, and
entry/exit costs could be higher.

Risk Factors

Most of the risk factors associated with investing in commercial real estate affect the
income and/or value of the real estate property and, if investing indirectly, the income
and value of the equity or debt investment.

Risks that are identified can, to a limited extent, be planned for and incorporated
into investors’ expectations. In some cases, a risk can be partially mitigated and con-
verted to a known loss amount through insurance. In other cases, risk can be reduced
through diversification or shifted to another party through contractual arrangements.
For example, the risk of expenses increasing can be shifted to tenants by including
expense reimbursement clauses in their leases. The risk that remains must be evaluated
and reflected in contractual terms (e.g., rental prices) such that the expected return
is equal to or greater than the required return necessary to make the investment.
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The following are characteristic sources of risk or risk factors of real estate
investment:

Property demand and supply
Valuation

Property operations

Property Demand and Supply

Feature Description

Business conditions General economic conditions, such as GDP, employment, interest

rates, and business cycle, impact demand for real estate.

Demographics Demographic factors, such as population, age, and income level,

impact demand for real estate.

Real estate cycle Long lead times and a relatively long real estate cycle contribute

to a buildup of excess supply based on the assumption of high
rents.

Business conditions: Fundamentally, the commercial real estate business
involves renting space to users. The demand for space depends on interna-
tional, national, regional, and local economic conditions. GDP, employment,
household income, interest rates, and inflation are particularly relevant to
real estate. Changes in macroeconomic conditions will affect real estate
investments because both current and expected income and real estate
values may be affected.

Demographics: The size and age distribution of the population in the local
market, the distribution of socioeconomic groups, and rates of new house-
hold formation are demographic factors that affect the demand for real
estate.

Excess supply: The real estate cycle is generally long, lasting approximately
17-18 years on average, albeit with a great deal of variance. Increases in the
demand for space, which usually accompany the business cycle, will lead

to higher occupancy, which, in turn, can support higher rents. New devel-
opment usually begins once rents and property income increase to levels
high enough to meet investor return requirements. Construction costs

and property operating expenses generally increase later in the real estate
cycle as increased competition for labor, materials, and land contribute to
rising development costs, thereby increasing the minimum rent threshold
required to justify new construction. New development requires long lead
times to secure capital, land, designs, permits, and zoning approval; to start
and complete construction; to lease space; and to have tenants move in.

If additions to real estate supply do not keep up with demand, rents will
continue to rise, which encourages even more development. As the busi-
ness cycle ages, recession risks increase. When the inevitable contraction in
business activity occurs and demand for space moderates or declines, new
supply continuing to come to market will contribute to a decline in market
occupancy, which is accompanied by falling rents and declining returns to
real estate investment. Rent price swings between the lows and highs can
be dramatic. When rents and returns drop, new supply will contract and
remain low until space demand rises high enough to absorb the excess space
and contribute to higher rents.
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Valuation

Feature Description

Cost and availability of capital ~ Real estate must compete with other assets for debt and

equity capital. Real estate investors would be willing to pay
more in a low interest rate environment.

Availability of information If information on a property is limited, it is more diffi-
cult to make an informed decision on investing in that
property.

Lack of liquidity Real estate takes time (and money) to sell and buy.

Interest rate environment The interest rate environment affects supply, demand, and

prices of real estate.

Cost and availability of capital: Real estate must compete with other assets
for debt and equity capital. The willingness of investors to invest in real
estate depends on the availability and cost of debt, as well as the expected
return on other investments, such as stocks and bonds, which affects the
availability of equity capital. A shortage of debt capital as well as high
interest rates can significantly reduce the demand for real estate and reduce
prices. Alternatively, an environment of low interest rates and easy access
to debt capital can decrease investors’ weighted average cost of capital and
increase the price investors are willing to pay for real estate investments.

Availability of information: A lack of information to conduct the property
analysis adds to the risk of the investment. Although some countries have
much more information available to investors than others, in general, the
availability of information has been increasing on a global basis as investors
want to evaluate investment alternatives on a comparable basis. Real estate
indexes have become available in many countries around the world. These
indexes allow investors to benchmark their properties’ performance against
that of peers and provide a better understanding of the risk and return for
real estate compared with other asset classes. Indexes are discussed in more
detail elsewhere.

Lack of liquidity: Liquidity is the ability to convert an asset to cash quickly
without a significant price discount or loss of principal. Real estate is con-
sidered to have low liquidity (high liquidity risk) because of the large value
of an individual investment and the time and cost it takes to sell a property
at its current value. Buyers are unlikely to make large investments without
conducting adequate due diligence, which takes both time and money.
Therefore, buyers are not likely to agree to a quick purchase without a sig-
nificant discount to the price.

Interest rate environment. Real estate values may decline initially when inter-
est rates rise. Unlike a fixed-rate bond with a fixed maturity price, however,
property income, land prices, and real estate values may increase over time
or at least through the latter part of the real estate cycle.
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Property Operations

Feature Description

Management Real estate requires “asset management” (managing/moni-
toring the investment) and “property management” (mainte-
nance, day-to-day operations).

Lease provisions Real estate investments include legal contracts that can add to
or detract from the value of the investment.

Leverage Real estate investments typically include more leverage for the
equityholder than other types of investments. This leverage
affects the risk/return profile.

ESG considerations Real estate values can be directly impacted by environmental-,
social-, and governance-related issues.

Obsolescence Real estate investments can become obsolete due to changing

technology, tenant preferences, and other factors.

Ongoing market disruption ~ Online shopping, remote working, and other disruptions con-

tinue to change the face of real estate markets globally.

Management: Investment management can be categorized into two levels:
asset management and property management. Asset management involves
monitoring the investment’s financial performance and making changes

as needed. Property management is exclusive to real estate investments. It
involves the overall day-to-day operation of the property and the physical
maintenance of the property, including the buildings. Management risk
reflects the ability of the property and asset managers to make the right
decisions regarding the operation of the property, such as negotiating leases,
maintaining the property, marketing the property, and making renovations
when necessary.

Lease provisions: Landlords use lease provisions to recover loss partially or
fully in purchasing power from inflation through a combination of contrac-
tual rent increases and expense passthroughs. Predetermined contractual
rent step-ups can move in line with unexpected inflation if they are tied

to a consumer price or other inflation-linked index. Even then, increases

in operating expenses, especially real estate taxes and insurance costs, can
rise faster than general inflation. Real rental income after expenses would
be penalized in such a scenario unless leases also require lessees to reim-
burse landlords for property operating expenses. Expense caps, which

limit how much of the annual increase is passed along to the tenant, would
not perfectly protect the lessor against unforeseen increases in expenses.
Short-term leases (typically six months to two years) and leases in mar-
kets that allow the property owner to require periodic rent reviews present
the landlord with the opportunity to frequently reset rents in response to
changing market conditions. The longer the lease or the longer the period
between rent reviews, the more difficult it is to anticipate rising costs and,
therefore, the more important it is for lessors to require expense reimburse-
ments from tenants. Following a real estate market downturn, however, high
vacancy rates and low rents may prevent landlords from raising rents on
new leases in line with inflation.

Leverage: The use of borrowed funds to purchase real estate affects
investment returns but not the value of the underlying real estate prop-
erty. The ratio of borrowed funds to total purchase price is known as the
loan-to-value (LTV) ratio, with a higher LTV ratio implying greater lever-
age. Real estate transactions can be more highly leveraged than most other
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types of investments. But increasing leverage also increases risk because the
lender has the first claim on the cash flow and on the value of the property if
the loan defaults. A small change in property income can result in a rela-
tively large change in cash flow available to the equity investor after making
the mortgage payment.

ESG considerations: Real estate values can be affected by environmental
conditions, including soil and groundwater contaminants related to a prior
owner, prior tenants, or an adjacent property owner. Such problems can
significantly reduce the value because of the costs incurred to correct them.
Many developers and asset owners are choosing to achieve certifications and
goals relating to energy and water usage and indoor air quality in their prop-
erties. In addition, social- and governance-related issues can have an impact
on the development and management of real estate.

Obsolescence: Changes in tenant preferences, regulations, and technology
affect space demand. Lower ceilings in older buildings may not accommo-
date warehouse stacking requirements or office communication networking
cables and equipment. Distribution facility docks may not work with larger
trucks, and paved lots may not be wide enough to allow room for large
trucks to turn. Internet shopping, department store closures and consol-
idation, and other retail shopping trends, especially in the United States,
which has the highest per capita retail space, have constrained demand for
large shopping center space. It may not be economically viable to upgrade,
reconfigure, or repurpose older buildings to comply with energy efficiency
and other modernization requirements or changing business and consumer
preferences.

Ongoing market disruption: The internet, cloud computing services, and
offsite I'T backup systems have spurred the growth of data centers while
reducing the space businesses need for onsite computer and server systems.
Internet sales and delivery combined with increased attention to companies’
carbon footprint are contributing to shifting trade and distribution patterns.
Companies may prefer to locate warehouse distribution facilities closer to
customers for faster and even same-day delivery. Large shopping center
owners have been partially successful at replacing former department store
anchor tenants with restaurants and other forms of entertainment to attract
consumer traffic and at converting retail space to local distribution space.

Other risk factors: Many other risk factors exist, such as unobserved physical
defects in the property, natural disasters (e.g., earthquakes and hurricanes,
for which insurance and repair costs can be expensive), pandemics, acts of
terrorism, and climate change. Unidentified, difficult-to-forecast, and cata-
strophic risks can cause major disruptions and be devastating to investors.

The COVID-19 pandemic lockdowns caused tremendous shocks to the global
economy. The quarantine and stay-at-home policies inflicted great pain on the
lodging and brick-and-mortar retail sectors and accelerated such trends as retail
consolidation and the rise of internet retailing. The prevalence of working from
home during the pandemic may have helped the data center sector by increas-
ing internet communication traffic and forcing companies to rely on business
continuity services. At the same time, many employers realized they can get by
with less office space by permitting some employees to work from home regu-
larly, and many employees have grown accustomed to working from home and
do not expect to return to the office full time. There is also evidence that urban
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residents are leaving large, expensive cities for suburban living and smaller cities.
Rents across the residential, office, and retail sectors declined more than 10% in
many gateway cities. Such events as the COVID-19 pandemic lockdowns make
it difficult to predict by how much and how fast demand for space will change
during the next 2—10 years.

KNOWLEDGE CHECK y

Commercial Real Estate Risk

1. An investor wants to add real estate to her portfolio to benefit from its di-
versifying characteristics. She decides to buy a commercial property, financ-
ing at most 30% of the asset with debt in order to avoid incurring financial
risk due to interest rate changes. This strategy will most likely:

A. limit the risk due to leverage.
B. mitigate the risk due to inflation.

(. eliminate the risk due to interest rate changes.
Solution

A is correct. If less money is borrowed, there is less risk of cash flow and
equity value volatility due to the use of financial leverage.

B is not correct because there is still risk of inflation, although real estate
tends to have a low amount of inflation risk. But borrowing less money
doesn’t necessarily mean the property is less affected by inflation. Further-
more, inflation benefits fixed-rate borrowers, who can repay debt in the
future with cash that is worth less than cash borrowed today.

Cis not correct because the risk related to changes in interest rates remains.
The investor may be able to accept slightly more leverage and mitigate the
interest rate risk associated with debt by locking in the current interest rate
with a long-term, fixed-rate amortizing loan. If interest rates rise, however,
the value of real estate will likely be affected even if the investor did not bor-
row any money. Higher interest rates mean investors require a higher rate
of return on all assets. In addition, the resale price of the property will likely
depend on the cost of debt to the next buyer, who may be more likely to rely
on higher leverage to finance the purchase.

ECONOMICVALUE DRIVERS, ROLE IN PORTFOLIO,
AND RISK/RETURN OF REAL ESTATE INVESTMENTS
RELATIVE TO STOCKS AND BONDS

] explain portfolio roles and economic value determinants of real
estate investments

] discuss commercial property types, including their distinctive
investment characteristics
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Economic Drivers

Real estate cash flow is a function of rental income, operating expenses, leverage, and
capital spending. The contributors to cash flow are, in turn, driven by the supply of
space, demand for space, and other economic factors. Investment vehicle valuation
depends on the risk premium investors expect from real estate.

Long-term demographic trends, along with population growth, are major drivers of
real estate demand. College graduates and non-child households moving to urban cen-
ters, new families moving to suburban markets, and elderly people moving to assisted
living facilities are just a few of the demand drivers that have been widely discussed.

Exhibit 4 shows major economic factors that affect demand for the major property

types.

Exhibit 4: Major Factors Affecting Real Estate Demand by Sector

Multi-
Family Retail Hotel Office Industrial
Macro Factors GDP growth v 4 4 v v
(affect all sectors) Population growth v v/ v v v
Job creation v v v v v
Wage growth v v v v v
Regulatory v 4 4 4 4
Taxes v v v v v
Individual Household formations v v
(Consumer) Personal income v/ v v
Consumer confidence v v v
Consumer credit v v v
Business Environment Retail sales growth v v
Consumer spending 4 4 v
Business formations v v v v
Business investment v v v
Business confidence v v v
Industrial Industrial production v
Trade, transport, and logistics v
Changing supply routes v

The relative importance of each measure can vary by market, property type, and
timing of the business and real estate cycle, especially for rapid, extreme changes in
the economic factors.

Risks tend to be greatest for those property-type sectors in which tenant/occupant
demand for space can fluctuate most widely in the short term (notably, hotels), leases
are shorter, and dislocations between supply and demand are most likely to occur
(notably, office and hotel). However, the quality and locations of properties, leasing
success, and financing status/access to capital are also extremely important factors
in determining the investment risk profile.
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Macro Factors

Several macro factors affect all major real estate sectors, but GDP growth is gener-
ally the most important single economic factor affecting the outlook for all property
types. Population growth, job creation, wage growth, regulations, and taxes are also
important factors driving the attractiveness of various real estate sectors. For example:

Job creation tends to be reflected in increased demand for office space and
in requirements for more retail space to support increased spending. Job
creation also tends to be reflected in increased demand for multi-family
accommodation as newly employed people gain the financial means to rent
their own accommodations. Job creation is also a driver for many of the
specialty sectors, including self-storage and data centers.

Wage growth, increases in disposable income, and increased consumer
spending generally will support retail sales growth, which makes retail and
warehouse properties that service in-person and online shoppers desirable.

Individual (Consumer) Factors

Household formation is one of the largest drivers of apartment demand. Income, wage
growth, and consumer confidence all determine whether residents can afford to move
to larger, higher-quality, better-located units or buy a home.

Industrial Factors

Industrial manufacturing and warehouse distribution centers have seen increased
demand from global trade in and near port cities. Online sales are shifting traditional
transportation patterns as retailers look to store inventory closer to customers to
speed up delivery times. In addition, some brick-and-mortar retailers are allocating
more retail space to holding inventory for delivery of online sales.

Real Estate Cycles
As discussed elsewhere, the supply side of the real estate economic cycle is driven by
the following types of periods:

= Oversupply—when occupancy and rental rates are low

= Undersupply—when occupancy and rental rates are high

Property types with long development and construction periods are more prone
to supply—demand dislocations for the following reasons:

1. New construction typically commences in a booming economy when
demand for space cannot be accommodated by existing supply and rents
rise high enough to provide developers with an attractive return.

2. Properties already under development continue to be completed for two or
three years after a recession eventually arrives and depresses demand.

3. The large size of many facilities (especially, landmark office properties),

complicated mixed-use properties, or convention center hotels further exac-
erbate excess supply on completion.
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KNOWLEDGE CHECK y

Economic Value Drivers

1. Which of the following statistics is most relevant for office, industrial, and
hotel properties?

A. Business confidence
B. Household formation

C. Industrial production
Solution

A is correct. Companies are more likely to expand their business and engage
in business travel when business confidence is rising. Household forma-
tions have an indirect effect on these sectors and are most relevant to the
multi-family sector. Changes in industrial production are less directly tied to
the office and hotel markets.

2. In addition to the market and property-specific analysis of occupancy, rental
rate, lease expiry, and financing statistics, analysts of office properties are
most likely to pay particular attention to trends in:

A. job creation.

B. retail sales growth.

(. household formation.
Solution

A is correct. Job creation is most significant for office REITs. Retail sales
growth is more significant for shopping center/retail and industrial REITs
than for office REITs, whereas household formations are more significant for
multi-family and retail REITs than for office REITs.

3. Which of the following property sectors most likely experiences the greatest
cash flow volatility?

A. Hotel
B. Industrial

C. Shopping center
Solution

A is correct. Hotel room demand fluctuates with economic activity and
business and consumer confidence; there are no long-term leases on hotel
rooms to protect hotel REITs’ revenue streams from changes in demand.
Industrial and shopping center REITs benefit from long-term leases on their
properties and from the relatively mild dislocations between supply and
demand caused by the construction of new space in these subsectors.

Role of Real Estate in an Investment Portfolio

In addition to the core property types, a core real estate investment style or strat-
egy is further defined as investing in high-quality, well-leased, core property types
with low leverage (no more than 30% of asset value) in the largest markets with
strong, diversified economies. It is a conservative strategy designed to minimize real



© CFA Institute. For candidate use only. Not for distribution.
Economic Value Drivers, Role in Portfolio, and Risk/Return of Real Estate Investments Relative to Stocks and Bonds

estate—specific risks, including leasing, development, and speculation in favor of steady
returns. Hotel properties are excluded from the core categories because of the higher
cash flow volatility resulting from single-night leases and the greater importance of
property operations, brand, and marketing.

There are many different types of equity real estate investors, ranging from indi-
vidual investors to large pension funds, sovereign wealth funds, and publicly traded
real estate companies. Hereafter, for simplicity, the term investor will refer to an equity
investor in real estate.

1. Current income: Investors may expect to earn current income on the prop-
erty through letting, leasing, or renting the property. Investors expect that
market demand for space in the property will be sufficient to produce net
income after collecting rents and paying operating expenses. This source of
investor return will be reduced by taxes and financing costs. Historically,
income has been the largest component of investor return.

2. Capital appreciation: Price increases contribute to an investor’s total return.
Investors may anticipate selling properties after holding them for a period of
time and realizing the capital appreciation.

3. Inflation hedge: Investors may expect both rents and real estate prices to rise
in an inflationary environment. If rents and prices do, in fact, increase with
inflation, then equity real estate investments provide investors with an infla-
tionary hedge. This means that the real rate of return may be less volatile
than the nominal rate of return for equity real estate investments.

4. Diversification: Real estate performance has not typically been highly cor-
related with the performance of other asset classes—such as stocks, bonds,
or cash—so adding real estate to a portfolio often lowers the overall risk of
the portfolio (that is, the volatility of returns) relative to the expected return.
Correlation data suggest that real estate property exposure, both private and
listed, provides significant diversification benefits.

When real estate is publicly traded, it tends to behave more like the stock
market than the real estate market, at least in the short run. Several stud-
ies have shown that listed real estate can perform similarly to private real
estate in the medium term after adjusting for leverage and the lagged and
smoothed performance of private real estate. Some argue that because
private real estate indexes are based on infrequent appraisals or market
transactions, however, their performance lags changes in the listed markets,
which dampens price volatility and correlations with stock indexes.

5. Tax benefits: A final reason for investing in real estate for some investors is
the preferential tax benefits that may result. Private real estate investments
may receive favorable tax treatment compared with other investments. For
example, the preferential tax treatment in the United States comes from
the fact that real estate can be depreciated for tax purposes over a shorter
period (i.e., faster) than the period over which the property actually dete-
riorates. In many countries, REIT structures also offer tax benefits because
in those countries, REITs do not pay corporate income taxes on real estate
income if the income is distributed to shareholders. Exhibit 5 shows the
minimum profit distribution obligation for various markets, typically 90% or
more.
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Exhibit 5: Most REITs Required to Distribute at Least 90% of Income

Market Minimum Profit Distribution Obligation

United States 90% of taxable ordinary income

Japan 90% of distributable profits
Hong Kong SAR 90% of net income

United Kingdom 90% of property rental profits
Germany 90% of annual net income
Australia 100% of trust income
Singapore 90% of tax transparent income
Canada 100% of income

Sweden No REIT regime

Belgium 80% of net profit

Notes: Ordered by market capitalization based on the FTSE EPRA Nareit Global Developed Real Estate
Index Series, as of 30 September 2022. Exhibit 5 represents a simple view of dividend distribution
requirements. Rates may vary depending on the source of income, such as capital gains on property
sales, income from real estate securities, and non-real estate income.

Source: European Public Real Estate Association, “EPRA Global REIT Survey 2022”7 (2022).

KNOWLEDGE CHECK

E4

1. Why would an investor want to include real estate equity investments in a
portfolio that already has a diversified mixture of stocks and bonds?

Motivations for Investing in Real Estate

Solution

Real estate equity investments offer diversification benefits because they are
less than perfectly correlated with stocks and bonds—for direct ownership
(private equity investment) in particular. In other words, there are times
when stocks and bonds may perform poorly while private equity real estate
investments perform well, and vice versa. Thus, adding real estate equity
investments may improve the risk-adjusted return of the portfolio.

Real Estate Risk and Return Relative to Stocks and Bonds

Total returns from investing in real estate have proved attractive on an absolute basis.
Real estate investment has appealed to investors for providing income with the possi-
bility for income growth. The structure of leases, which are legal agreements requiring
the tenant to make periodic payments to the space owner, and exposure to underlying
tenant credits give real estate its bond-like characteristics. Like bond prices, real estate
values are sensitive to changes in interest rates, inflation, and associated risk premiums.

At the end of the lease term, however, there will be uncertainty as to whether the
tenant will renew the lease or the landlord will be required to find a new tenant and
what the rental rate will be at that time. These issues depend on the availability of
competing space and on factors that affect the profitability of the companies leasing
the space and the strength of the overall economy, in much the same way that stock
prices are affected by the same factors. These factors give a stock market characteristic
to the risk of real estate.
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On balance, because of these two influences (bond-like and stock-like character-
istics), core real estate, as an asset class, is expected to have a risk and return profile
that falls between the risk and return profiles of large-cap stocks and investment-grade
bonds.

Individual real estate investments or portfolios could certainly have risk that is
greater or less than that of an individual stock or bond holdings or portfolios. The
more aggressive real estate investment strategies, such as accepting high financial
leverage or development risk, carry higher return expectations accompanied by higher
volatility. Exhibit 6 illustrates the basic expected risk—return relationships of stocks,
bonds, and core private real estate investments. In Exhibit 6, expected risk is measured
by the standard deviation of expected returns. Given different correlations with stock
and bond returns, it should be evident that adding real estate to a multi-asset-class
portfolio expands the efficient frontier.

Exhibit 6: Expected Returns and Risks of Core Private Real Estate Compared

with Stocks and Investment-Grade Bonds

Expected Return

A

Stocks
°

Real Estate
)

Bonds

N
»

Expected Risk

KNOWLEDGE CHECK y

Investment Risk

1. Which is a riskier investment: core private equity real estate or invest-
ment-grade bonds? Explain why.

Solution

Historically, core private equity real estate with modest leverage is riski-

er than investment-grade bonds. Although real estate leases offer income
streams somewhat like those of bonds, the income expected when leases
renew can be uncertain and will depend on market conditions at that time—
unlike the more certain face value of a bond at maturity.
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Classifications
Commercial property types include the following:

= Residential properties—multi-family and single-family properties that are
not owner occupied, purchased with the intent to rent out to produce
income

= Non-Residential properties—commercial properties typically described by
their end use, such as the following:

* Office buildings—high-rise buildings, office parks, and so on

o Industrial and warehouse—factories, show rooms, warehouses, indus-
trial parks, and so on

¢ Retail—shopping centers, malls, and so on
* Hospitality—hotels, restaurants, recreational facilities, and so on

e Other—a large variety of custom projects

Details of the various commercial property types are provided below.

Residential properties include single-family detached houses and multi-family prop-
erties, such as apartments. Residential real estate properties, particularly multi-family
properties, purchased with the intent to let, lease, or rent (in other words, produce
income) are typically included in the category of commercial real estate properties
(sometimes called income-producing real estate properties).

Multi-family properties contain multiple residential units. The names given to the
individual units, such as apartments or flats, vary by region. A multi-unit building may
be owned by one investor, or each unit may be owned by a separate investor, who may
occupy or rent the unit. Multi-family housing is usually differentiated by location (urban
or suburban), structure height (high-rise, mid-rise, low-rise, or garden apartments or
townhouses), and amenities (pool, balcony, exercise facilities, concierge services, etc.).

Non-residential properties include commercial properties other than multi-family
properties, farmland, and timberland. Commercial real estate is by far the largest class
of real estate for investment. Commercial real estate properties are typically classi-
fied by end use. In addition to multi-family properties, core institutional commercial
real estate properties include office, industrial and warehouse, and retail properties.
Hospitality is sometimes included among the major commercial categories, but the
higher cash flow volatility and the much greater importance of operations exclude it
from being described as one of the core real estate sectors.

Note, however, that the same building can serve more than one end use and can
contain residential as well as non-residential uses of space. A property that has a
combination of end users is usually referred to as a mixed-use development. Thus,
the classifications should be viewed mainly as a convenient way of categorizing the
use of space for the purpose of analyzing the determinants of supply and demand and
economic performance for each type of space.

= Office properties range from major multi-tenant office buildings found in the
central business districts of most large cities to single-tenant office build-
ings. They are often built with the needs of specific tenants in mind (known
in real estate terms as build to suit if it is for one occupant). Examples of
properties developed and built considering the needs of prospective tenants
would be a medical office building near a hospital or the office headquarters
of a large company. At other times, new construction will begin after an
anchor tenant has committed to occupy a large portion of the building and
reduced the lease-up risk for the developer. Developments that are preleased
to some or all of the tenants are easier to finance than “speculative” con-
struction, which proceeds without tenant commitments. In some markets,
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speculative development is the norm. In general, speculative construction
increases as the property cycle heats up. After a real estate bust, lenders may
require preleasing as a condition for financing new development. As the
cycle recovers, restrictions generally ease.

»  Industrial and warehouse properties include wholesale and retail distribu-
tion centers, combination warehouse/showroom and office buildings, and
light or heavy manufacturing facilities, as well as associated warehouse
space. Also included are special purpose buildings designed specifically
for industrial use that would be difficult to convert to another use. Older
buildings that originally had one use may be converted to another use. For
example, office space may be converted to warehouse or light industrial
space, and warehouse or light industrial space may be converted to residen-
tial or office space. Frequently, the conversion is based on the desirability of
the area for the new use.

= Retail properties vary significantly in size and include the following: large
regional shopping centers and malls with large department stores or big-box
retailers as anchors and numerous smaller in-line stores between the
anchors; neighborhood shopping centers with smaller anchor tenants and
many in-line tenants; and standalone properties, such as a grocery store
or restaurant. As indicated earlier, it is also common to find retail space
combined with office space, particularly on the ground floor of office build-
ings in major cities, or residential space. Office tenants appreciate having
restaurants, exercise facilities, and convenience stores in close proximity,
and retailers benefit from the daily office-worker traffic.

= Hospitality properties vary considerably in size and available amenities.
Motels and smaller hotels are used primarily as a place for business travelers
and families to spend a night. These properties may have limited amenities
and are often located very close to a major highway. Hotels designed for
tourists who plan to stay longer usually have a restaurant, a swimming pool,
and other amenities. They are also typically located near other attractions
that tourists visit. Hotels at “destination resorts” provide the greatest num-
ber of amenities. Facilities at these resort hotels can be quite luxurious, with
several restaurants, swimming pools, nearby golf courses, and so on. Hotels
that cater to convention business may be either in a popular destination
resort or located near the center of a major city.

= Other specialty types of commercial real estate are available for investors.
Examples include a large variety of investment opportunities, such as hos-
pitals, bioscience laboratories, self-storage, student housing, cell towers,
data centers, parking facilities, marinas, and sports complexes. The physi-
cal structure of a building intended for a specific use may be similar to the
physical structure of buildings intended for other uses; for example, govern-
ment office space is similar to other office space. In other cases, buildings
intended for one use may not easily be adapted for other uses. For example,
buildings used by universities and hospitals may not easily be adapted to
other uses.

Some commercial property types are more management intensive than others.
Of the main commercial property types, hotels require the most day-to-day man-
agement and are more like operating a business than multi-family, office, or retail
space. Shopping centers (shopping malls) are also relatively management intensive
because it is important for the owner to maintain the right tenant mix and promote
the mall. Usually, investors consider properties that are more management intensive
to be riskier because of the operational risks. Therefore, investors typically require a
higher rate of return on these management-intensive properties.
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KNOWLEDGE CHECK y

Commercial Real Estate Segments

1. Commercial real estate properties most likely include:

A. residential, hospitality, and office.
B. multi-family, warehouse, and office.

(. multi-family, hospitality, and timberland.
Solution

B is correct. Commercial real estate properties include multi-family,
industrial, warehouse, retail, and office, as well as hospitality and other.
Residential properties include single-family, owner-occupied homes and
income-producing (commercial) residential properties. Timberland is a
unique category of real estate.

Investment Characteristics by Property Type

In this section, the main factors that influence property supply and demand and typical
lease terms are discussed. It is important to discuss lease terms because they affect a
property’s value and the risk/return profile of the investment.

High-quality, well-leased office, retail, industrial/warehouse, and multi-family
properties in strong markets are often considered the core property types used to
create a portfolio that is relatively low risk. Hotels are usually considered riskier
because there are no leases, and their performance may be highly correlated with
the business cycle—especially if they have a restaurant and depend on convention
business. Specialty properties are excluded because the substitutability of the space is
relatively low. It does not matter much what type of tenant occupies an office, retail,
or distribution facility if the tenant blends well with the overall tenant mix and its
credit quality is acceptable. Hospitals and cell towers have only one type of tenant,
and the facilities are not easily converted to other uses.

For each property type, location is the critical factor in determining value. Properties
with the highest value per unit of space are in the best locations and have modern
features and functionality. Moderately valued properties are typically in adequate but
not prime locations and/or have slightly outdated features. Properties with the lowest
values per unit of space are in poor locations and have outdated features.

Common Types of Leases

An important consideration in commercial leases is whether the owner or tenant
incurs the risk of operating expenses, such as utilities, increasing in the future. A net
lease requires the tenant to be responsible for paying operating expenses, whereas
a gross lease requires the owner to pay the operating expenses. Many apartment
leases are gross leases, meaning the tenant pays one amount for use of the space and
the property owner is responsible for operating expenses, including utilities and real
estate taxes. It is also common for residential tenants to be responsible for their own
energy (gas and electric) and telephone utilities, cable television costs, and internet
access, in addition to the apartment’s quoted rent.

Non-residential commercial properties that are net leased require tenants to pay
a portion or all of the property’s operating expenses in addition to the base or initial
fixed rent. The amount varies by region and type of lease and is subject to negotiation.
Triple-net leases (or NNN leases) require each tenant to pay its share of the following
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three operating expenses: common area maintenance (CAM) and repair expenses;
property taxes; and building insurance costs. Such tenants are also responsible for
insuring their own furnishings, equipment, systems, and so on, against fire, water
damage, and other perils.

A long-term single-tenant net lease requires the tenant to pay all the operating
expenses directly and a base rent to the property owner. This setup is common with a
sale-leaseback and other types of long-term real estate financings. In a sale-leaseback,
a company sells the building it owns and occupies to a real estate investor and the
company then signs a long-term lease with the buyer to continue to occupy the build-
ing. The tenant is responsible for all aspects of property ownership while it leases
the space, including major repairs, such as roof replacement. At the end of the lease,
use of the property reverts to the landlord. The tenant is not responsible for normal
property depreciation. A sale-lease back allows the entity that has sold the property
to raise capital and maintain use of the building, The new property owner gains a
cash-flowing asset backed by a long-term lease and the ability to deduct depreciation
expenses on income taxes.

The base rent for net leases is lower than that for an equivalent gross lease because
the tenant must bear the operating expenses and the risk of expenses being higher
than expected. Alternatively, the landlord must charge a higher rent to earn a profit
when it is responsible for all property operating expenses.

Not all leases are structured as net or gross leases. For example, a lease may be
structured such that in the first year of the lease, the owner is responsible for paying
the operating expenses; then, for every year of the lease after that, the owner pays for
expenses up to the amount paid in the first year. Any increase in expenses above that
amount is passed through to the tenant as an expense reimbursement. That is, the
tenant bears the risk of any increase in expenses, although the owner benefits from
any decline in expenses. In a multi-tenant building, the expenses may be prorated
among the tenants based on the amount of space they are leasing. Although having
a small number of tenants can simplify managing a property, it increases risk. If one
tenant gets into financial trouble or decides not to renew a lease, it can have a signif-
icant effect on cash flows.

KNOWLEDGE CHECK y

Net and Gross Leases

1. Calculate the net rent equivalent for an office building where the gross rent
is $20 per square foot and operating expenses are currently $8 per square
foot.

Solution

On a gross lease, the owner pays the operating expense, whereas on a net
lease, the tenant pays. So, we might expect the rent on a net lease to be $12
per square foot (or $20 psf — $8 psf). With the gross lease, the owner bears
the risk of rising operating expenses, whereas the same is true of the tenant
with net leases. If expenses decline, the benefit under a gross lease accrues
to the owner through improved operating margins because the tenant still
would pay $20. With the net lease, the tenant would benefit from a decline
in operating expenses by paying a lower amount to the landlord, thereby
reducing the tenant’s total cost of occupancy.

Medium- to long-term leases frequently include contractual increases in rents
known as rent bumps, rent step-ups, or step-up rents. The lease may specify a given
step-up each year, such as 1% of the prior-period rent; a period step-up of, for example,
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3% of the prior-period rent every five years; or occasionally an adjustment to mark
rents to then-prevailing market rates. It is common to specify step-ups tied to inflation,
either annually or cumulatively after several years. The higher a country’s inflation
rate, the more likely the tenant will pay a base rent plus annual inflation.

Long-term leases provide greater cash flow stability than short-term leases, espe-
cially when market-level rents are changing. When market vacancy is low and rents
are rising, property owners benefit more from short-term leases because they can
raise rents more frequently. The marking to market of rents hurts owners of properties
with short-term leases when market rents decline. As above-market rent leases expire,
tenants have greater ability to negotiate lower rates. Rental declines presumably occur
when market vacancy increases, providing tenants with more space alternatives. When
market rents decline, tenants cannot walk away from their leases in most countries
unless they file for bankruptcy. When market rents increase, landlords cannot raise
rents on existing leases (unless they negotiated a clause to reset rents from time to
time based on market conditions). Investors may prefer properties with long-term
leases if they are risk averse or are concerned about declining market rents. Similarly,
investors will expect greater returns from owning hotel properties, for example, than
from a ground lease, at the other extreme, whereby a tenant has the right to develop
and use the land property improvements for an extended period, with, say, 40 years
remaining until lease expiration.

Office

The demand for office properties depends heavily on employment growth. The typical
amount of space used per employee is also important because it tends to increase
when the economy is strong and decline when the economy is weak. There also has
been a tendency for the average amount of space per employee to decrease over time
as technology has allowed more employees to spend more time working away from
the office and less permanent space is needed. The COVID-19 pandemic sped up the
adoption of work-from-home policies for many types of work, and many employers were
left with underutilized assets, which decreased the market rates of office properties.

The average length of an office building lease varies. Lease terms may depend
on the desirability of the property and the financial strength of the tenant, as well
as other terms in the lease, such as provisions for future rent changes and whether
there are options to extend the lease. Smaller tenants tend to sign 3- to 5-year leases,
whereas larger tenants more commonly sign 5- to 10-year leases. Lease length, rent,
renewal rights, and the tenant’s ability to exit the lease vary by country, regulations,
and culture and even through cycles and over time.

For example, in the United Kingdom, rents are typically fixed for five years and
then set at the higher of the then-market rent or contract rent upon review; these
are known as upward-only rent reviews. Leases are typically on a full repairing and
insuring (FRI) basis; the tenant is responsible for most costs. Therefore, detailed cost
(expense) analysis is much less important in deriving net operating income—a critical
measure in estimating the value of a commercial property—in the United Kingdom
than in markets where operating costs are typically the responsibility of the owner.

Industrial and Warehouse

The demand for industrial and warehouse space heavily depends on the overall
strength of the economy and economic growth. The demand for warehouse space
also depends on import and export activity in the economy. Industrial leases are often
long-term net leases, especially when the property is built specifically for the tenant,
although gross leases or leases with expense reimbursements, as described for office
properties, also exist.
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Industrial and warehouse property values have shifted along with changing domestic
and international trade routes. Developed economies outsourcing to low-cost manu-
facturing centers have supported the growth of global trade centers. The opening of the
wider Panama Canal in 2016, which can accommodate the much larger neo-Panamax
container ships, has allowed US Gulf Coast and East Coast ports to accept more ship-
ments from eastern Asia and has taken some of the trade share from US West Coast
ports. In addition, several retail trends have increased demand for space closer to
population centers due to the popularity of e-commerce and digital marketplaces. If
developed economies continue to increase domestic manufacturing in order to be more
responsive to customers, commodity and goods distribution routes will shift again.

Retail

The demand for retail space depends heavily on trends in consumer spending.
Consumer spending, in turn, depends on the health of the economy, population
growth, job growth, consumer confidence, and savings rates.

Retail lease terms, including length of leases and rental rates, vary not only because
of the quality of the property but also by the size and the importance of the tenant.
For example, in the United States, the length of leases is typically shorter (three to five
years) for smaller tenants in a shopping center and is longer for larger, anchor tenants,
such as department stores. Anchor tenants may be offered extremely favorable rental
terms designed to attract them to the property. The quality of anchor tenants is often
a key factor in attracting other tenants.

A unique aspect of many retail leases is the requirement that the tenants pay
additional rent once their sales reach a certain level. This type of additional rent is
referred to as “percentage rent” The lease will typically specify a “minimum rent” or
base rent that must be paid regardless of the tenant’s sales and the basis for calcu-
lating percentage rent once the tenant’s sales reach a certain level or breakpoint. For
example, the lease may specify a minimum rent of $30 per square foot plus 10% of
sales over $300 per square foot. Note that at the breakpoint of $300 per square foot
in sales, we obtain the same rent per square foot based on either the minimum rent
of $30 or 10% of $300. This is a typical way of structuring the breakpoint, and the
sales level of $300 would be referred to as a “natural breakpoint”

KNOWLEDGE CHECK [ f

Retail Rents

1. A retail lease specifies that the minimum rent is $40 per square foot plus 5%
of sales revenue over $800 per square foot. Calculate the rent if the tenant’s
sales are $1,000 per square foot.

Solution

The rent per square foot will be $40 + 5% x ($1,000 — $800), or $40 + $10 =
$50. We get the same answer by multiplying 5% x $1,000 (= $50) because
$800 is the “natural breakpoint,” meaning that 5% of $800 results in the
minimum rent of $40. A lease may not have the breakpoint set at this nat-
ural level; in which case, it is important that the lease clearly define how to
calculate the rent.

Multi-Family

The demand for multi-family space depends on population growth, especially for
the age segment most likely to rent apartments. The relevant age segment can be
very broad or very narrow, depending on the particular culture’s propensity to rent.
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Homeownership rates vary from country to country. The relevant age segment for
renters can also vary by type of property being rented or by locale. For example, the
average age of a property renter in an area attractive to retirees may be higher.

Demand also depends on how the cost of renting compares with the cost of
owning—that is, the ratio of home prices to rents. As home prices rise and homes
become less affordable, more people will rent. Similarly, as home prices fall, there may
be a shift from renting to owning. Mortgage markets also influence rental property
and homeownership costs. Countries with well-developed or subsidized mortgage
markets will see greater use of leverage. Homeownership usually receives greater
subsidies and permits more leverage than investment properties. Higher interest
rates will make homeownership more expensive: For owners that partially finance the
purchase with debt, the financing cost will be higher, whereas for other homeowners,
the opportunity cost of having funds tied up in a home will increase. This increase
in the cost of ownership may cause a shift toward renting. If interest rates decrease,
there may be a shift toward homeownership.

Multi-family rental properties typically have leases that range from six months
to two years, with one year being most common. The tenant may or may not be
responsible for paying expenses, such as utilities, depending on whether each unit
has a separate meter. The owner is typically responsible for the upkeep of common
property, insurance, repair, and maintenance of the property. The tenant is typically
responsible for cleaning the space rented and for insurance on personal property.

KNOWLEDGE CHECK y

Economic Value Determinants

1. The primary economic driver of the demand for office space is most likely:

A. job growth.
B. population growth.

C. growth in savings rates.
Solution

A is correct. Job growth is the main economic driver of office demand,
especially for jobs in industries that are heavy users of office space, such as
finance and insurance. As the number of jobs increases, companies need to
provide office space for the new employees. Population growth may indi-
rectly affect the demand for office space because it affects demand and job
growth. Growth in savings rates affects consumer spending and the demand
for retail space.

2. The demand for which of the following types of real estate is most likely
affected by population demographics?
A. Office
B. Multi-family
C. Industrial and warehouse
Solution
B is correct. Population demographics are a primary determinant of the
demand for multi-family space.
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Considerations in Analysis and Due Diligence

CONSIDERATIONS IN ANALYSIS AND DUE DILIGENCE

] explain the due diligence process for both private and public equity
real estate inv